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Model of a superlattice indentation

This paper deals with the problem of penetration of a coni-
cal indenter into a multilayer rigid-perfectly-plastic body.
The penetration of the indenter is studied on the basis of
Haar and von Karman hypothesis. The analytical distribu-
tion of the contact stress is obtained. A relationship between
Meyer hardness and yield stresses of the layers is estab-
lished.
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1. Introduction

Many numerical investigations of the plastic flow of the
homogeneous rigid-perfectly-plastic bodies have been
made [1, 2]. The basic equations of axially symmetric plas-
tic fields are well known. It was shown that these equations
are statically determined when the Haar and von Karman
hypothesis is satisfied [1, 2]. But there are no analytical in-
vestigations on the contact problem of a rigid indenter and
a multilayer rigid-perfectly-plastic body. Its solution can
be used as a model of tests on the hardness of composite
materials.

2. Basic suppositions

The thickness d; and the yield stress o; of a layer with
number j are a constant value. The conical indenter interact
with N layers (Fig. 1). The layers are made from rigid-per-
fectly-plastic materials. Haar and von Karman hypothesis
is satisfied for each layer separately [1, 2]:

O-l-J'(raz):O-3J(r7Z)_2'[{j7 O'ZJ'(F,Z)ZO'3J(V,Z)

where o;;(r,z) is a component of principal stress for layer
with number j (j = 1,-s,N), K; = a,;/2.

The contact problem can be conveniently studied with
the help of cylindrical polar co-ordinates (r, 6, z), where z
is the axis of symmetry of the bodies (Fig. 1). The surface
of the half-space at the z—r plain after indenter penetration
is defined by the equation [3]:

z=tan(f) - r+A (1)

where [ is a negative angle between the element of a cone
and the r-direction (Fig. 1). The depth of penetration A is
defined by the equation (Fig. 1): A = —tan(f) - a, where a
is the radius of the contact area. N

Let us consider a set of pojints {a},_y> where a9 =a,
@, iw —at tan(f) - (Z:I d,»), ay = 0. The segment
(a1, ap) is the contact area of the first layer with the conical
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Fig. 1. Plane section of the contact of an axially symmetric indenter.
¢;(r,z) is the_angle between the r-direction and the first principle
stress, y; (] =1,.. N) is the constant angle which is defined by the di-
rection of plastic shear in the contact area for layer with number j, dy,
d;, d, are the thickness of the N-th, j-th and first layer, respectively,

T . .
o= + ¢;, B is the negative angle between the element of a cone and

the r-direction, a is the radius of the contact area, 4 = —tan(f) - a in
the depth of the indentation, o, ; and g5 are the directions of the princi-
pal stress for layer with numberj (j = 1,...,N).

ay-1 p/ ou T

-l:—a_j—:l-
aj-] ——==l
4

ap=a

Fig. 2. Set of nodes {aj}/]-v:0 and orientation of the principal stress on
the free boundary. !

indenter. Further, the segment (a;,a;_;] is the contact area
of the j-th layer (j =2,...,N) with the conical indenter
(Fig. 2).

3. Stress-state of a layer with number j

Let us use the conditions of “full plasticity” for a layer in
the form [1, 2]:
01:/("’1) = 0'3:]'(}", Z) -2 Ki’ 0'2:]'(}", Z) = 0'3:]'(}", Z)

where ¢;(r,z) is a component of principal stress for layer
with number j (j = 1,...,N), K; = g,;/2. The stress-state

1
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in the layer with number j involves the four stress compo-
nents a,;(r,z), 09;(r,z), 0.j(r,z), Trj(r,z). The circum-
ferential stress gy (r, z) is a principal stress. The following
equations are valid [1, 2] (Fig. 1):

0,j(r,z) = 0j(r,z) — K; - sin(2 - o(r, 2))
0.j(r,z) = 0j(r,z) + K; - sin(2 - o(r, 2))
a9(r,2) = 0j(r,z) + K;

Tpj(r,z) = K; - cos(2 - oy(r,2))

where

1
O-j(ra Z) = E (U1J(V,Z) + O'QJ(r,Z)), aj(r’ Z) = $j(V7Z) + 77:/4
¢;(r,z) is angle between the r-direction and the first princi-
ple stress (Fig. 1).

These components satisfy the equation of equilibrium
[1,2]:

00,(r,z) | 0tp(r,2) N arj(r,2) —a0(r,;2) _
or 0z r o (3)

0T, j(r,2) N 00,(r,z)  7Trj(r,2)

or 0z

We substitute Eq. (2) into Eq. (3) and obtain the following
system for each separate j-th layer:

=0

M_ 2-K;- cos(2 . Oéj(raz))
or
XM_ 2-K;- sin(2 . Oéj(”»Z))
or
293 Ki( 4 G2 ay(r,0)) =0
0z r (€]
aaj(l’, Z) _ 2[{] A sin(2 . Oéj("'y Z))
0z
XW+2.IQ-COS(2 : Oéj(raz))
,
Oaj(r,z) K;
LD Beole ) =0

By transformation of Eqgs. (4) we get the equation for a
layer with number j:

[l 2l )

—2.K;- {{Cos(zaj(r, z)) + sin(2q;(r,z)) - tan(B) } w
+{sin(2aj(r, z)) — cos(2aj(r, z)) . tan(ﬂ)} %;’Z)
+Fi(r,2) =0 (5)

2

where
F(r,z) = ’%O +sin(2- 0y(r,2)))

+§cos(2 - oy(r,z)) - tan(f)

Let us consider the function «;(r,z). It is defined on the
contact surface by the boundary condition:

/)’er],re (al,ao), )

p+wjre (aj,aj,l]

3n [
Z+Q//j7 J= 13"'7N

Y, (J =1, ...,N) is a constant angle which is defined by the
direction of plastic shear in the contact area for layer with

a_—y(rtan(B) - r + A) = {

where (Figs. 1 and 2),

wj =

number j. It is known that o (r,0) = r (r € lag,>)) [1, 2]
(Fig. 2). 4
Taking into account Eq. (6) after some permutations of
Eq. (5) we obtain the equation:
L 90(r.2)

0a;(r,2)
L -tan(f)
{ or 0z |—ian(p)ria }

—2-K; - [{cos(2-p) +sin(2 - f) - tan(f)} - cos(2 - w;)

—{sin(2- §) - (tan(B)) ™'~ cos(2 - B)} - tan(p) - sin(2 - ;)]

z=tan(f})-r+A

Oaj(r,2)

X@r

z=tan(f)-r+A
+—2-K;- [{sin(2- ) - (tan(B)) "' cos(2 - §)}

x tan(f) - cos(2 - ;) + {cos(2 - f) +sin(2 - f) - tan(f) }

0qy(r, 2)
0z

X sin(2 - ;)] - +F;(r,f(r)) =0

z=tan(f)-r+A

re (aj,aj,l)

Therefore,

0a;(r, z) tan(p)
or z=tan(f)-r+A

—2-K;-{cos(2- ;) — tan(p) - sin(2 - w;)}

+60j(h 2)

z=tan(f)-r+A 0z

0ay(r, 2)
or

X

z=tan(f)-r+A
4+ —2-K;- {tan(B) - cos(2 - ;) + sin(2 - ;) }

Ocy(r,2)
0z

+Fj(r.f(r)) =0,
z=tan(f)-r+A

re (aj, aj,l)

(M
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Taking into account results of paper [3] we can get an addi-
tional equation:

0ay(r, 2) - (— tan(p)) +aaj(r,z)
or z=tan(f})-r+A 0z z=tan(f)-r+A
- J
or z=tan(f})-r+A 0z z=tan(f)-r+Av

®)

Using Egs. (7) and (8), we obtain that the function s satisfy
the differential equation at the bound of the layer with num-
ber j:

do;

do;
el 2K - '
dr T2k

= —Fy(ran(p) - r+ A), r €

(@j;aj-1) (9)
From Eq. (9) we obtain the solution in the form:

gi(rtan(f) - r+A) = =2 - K; - aj(r,tan(f) - r + A)

+(gj(aj-1, 1) +2- K - (@1, hi1)

— [ Frtan(B) - r+A) dr

aj—|

r € (aj,aj-1]

(10)

where  h; = tan(f) - aJ +A

0‘1(“/ Lhio1) =

size that the constants a;(a;_1,h;_1) have to be determined
from the boundary conditions on the flat boundary of each
layer.

(Fig.2), «ai(a,0) =

n
3. 4
ﬂ+7+ y;. It is necessary to empha-

4. Successive determination of the constants;
Solution of the problem

Let us consider the first layer (j = 1). It is known [1, 2] that
0.1(r,0) = 0 on the free boundary of a multilayer body
(z=0,r € [a,0), (Figs. 1 and 2)). It means that

ai(ao, ho)

Therefore, we obtain from Eqs. (10) and (11),

=Ky, re€la,o)

(11)
o1(r,an(B) - r+A) = ~2-K; <ﬂ+g+ v, +§>
+Ki(l—cos(2-f+2-y,)

—sin(2-f+2-yw,) ~tan(,b’))ln(£), r € (ar,a9) (12)

Further an equation is valid successively for j = 2, N:
ozj(r hi-1) = 0zj1(r,hi1), 1 € [aj—1,00)

Hence o,j(aj_1,hj—1) = 0.j-1(aj_1,hj—1). Finally, taking
into account Eq. (2), we get:

aj(aj-1,hj-1) = gj-1(aj-1,hj-1)
—Kj_; -cos(2~ﬂ—|—2-wj,1> —l—Kj~cos<2-ﬁ+2~t//j>
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Thus:

0j = j(aj-1, hj-1) +K./(1 —008(2'ﬁ+2~ u/j)
—sin (2 f+2- t//j> -tan(f)) In <a_]L—l>

re (aj,aj_l] (13)

Taking into account Egs. (12) and (13) we can consider a
function g, r € [0,a):

o1 —Ki-cos(2-f+2-y,), r € (ar,a)
0. = —Kj-cos(Z-/)’—i-2-z//j), re (a,a-1] (14)
O'N —Ky-cos(2-f+2-wy), r € (ay,an_1]
The applied force F is determined by the equation [1]:
F=2n/(—07)-rdr
(15)

= —2712/

Taking into account Eq. (15), the Meyers hardness (HM) is
defined by the following equation:

- K;- 005(2 p+2- wj))-rdr

F 1 r

HM:n~a2:n-a2 2n/(—az)-rdr
0

(16)

5. Results of calculations

The cone angle, the yield stress of the first layer, and the di-
rection of the plastic shear of each layer in the area of con-
tact with the conical indenter significantly influence the
distribution of a,(r) [Egs. (14)] (Figs. 3—5). On the con-

N\, (-02),GPa

r, nm

a

1 19 37 35 73

Fig. 3. Distribution of the stress o,(r) [Eq. (14)] for different angles 8
(Fig. 1). Number of layers N =5; maximal depth of penetration
A =4459 nm; set of layer thickness d; =2nm, d, =20nm,
d3 =5nm, dy =10nm, ds = 12 nm; yield stress for each layer

O, =18 = =2-K;, K =2GPa, K, =4GPa, K3 =1.5GPa, K4 =
2.5GPa, K5 = 4 GPa, Vi-T3 771/4.1:[1’:—n/18;2:[f:—n/10;

3:p=—-n/8;4: f=—n/6.
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trary, the distribution of ¢,(r) in the area of contact does not
depend on the thickness of the layers (Fig. 6).

The measured hardness of a multilayer system increases
with decreasing angle f§ (Fig. 1) of the indenter (Fig. 7) or
increasing yield stress of the first layer (Fig. 8). The hard-
ness significantly depends on direction of plastic shear of
each layer in the area of contact (Fig. 9), but does not de-
pend on the thickness of a layer (Fig. 10).

The F—A (force—penetration depth) diagram has been de-
termined in some cases of superlattice coatings (Fig. 11). It
was established that the plastic properties of each layer can-
not separately be defined by this diagram in the case of appli-
cation of a conical indenter.

1 19 37 55 73

Fig. 4. Distribution of the stress o.(r) [Eq. (14)] for different sets of
the plastic properties K;. f = —n/18; number of layers N = 5; maxi-
mal depth of penetration 4 = 44.59 nm; set of layer thicknesses
d;y =2nm, d =20nm, d3 = 5nm, dy = 10 nm, ds = 12 nm; yield
stress for each layeraj(i:1 ‘‘‘‘‘ 5 = =2-Kj; T v = /4.

1: K, =4 GPa, K, = 2 GPa, K3 = 4 GPa, K4 = 2.5 GPa, K5 = 1.5 GPa;
2: K1 =2 GPa, K, = 4 GPa, K3 = 1.5 GPa, K4 = 2.5 GPa, Ks = 4 GPa;
3: Ky =2.5GPa, K, =4 GPa, K3 = 1.5 GPa, Ky = 4 GPa, Ks =2 GPa;
4: Ky = 1.5 GPa, K; =2 GPa, K3 = 4 GPa, K4 = 4 GPa, K5 = 2.5 GPa.

rnm

1 19 37 55 73

Fig. 5. Distribution of the stress o,(r) [Eq. (14)] for different sets of
the direction of the plastic shear y; in the area of contact. f = —n/18;
number of layers N =5; maximal depth of penetration 4 =

44.59 nm; set of layer thicknesses dj =2 nm, d) =20nm, dz =
S5nm, ds=10nm, ds =12nm; yield stress for each layer
Oy jj=To8) = =2-K;; K; =2GPa, K, =4GPa, K3 = 1.5GPa, K; =

2.5 GPa, K5 = 4 GPa.
I: l///(/ ﬂ/ 4

2: l//177r/4 Wy =03 =0,p, =n/4 ys =n/4
By =n/hy, =0,y3 =n/4 y, =0,y5 =n/4
4y =0y, =0,y3 =n/4, y, =n/4 ys =n/4.

4

6. Conclusions

A model of superlattice (multilayer) indentation by a rigid
conical indenter has been created. The penetration of the in-
denter has been studied on the basis of the Haar and von
Karman hypothesis. The analytical distribution of the con-
tact stress has been obtained.

The yield stress of the first layer and the direction of the
plastic shear of each layer in the area of contact with the
conical indenter significantly influence the hardness of the
whole superlattice system. The hardness of a multilayer
system increases with increasing yield stress of the first
layer.

The force—penetration depth diagram has been deter-
mined in some cases of superlattice coatings. It was estab-
lished that the plastic properties of each layer cannot sepa-
rately be defined by this diagram in the case of application
of a conical indenter.

(-0,),GPa
30
25 -
*
20 +—2
\
\ -
15
10
1 19 37 55 73

Fig. 6. Distribution of the stress a,(r) [Eq. (14)] for different sets of
layer depth d;. /f =n / 18; number of layers N 5; maximal depth

2- K1_2GPa Kz 4GPa Kg_ISGPa K4—25GPa K5

4GPa V-1 3 —n/4

1:dy =2 nm, d2—20nm,d3:Snm,d4:10nm,d5:1
2:dy =20nm,d, = 5nm, ds =2nm, d4 = 10 nm, ds = 12 nm;
3:dy =5nm,d, =2nm,d; =20nm,d; = 12 nm, ds = 1

4:dy = 12nm, d, = 10 nm, d5 = 20 nm, d; = 5 nm, ds = 2 nm.

14

HM,GPa

4
10
A.nm
8
0.49 9.31 18.13 26.95 35.77 4459

Fig. 7. Variation of the hardness [Eq. (16)] for different angles /5 of the

conical indenter. Number of layers N = 5; maximal depth of penetra-

tion 4 = 44.59 nm; set of layer thicknesses d; = 2 nm, d, = 20 nm,

d; =5nm, dy = 10 nm, ds = 12 nm; yield stress for each layer
O, =18 = =2-K;, K =2GPa, K, =4 GPa, K3 =1.5GPa, K4 =

25GPaK;74GPa Wit )771/4

I:f=—-n/18;2: f = *ﬂ/lo 3:p=—-=n/8;4: f=—n/6.
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HM,GPa
24 = em— — e — — — — —
N,
20 4
2
16 4 l-/——I o By

]2____—-——?——-——-——-

™~ 3
——— i —
81 4
A,nm
4
0.49 9.31 18.13 26.95 35.77 44,59

Fig. 8. Variation of the hardness [Eq. (16)] for different sets of the
plastic properties K;. f = —n/18; number of layers N = 5; maximal
depth of penetration 4 = 44.59 nm; set of layer thicknesses d; =
2nm, d, =20nm, d3 =5 nm, d4 = 10 nm, d5 = 12 nm; yield stress
for each layer o, 7— = =n/4.

1: K; =4 GPa, KZ—ZGPa K;—4GPa K4—25GPa Ks = 1.5 GPa;
2: Ky =2.5GPa, K, =4 GPa, K3 = 1.5 GPa, Ky = 4 GPa, Ks =2 GPa;
3: Ky =2 GPa, K, =4 GPa, K3 = 1.5 GPa, K4 = 2.5 GPa, Ks =4 GPa;

4: Ky = 1.5 GPa, K, = 2 GPa, K3 = 4 GPa, K, = 4 GPa, K5 = 2.5 GPa.
HM,GPa
'R1 — —
12 S\..
—— el

N N 7 Bp—

Anm
8

0.4%9 9.31 18.13 26.95 35.77 44.59

Fig. 9. Variation of the hardness [Eq. (16)] for different sets of the di-
rection of plastic shear y; in the area of contact. f = —x/18; number
of layers N = 5; maximal depth of penetration 4 = 44.59 nm; set of
layer thicknesses d; =2 nm, d, = 20 nm, d3 = 5 nm, d4 = 10 nm,
ds = 12nm; yield stress for each layer O, i=To5) = =2-Kj;

K1—2GPa K2 4GPa K3—15GPa K4—25GPa K5 4 GPa.
I: W/([ 1.5 —7T/4

2y, fn/4 Wy =0,y3 =n/4 vy, =0,ys =n/4

3w =0y, =0,y =7n/4, y, =n/4, ys = n/4
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Fig. 10. Variation of the hardness [Eq. (16)] for different sets of layer
thicknesses d;. f = —n/18; number of layers N = 5; maximal depth
of penetration 4 =44.59 nm; set of layer thicknesses d; =2 nm,
d, =20nm, d; = 5nm,d; = 10 nm, ds = 12 nm; yield stress for each

layer T 2-Kj; K1 =2GPa, K; =4GPa, K3 =1.5GPa,
K4 = 2.5 GPa, K5 = 4 GPa; e /4.

1:dy =2 nm, d, = 20 nm, d375nm dy = 10nm, ds = 12 nm;
2:d;y =5nm,d, =2nm, d; =20 nm, dy = 12 nm, ds = 10 nm;

3:dy = 12nm, d, = 10 nm, d3 = 20 nm, d4 = 5 nm, ds = 2 nm;

4:dy =20nm, d, = 5nm, d; =2 nm,dy; = 10 nm, ds = 12 nm.
6
F,mN
7/
yd
4 7
Ve

1

2 / "
’/
2 i

- p—
- —
T =" T3 Anm
0 —
0.49 9.31 18.1 27 35.8 44.6

Fig. 11. Force-penetration depth diagram. f = —n/18;f = —n/18;
number of layers N =5; maximal depth of penetration A4 =
44.59mm; 0, 75 =2-K;

1: di =20nm, d, = 12nm, d3; = 10nm, d4s = 5nm, ds =2 nm;
K; =4 GPa, K, =4 GPa, K3 =2.5GPa, Ky =2 GPa, Ks = 1.5 GPa;

W/(jl ..... )77[/4
2 d; —20nm dr) =12nm, d; = 10nm, d4y = 5nm, K; =4 GPa,
=4GPa, K3 =25GPa, K, =2GPa, Ks =15GPa; y, =0,

l//2:75/4,l//3:0,l//4:7f/4,l//5:7'5/4;
3:dy =20nm, d, = 12nm, d3 = 10 nm, ds = 5 nm, K; = 1.5 GPa,
K> =4GPa, K;=25GPa, K4=2GPa, Ks=4GPa; y, =0,
vy =n/4 vy =0y, =n/4 ys =n/4
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