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Abstract

The Bayes decision rule stability is investigated under inaccurately deter-
mined class prior probabilities. The risk bias is analytically evaluated by the risk
asymptotic expansion method. The obtained results are illustrated for the well
known Fisher model.

1 Introduction: mathematical model and classifica-
tion problem

Let random observations z € R" from L > 2 classes {{,...,€2;} be registered in RY
(N > 1). According to the mathematical model {1, 2] observation z € R" belongs to
the class with unknown random class index d® € S (S = {1,..., L} is the set of class
indices):

P{d®=:}=70>0,:1€89; (1)
Yorl=1,
=)

where {n?},es are class prior probabilities {1, 2]. Under the fixed index d° = (1 € S)
observation x from the class €2, is described by the conditional probability density
function [1, 2}:

(@) 20, ceRY: [ pdr=1ies (2)

The statistical classification problem consists in the construction of the decision
rale (DR) [1, 2): d = d(z) : RY — S, which is a statistical estimator for unknown
class index d° € S of observation z € RV.

As the efficiency measure of the DR d = d(z) € S, x € R¥, the risk (the expected
losses) is used [1, 2): r = r(d) = E{w ()}, where W = (w,},,es is the loss matrix:
w,, is the loss value when observations from the class , (d° = ) are classified to the
class , (d(z) = 3). It is well known [1, 2], the Bayes DR (BDR):

do(z) = d{z; 7°) = arg n%isr_l iz 7%, ze€ RV, (3)
J

fj (517;71'0) = Zﬂfwszz(x)a .? €S,

€8
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has the minimum risk:
ro = r(d,) = /RN Ergg f,(z; 7°)de. (4)

Often in practice the class prior probabilities {7°},c5 from (1) are inaccurately
determined (for example, the so-called “expert judgements” [1]):

=7, +£&, 1€S5; (5)
Em =1,
eS8

where mistakes {¢, },es satisfy the conditions:

—m’<eg<l—7 €S, (6)
> e =0,
18

and are characterized by the value
e = max|e,], (7)

which is named the mistake level. If ¢4 = 0, then #, = 7%, i € 5, and the class prior
probabilities are accurately determined.

Let us investigate the stability (in the sense of the risk) of the DR (3) under inac-
curately determined class prior probabilities (5), (6).

2 Asymptotic investigations of the risk

Let the class prior probabilities # = (m,...,7) from (5), (6} be used in the BDR
d(-; 7°) from (3) instead of their true values #° = (#?,...,#7) from (1) {“/” is the trans-
position symbol). The efficiency of such DR d(- ?1') is cha.ra,cterlzed by the following
risk {1, 3]:

r{d) = E{wao gz;m)} = Rim,7°) = Zﬂ Zwvf H U(fi,(z; 7)) p(x)dz,  (8)

€8 el kes
k¥
where
fig(z;m) = fulzim) — filz;m), we€ RN, E#£jes8, (9)

{f,(;m)},es are determined in (3) and U{z) = {1,z > 0; 0,z < 0} is the unit function.
Note, r, = R(n° #°) is the risk {4) of the BDR d(-;#°) from (3) (under 7 = =°),
and r, = R(n°,7°) < R(x,7°%), ¥V x.
Introduce the notations (k # j € S; x € RV):

Ti(m) ={z: fiy(z;m) =0} Un(mm)= I U(fy(z;m)); (10)

WS
ek

Tpy(m) = T, (m) N {z : Upelz;7) = 1}

is the fragment of the surface I‘kj(:rr) C R¥-1!, which belongs to the domain {z :
Uxlz;m) =1} € BRY (T13(x) := T12() under the case of two classes, L = 2).
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Theorem. Let the class characteristics {n?,p,(-}}ics be determaned (1), (2) and the
follounng surface wntegrals be fimte (t,s,k,j € S, k #3):

Jesicy (7€) :]

Tiy(me

)pt(x)ps(x) |V:cfk_1 (:’B; ﬂ'o)l_l dSN——l < +00, (11)

where the notatwons (9), (10) are used and V,fi,(z;7°) € RN 1s the vector of first
order partial derwatives w.r.f. x € RY.

Then under the small mistake level (7) for the prior probabilitres (5), (6): €, — 0,
the risk R(w,m°) from (8} allows the asympiotic representation.

1 L 1-1

5 Z Z Z (e — wy Hwsk — Wy ) sty (7°)E165 + O(E‘i), (12}

t,5€8 j=2 k=1

R(r.7%) =71, +

where 1, 15 the risk (4) of the BDR (38).

Corollary. If under the conditions of the theorem the loss matric has the form: W =
(Wyhaes: Wy = {0,2=3; 1,25 3}, then the DR d(:;«) has the form:

d(z;7) = argmax{mp,()}, z€ RY, (13)

and its sk R{m, 7°) = P{d(z; 7} # d°} 1s the classification error probability (e, — 0).
1 L 1-1
R(m,m®)y =1, + 3 Z Z (Jkkkj(:rr")si + Joky (w")sf - 2kak_,(1r°)sk5,) + O(ei), (14)

7=2 k=1

where
ro=1- [ max{ntp(a)}de (15)

w5 the risk ro = R(n°, m°) = P{d(x;7°) # d°} of the BDR d{(-;7°) and {Josk,(7°)} 15
the surface wntegrels (11) under fi,(z;7°) = n%p,(z) — ngpr(z), s € RV, k#7 € S,

In practice the results (12), (14) of the theorem and its corollary allow to evaluate
the risk bias R(m, 7°) —r, = O(¢2) > 0, which describes the effects of the mistakes (6)
in the class prior probabilities (5).
3 The case of two classes and the Fisher model
Let us consider the case of two classes (L = 2, § = {1,2}) when the DR d(-; 7} fion.
(13) is used.

Under L = 2 the prior probabilities from (5), (6}:

m=m+e Mm=a;—e=1-7]—c¢, (16)

where 7%, m3 = 1 — n? is the true prior probabilities from (1) and €1 = —&z = ¢
(¢4 = |¢}) is the mistake (—7) <& < 1~ nf).
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The DR d(-; =) from (13) may be rewritten in the form:
d(z;7) = U(G{z; 7)) +1, xR, (17)

where G(z;m) = fiao(z;7) = (1 — m)palz) — mpr ().
And for the risk R(m, 7°) = P{d{z;7) # d°} of the DR (17) from (14), (11) and

T12(7°) i= Tpa(7%) = T(n°%) = {z : G(z;7°) =0} = {:r : polz) = 1 ?_r?ﬂfpl(:r)}

we obtain (¢, = lg]):

R(m,7°) = 1, + / (2(2))? [VoG(a; 7| ' dSw_1e2 + Olef),  (18)

0)2
where
ro=1-1— [R _ Gla;n°)U(G(;7°))dx (19)

is the Bayes risk r, = R(n°, 7°) = P{d{z; 7°} # d°} from (15).

Now let us illustrate the obtained results for the often meeting in applications Fisher
model {1, 3], when the conditional densities from (2) are supposed multivariate normal
(Gaussian): p{z) = ny(z|e, ) , x € RN, i € §, with the various mathematical mean
vectors (the class “centers” } u; = E{z|d° = i} € RY, i € §, and the common for all
classes non-singular covariance matrix £ = E{(x — p;)(z — p;)|d° =i} (i € S).

For the Fisher model the Bayes risk (19) is easily evaluated [1, 3]:

g B _RY, Y L Y
10_171@( 3 A)—r(lﬂrr])@( 2+K)’ h_In(l—ﬂf)’ {20)

where ®(-) is the standard Gaussian distribution function with the density ¢(z) =

n1(2]0,1) = V-exp( ) z€ R, and A = \/ (g1 — pa)’5- — po} is the so-called
Mahalanobis interclass dlstance In this case from the relatlon (18) we obtain:

oy h
R{m,7°) =1, + Hs + O(lel). (21)

From (20}, (21) it is seen that the classification stability increases (the risk bias

R(m,7°) — r, decreases) under increasing the Mahalanobis distance A and decreasing
the mistake level ¢, = je|.
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