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Let V,, = (GF(2))". Denote by Fy" the set of all Boolean functions and by A, the
set of all affine functions of n Boolean variables. Let Fy"(r) C Fy" be the set of all
Boolean functions with Hamming distance to A,, not exceeding r. It is known [1] that
Fy(r) = Fy» if > 271 — 2%/271 Let’s define z,,(r) by the equation

gl \/anl (n1n2 — 1 In(drnin2) + z,(r)).

According to a theorem from [2] for the set Fy™"(r) of all Boolean functions with
Hamming distance to the set of linear functions not exceeding r for n,r — oo, x,(r) —
z € R we have

|y °(r) = 22" (B(z) + (1)), B(a)E1—e", (1)

that is for almost all Boolean functions of n variables their distances to the set of linear
functions have the form

2n — \/2"*1 (nIn2—1lnn) + O (W) , M — 00.

We find two-sided estimates for |Fy"(r)| which are valid for all nonnegative r <
2n—1 — 27/2=1 " Similar estimates for |IF¥"’O(T)| show that for n,r — oo the expression
22" B(x,(r)) from (1) isn’t a correct asymptotics for |Fy™°(r)| if z,(r) — co.
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Theorem 1. a) If 0 <7 < 2" then |Fy"(r)| < 2"t Ny (n,7) and

2n+1N1(TL,T) - 402271N2(n77n) < |]F¥n(r)| <



< 2"+1N1(n, r)—4 anNg(n, r)+8 anNg(n, T). (2)

b) If 0 < r < 2772 then |Fy"(r)| = 2" Ny (n, 7).
¢) If 2772 < < 2772 4 27 then |Fy" (r)| equals to the right part of (2).

Analogous statements (with natural changes) are valid for | Fy*°(r)|, for example,
"Ny (n,r) — C2, Ny(n,r) < |Fy°(r)] <
< 2"Ny(n,r) — C3.Ny(n,r) + Ci. N(n, 7). (2"

By means of results of [3] we prove that for 0 < r < 27~! — 27/2-1
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where V(z) = (1 —2)In(1 — 2) + (1 + 2) In(1 + 2).

As the obvious corollary of Theorem 1 we obtain inequalities
27N (n, 1) (1 = Q(n,1)) < |Fy(r)| < 27 Ni(n, ),
where

4C%, No(n,r)  2"Ny(n,r)

Qnr) = 271Ny (n, ) < Ni(n,r)

Theorem 2. Ifn > 10,7 >2"2 andy =2""1 —r > 0 then

2 2n72 2 y2 3y
= gn/? 1 — 1- .
o< o2 (5 ) en {5 (1-37)

Corollary. If n > 2, ¢ > 1 then

1 3/
Q <n, on—t \/cn2”—1> < 3 237/2 axp {—cn <1 — i) } )

9(n+1)/2

The last inequality shows that for any ¢ > % In2
Q (n, AL \/cn2"—1> — 0, n — o0,

i.e. the left and right parts of (2) and (2') are asymptotically equivalent when n —

00, Z— > \/2 In2. According to [2] this domain of values (n,r) is close to the

domain containing almost all Boolean functions when n — oo.



From (1) and (2') it follows that if n,r, — oo and z,(r,) — oo then

|y 0(r,)] 2"Ni(n,r,) - ev2r—nln2
22"B(xp(rn))  22"B(zp(rn)) 20t —r,—1"

ie. for 21 —r, —1 > 3v2" Inln2 the "main” term of right hand side in (1)
overestimates | Fy"°(r,)|.

Let f = f(x1,...,2,) € Fy*. For the partition {1,...,n} = I3 U J"* I =
{ir, ... is}, J"* ={j1,. .., Jn_s} and for the collection of constants C,,_s = {c1,...,¢,_s €
Fy} we define the subfunction g(J" = Cp_s;y1,-..,ys) € Fy* of f as the function ob-
tained from f(x1,...,x,) by the following change of variables: z; =c¢; (k=1,...,n —s),
and z;, =yn(m=1,...,s).

Let v(f,s,r) be the number of subfunctions g(J"=*, Cp_s;y1,...,ys) € Fy* with
distance from A not exceeding r, i.e. the number of pairs (J}~*, C,_s) such that
91", Coy) € F3(r).

Theorem 3. If p(1,...,x,) is a random boolean function with the uniform dis-
tribution on Fy" then for r < 2572

Ev(p, s, r)=Cs2n 2! Z Cy,

J=0

s 5—2
G K Bu(p, s,1) < 2" 08 (%)2

Note that the left hand side tends to infinity if s < log, n, n — oo, and the right hand
side tends to 0 if s > log,n + 3, n — oo; thus a "threshold” value of s belongs to the
range from log, n to log, n + 3 when n — oc.
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