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Abstract

The paper 18 devoted 1o the problems ol constiucting proportional hazard
Cox model and testing poodness-of-fit. The semiparanetric and vanous para-
metric proportional hazard models have been considercd  The gooduess-of-fit
test statistic distributions by samples of residuals have been investigated by the
Monte-Carlo method. The problem of testing goodness-of-fit by randomly cen-
sored samples has been discussed. The Kolmogorov-Smirnov, Cramer-von bMises-
Smirnov and Anderson-Darlmg goodness-of-fit tests have heen considered.

1 The proportional hazard Cox model

Thie main objective in wany studies s to understaind and cxploit the relationstup
between Lifetime and covanates  Data often include covariates that might be related
to lifetime: for example. in a survival studv for lung cancer patients (data are given
in [2]} include such factors as the age, general condition of the patient. the tvpe of
tumors, the number of months from diagnaosis of lung cancer. the type of chemotherapy
treatient and the prior therapy.

Suppose that each individual in a population has a lifetime T, under a vecto
of covariates & = {(r(..ry. ..., 0,00, Let denote by S (#) the survival function wluch
is defined as S, (t) = P(T, > 1) = 1 — F.(#), the hazard rate lunction A (t) =

!
s PUST St4 AHT 20 felt) [ N — - g .\
&}1_[}0 < = &0 and we denote by A1) = {{ A (u)du = —In (S, (1)) the

cnmulative hazard rate function of T,.

I medical and epidemiological studies, lifetimes are typically right censored. Tlie
absetved data are usually presented as (6. 01 ). . (£,,4,), whete §, = 1 il £, 15 an ohserved
liletimne, and &, = 0 if ¢, is censoring time which means that fifeiime of -t individual
iy greater than f,.

The hest known lifetime regression model is the proportional hazaird (PIH) model
introduced by Cox {1], which can be written as following

A3 = v, A, {1)

where Ap(f) is the baseline hazard tate fuuction, r{r.Jd) 1= a nonnegative [unction
and 4 is a vector of 1egression parameters  Various parametetrizations of the function
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r{x, i3] can be used m practice such as the linear fon rir. 3) = 1+ ¢ ¢, logistie torm

rle ) = (1 + 7 ) and the most commonly used logatithmically linear form is
r{e. ) =¢"" (2)
Il the baseline hazard function Ag{t) is unknown we have the semiparanetric Cox

model. Unknown parameters (7 in case of parameterization {(2) can he estimated niax-
imizing the partial log-likelihood function [1]

In (f,['f. ,D’)) = iﬁ, [D'r‘r' —In ( > exp (d’:r’))} (3)

1=1 Ji; 2t

where 2' is the covariate vector assoctated with the +-individual. Nonparametric esti-
mate of Ag(f) corresponding to the Cox model (1) can be written as

ﬁq,(f} = ; ?ﬂ [{5,/} IZM oxXp (,?"N)l.

Fully parametric PH models specify in (1) both #(r. .7} and Ag{t, 8) parametrically
Various parametric families of models ate used in survival analysis. Among them the
exponential, Weibull, log-normal. inverse Gaussian, gamma distributions occupy the
central position because of their demonstrated usefulness it a wide range of situations
For example, the Weibull PII model can be written as

&y
A(t.5.0) = r(r.8) - (?}) | (1)
1

Unknown parameters [ and # can be estimated maximizing the log-likelihood funetion

"

W (L{f.8.8)) = 3 (8, (r(x', 3) - Ao(t,- 8)) + r(a’. ) In Sy(t,. 6)]. (5)

=1

which for Weibull PH model with parameterization (2} becomes

In (L 9,0)) = 3 5, (Fat + i (25 )) = ()" o7

i=1

2 Testing goodness-of-fit with parametric PH mod-
els

After estimating unknown model parameters the gooduess-of-fit hypothesis fov the
model should be tested. It is an essential part of statistical analysis, becansc i the
model is not appropriate than conclusions made on the hasis of obtained model would
be incorrect. There are various methods for testing goodness-of-fit of data to a prob-
ability model. One approach to testing goodness-of-fit with parametric PH model is
hased on residuals such as the cumulative hazard (exponential) residuals

;

R, = r(z'.3) - Ao (1,.6). (6)
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If the model is appropriate the f?;, v 2 15 a censored sample of the standard exponen-
tial distribution. The hypothesis about goodness-of-fit of the sample of residuals (6)
to the standard exponential distribution can be tested with the classical Kolmogorov-
Smirnov, Cramer-von Mises-Smirmov, Anderson-Darling tests. It should be noted that
we have a composite hypothesis, tor which test statistic distributions G(S{H,} arc
affected by a number of factors: the form of assuming lifetime distribution Fy{t, 8); the
type and the number of estimated parameters, the method of parameter estimation
and other factors [4, 5. So, approximate p-values can be obtained by simulation.

The purpose of this paper is to investigate test statistic distributions G(S{Hy) hy
computer simulation methods for various parametric famities. Let us consider at first
an uncensored sample case.

In [4, 5] the approximations of statistic distribution models and the tables of per-
centage points were obtained for testing composite hypotheses by the Kolmogorov-
Smirnov, Cramer-von Mises-Smirnov, Anderson-Darling tests using the maximum like-
lihood estimates of unknown parameters. In this paper we have investigated statistic
distributions in testing goodness-of-fit of samples of residuals {6) to the standard cx-
ponential distribution. It has been shown that test statistic distributions turn cut
to be strongly dependent on both the kind of r(z, 8} and chosen parameterization
Ao(t,8). For example, in figure 1 there are simulated Kolmogorov statistic distribu-
tions G(Si]Hy) when testing goadness-of-fit with the Weibull PH model {(4). There are
three distributions of the Kolmogorov statistic for various functions r{x, g). It should
be noted that the Kolmogorov statistic distribution for the logarithmically linear form
(2) coincides with the approximation of statistic distribution obtained in {4. 5] for
samples without covariates.

s G(S:|H)
wo e
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Figure 1: The Kolmogorov test statistic distrilutions

A similar result has been obtained for Cramer-von Mizes-Smirnov and Anderson-
Darling tests.
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In case of censored samples approximate p-values in testing goodness-of-fit can be
obtained by simulation only if there is suflicient knowledge of the censoring process. It
15 quuite possible it we have type | or type IT censoring, but in case of random censoring,
process which often occurs in survival analysis there is a problem of ambiguity in sim-
ulating censored observations becausc the distribution of censoring times is unknown.
It has been shown that tesl statistic distributions may significantly difler for various
distributions of censoring times. The algorithm for simulation of statistic distribution
for testing goodness-of-fit with the parametric PH model by type 1 or type 11 censored
data can be written as follows.

1. Generate response values ty, ..., &, from Fy(t; 3,0) according to the tested model.
where /3 and @ are MLEs obtained by the source data.

2. Transform complete sample £, ..., {, into censored sample according 1o the plan
of experiment.

3. Calculate the MLEs of # and # by obtained censored sample for given values of
covariates.

4. Obtain residuals Ry, .... R, by (6).

5. Calculate the test statistic.

By repeating the process NV times a random sampie from the test statistic distribu-
tion is generated.
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