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Abstract

Fluorescence fluctuation spectroscopy is widely used in modern life sciences.
Study of molecular structure and dynamics in the systems like cell membranes
with diffusion limited in two dimensions needs a modification of the existing
analysis methods. Here we present a modification of the photon counting his-
togram method, most commonly used for the intensity distribution analysis in
fluorescence fluctuation spectroscopy, for the case of a two-dimensional brightness
profile.

1 Introduction

Fluorescence Fluctuation Spectroscopy (FFS) methods are widely used in modern bio-
chemical research [4]. In FFS the information about dynamics, interactions and struc-
ture of fluorescently labeled macromolecules is extracted from detected fluorescence
intensity fluctuations. Fluorescence correlation spectroscopy (FCS) [3] and the photon
counting histogram (PCH) [2] are the most commonly used methods allowing to ex-
tract this information. FCS resolves species by the difference in molecular weight and
PCH analysis by the difference in the specific brightness. In cell membranes molecule
diffusion is limited to two dimensions. This requires developing of special realizations
of analysis methods. Though the two-dimensional realization of FCS is known to per-
form well in the study of cell membranes [5], the theory of the PCH analysis for the
two-dimensional case has not been developed yet. Here we propose a modification of
the PCH analysis for the case of a two-dimensional brightness profile.

2 Theory

The probability to detect k photons from a single molecule in a closed volume V0 with
brightness profile B(r) can be expresses as [2]:

p(1)(k, q, T, V0) =
1

V0

∫
qTBk(r)

k!
exp(−qTB(r)) dr, (1)

where q is a specific brightness of molecules represented in photon counts per molecule
per second (cpms) and T is a counting time interval. The probability of observing



k photons from Neff molecules in an open effective volume Veff = χ2
1/χ2, χk =∫

W k(r) dr, is the weighted average of successive convolution p(N)(k, q, T, Veff ) of N
distributions (1) with itself:

Π(k, q, T, Veff ) =
∞∑

N=0

p(N)(k, q, T, V0)N
N
eff exp(−Neff )/N !, (2)

where p(0)(k, q, T, V0) = 0, k > 0 and p(0)(0, q, T, V0) = 1. For M -component sample
the resulting distribution is the successive convolution of distributions of all individual
components. B(r) is usually approximated by the 3D Gaussian [3]:

B(r) = exp(−2(x2 + y2)/ω2
0 − 2z2/z0). (3)

For the 3D Gaussian (1) takes the form [2]:

p(1)(k, q, T, Q) =
1√

πQk!

∞∫

0

γ(k, qT exp(−2x2)) dx, k > 0, (4)

where Q = V0/Veff , γ(k, x) is the incomplete gamma-function and

p(1)(0, q, T,Q) = 1−
∞∑

k=1

p(1)(k, q, T, Q). (5)

The deviation of the true brightness profile from the 3D Gaussian approximation causes
the PCH model to fail under certain conditions. To overcome this, correction factors
characterizing the contribution of detected photons from the non-Gaussian part of the
brightness profile into total fluorescence signal were introduced in the PCH analysis
as Fk = (χk − χGk)/χGk, k=1,2,. . . , where G denotes the Gaussian approximation [2].
Finally, for the first order correction (k = 1) the equation (1) takes the form:

p(1)(k, q, T, Q) =
1

(1 + F1)2
(p

(1)
3DG(k, q, T, Q) +

qTFχG1

QVeffk!
). (6)

3 Results

To perform the integration in (1) we used the modified polar coordinates x = ω0ρ cos ϕ,
x = ω0ρ sin ϕ, ρ ∈ [0;∞), ϕ ∈ [0; 2π). The 2D Gaussian brightness profile takes the
form:

B(ρ) = exp(−2ρ2) (7)

and Veff reduces to Seff = πω2
0, χ2DGk = πω2

0/2k. After substitution (7) into (1) and
performing integration over ϕ the expression (1) becomes:

p(1)(k, q, T, S0) =
2πω2

0(qT )k

S0k!

∞∫

0

exp(−2kρ2 − qT exp(−2ρ2))ρ dρ. (8)



The integral in (8) can be written as

∞∫

0

exp(−2kρ2 − qT exp(−2ρ2))ρ dρ =
(k − 1)!

4(qT )k
(1− exp(−qT )

k−1∑
j=0

(qT )j

j!
). (9)

Taking into account that

γ(k, x) = (k − 1)!(1− exp(−x)
k−1∑
j=0

(x)j

j!
) (10)

and substituting S0 = QSeff in the expression (9) we obtain:

p(1)(k, q, T, Q) = γ(k, qT )/(2Qk!). (11)

To test our approach we adapted the photon counting distribution simulation scheme
developed earlier for three dimensions for the 2D case [6]. At first step it is necessary to
get the number of the i-th species of molecules in S0 = πω2

0ρ
2
0 by generating a Poisson

random variable with the mean N
(i)
0 = ρ2

0Neffi/(1+F )2 (we set ρ0 = 3) and uniformly
distribute molecules in S0. A Poisson random variable with the mean kij = qiTB(rij)
is generated to get the number of detected photons from the j-th molecule of the i-th
species. The number of photons generated by each molecule are summed to get the
total number KT of photons per the sampling time T . These steps are repeated m
times to reach a given S/N ratio. The additional number of photons emitted from the
non-Gaussian part of the brightness profile is generated by a Poisson random variable
with the mean Λ(T ) =

∑M
i=1 NeffiqiTFχ2DG1/(1 + F )2 and then added to KT .

We made simulation of the photon counting histograms for the one- and two-component

Table 1: The initial values of model parameters and their estimations
Parameter Initial value Estimation Initial value Estimation

Neff1 2 1,999±0,003 1 0,9±0,1
qc1, cpms 84000 83900±200 84000 88000±4000

Neff2 – – 5 4,9±0,1
qc2, cpms – – 28000 32000±3000

F 0,4 0,398±0,002 04 0,43±0,03
χ2 – 0,663 – 1,102

molecular systems and analyzed them using (2), (5), (6), (8). The fit parameters in
the PCH analysis were obtained using the Marquardt-Levenberg nonlinear method of
least squares. The quality of the fit was judged by the χ2-criterion and by the residual
deviations between experimental and fit curves. Confidence intervals of the recovered
parameters were calculated as asymptotic standard errors [1]. In simulations we set
T=50 µs, m = 106 for the case of one-component system and m = 6 ∗ 106 for the case
of two-component system. Analysis results are summarized in the Table 1 and shown



Figure 1: The fit of the simulated data for one- (1) and two-component (2) system

in the Figure 1. The obtained estimations of the model parameters are in a close prox-
imity with initial values taken in the simulation, χ2-criterion values and normalized
residuals indicates a good fit quality. This proves that our derivations are adequate for
the considered cases.

References

[1] Bevington P., Robinson D. (2003). Data Reduction and Error Analysis for the
Physical Sciences. McGraw-Hill. New-York.

[2] Huang B., Perroud T., Zare R. (2004). Photon Counting Histogram: One-Photon
Excitation. ChemPhysChem. Vol. 5, pp. 1523-1531.

[3] Krichevsky O., Bonnet G. (2002). Fluorescence Correlation Spectroscopy: the
Technuque and its applications. Reports on Progress in Physics. Vol. 65, pp. 251-
297.

[4] Lakowicz J.R. (2006). Principles of Fluorescence Spectroscopy. Springer, Singa-
pore.

[5] Schwille P., Korlach J., Webb W. (1999). Fluorescence Correlation Spectroscopy
With Single-Molecule Sensitivity on Cell And Model Membranes. Cytometry.
Vol. 36, pp. 176-182.

[6] Shingaryov I., Skakun V., Apanasovich V. (2009). Photon Counts Simulation in
Fluorescence Fluctuation Spectroscopy. In book Pattern Recognition and Infor-
mation Processing (PRIP) ’2009. Minsk. Publ. center of BSU., pp. 178-182.


