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Abstract

The algebra of objects used in problems of pattern recognition is considered in
the paper. The connection between operations on objects and Boolean operations
is determined. The completeness of the set of operations on objects is shown.

Algorithms for the conversion of ways of representating information are provided
and analysed.

1 Introduction

The main concepts of pattern recognition are essential for development of modern
information systems. Corresponding problems are objects of interdisciplinary research
in information theory, statistics. physics, chemistry, linguistics, psychology. hiology.
physiology and medicine [2].

There are two main methods for representating prior knowledge in supervised pat-
tern recognition:

¢ logical: representation as a rule;
» precedent-related: representation as a set of objects.

One of the actual problems is development of an algebraic construction for conversion
from rules to the corresponding set of objects and vice versa.

2 Basic Concepts

The following way of describing objects {3] will be used in this paper. Letl an object
have n signs which possess a finite number of values. These signs will be called nominal
[1]. Let S, denote a set of signs from which the ith sign is chosen and let D), denote a
set of values of this sign. Let an object be defined as the following mapping:

p:SI XSy x .. xS, =Dy xDyx. oxDy

An object p which has signs s, ss, ..., 8, with correspondent values dy. da, ..., d,, will be
written as follows:

1')(31:321 '-'sSn) = (dljd'Zs AR dn)
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Two objects will be considered as equal, if sets of thelr signs are equal, and so do
corresponding values of their signs.

Let a collection of objects be a set of objects where all objects have the same sigis.
Collections P and @ will be considered as equal if for every object pin P one can find
sich an object ¢ in ¢ that p = ¢ and vice versa.

Operations of adding, multiplying and neglecting objects were introduced and some
of their properties proved in [3].

Equivalence of operations on objects with nominal signs and Boolean operations
15 explored in this paper. Completeness of the set of operations on objects is shown.
Algorithms for conversion from logical to precedent-related and from precedent-related
to logical ways of representating information are provided aud analvsed.

3 Algebra of Objects and Boolean Algebra

The correspondence between operations in the algebra of objects and Boolean opera-
tions will be explored. Let all objects be numbered. For every object p consider its
following code:

C{p) = (0..010...0)

Here 1 occupies the position which number is equal to the nmmber of p.
For every collection [ objects consider its following code:

cPy=\/ Clp

pef

The correspondence between collections (objects} and their codes is bijective.
Operations on collections {objects} and Boolean operations will be considered as
egual, if for every two collections P and @ the following equations are fulfilled:

CPYNC(Q) =C(PAQ) (1)
CP)vC(Q)=C(PVQ) (2)
C(P) =C(P) (3)

Theorem 1. Operations =, A,V in the algebra of objects with nominal signs and
Boolean operations =, A,V are equal.

Completeness of the set of operations on collections (objects) will be explored now.
It was shown [3] that every collection can be represented as a sum of its objects and
that every object can be represented as a product of its signs. Thus theorem 2 follows.

Theorem 2. The set of operations {—, A, V} is complete.

Corollary 1. The sels of operations {—, A} and {—, v} are complete.
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4 Algorithms for conversion of ways of representat-
ing information

One of the main ways of representating prior knowledge in supervised pattern recogni-
tion s using a rule for determining the class of the considered object. This rule often
takes on the form of a function or several functions of algebra of logic. where each of
these functions describes belonging of the object to a specific class.

Let all objects have equal number of signs and all signs have & values from the set
D=1{0,1,..,k - 1}. All other cases can be easily reduced to this case.

Let the rule v describe belonging of an object p to a class Y and be written as
tollows:

k-1, peY
0. peY

For conversion from the logical representation to the precedent-related onc the
following algorithms were developed:

’-,O(dal‘dg. dn) = {

e an algorithm based on algebra of abjects (algorithm A, );
e an algorithm based on algebra of logic (algorithm A,).

General scheme of the algorithm A;:

1. An object is introduced for each variable in ¢.

2, Operations on these ohjects which correspond to operations of k-valued logic in
@ are performed.

3. In case if not all signs are used in ¢ the collection obtained at stage 1 is comple-
mented with missing signs.

General scheme of the algorithm Ay
1. The rule ¢ is transformed to full DNF.

2. An object is introduced for each variable in full DNF obtained at stage 1.

3. Operations on these objecis which correspond 1o operations of k-valued logic in
full DNF are performed.

An algorithm called algorithm B was developed for conversion from the precedent-
related representation to the logical one.
General scheme of the algorithm B:

1. A variable is introduced for each sign of the given collection.

2. For each object conjunction of variables corresponding to its signs is performed.
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3. Disjunetion of expressions obtained at stage 2 18 considered as the regnired rule

Lot P = A () denote that the collection P is ap ontput of the algorithm A, applied
to the rule ¢. Let alse ¢ = B(P} denote that the rule p 15 an ondpat of the algorithm
2 applied to the collection P,

Theorem 3. For every rule © and every object plsy. s9.....8,) = {di dy. ... d,) two
follounng staternents are right:
wldydy o dy)=k—1& (BoA(p))=Fk—~1 (4}
pEPpe(A o B(P) (5)
Thus the conversions made by algorithuins A, and B are mutually inverse,

Complexity of developed algorithms will he explored now. Consider collections £
and ¢} containing ry and r; objects and having 2, and ny signs correspondently.

Theorem 4. The algorithm Ay builds the collection PV Q) usmyg N\ operations. Ny is
defined as follows:
f\fl = (k"l =+ knz)(?"l -+ ?'2) — MTa

Theorem 5. The algorithm Ay builds the collection PV Q using N, operations, No 1o
defined us follows:
N‘Z = kn.—nl,rl 4 kn_nlz'ﬁz

Here n s the number of signs of the collection PN Q.

Theorem 6. The complexity of algorithm B is O(nr). r being the number of objects
i the collection and n being the number of signs.

Given ¢ in the form of DNF, the algorithm A, works faster than A;. However. in
general, if  is an arbitrary function of k-valued logic, the algorithm A, is preferable
because in that case complexity of stage 1 of the algorithm A, increases greatly.

Estimations ol complexity of described algorithims were confirmed by computer
cxperiments.
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