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Abstract

Some simple approximate formulae for mathematical expectations of random
nonlinear functionals are considered. The functionals are defined on trajecto-
ries of process given by stochastic integral and solutions of linear Skorohod’s
equations.

1 Introduction

Evaluation of mathematical expectations of functionals defined on trajectories of ran-
dom processes is a subject of interest of many researches [1,2]. In this report we consider
some approach to constructing of approximate formulae for mathematical expectation
of processes given by Skorohod stochastic integral, solution of stochastic differential
equation Skorohod type and by one class of multiple stochastic integral. Our approach
is motivated by similar approximations of functional integrals [2]. Necessary informa-
tion on Skorohod integral and equations can be found in [3].

Let W = {Ws, s ∈ [0, 1]} be a standard Wiener process on the canonical Wiener
space (Ω,F , P ), and {Fs, s ∈ [0, 1]} be the filtration generated by W. The Skorohod
integral δ(u) ≡ ∫ 1

0 usδWs is the adjoint operator from L2([0, 1]×Ω, dt×P, ) to L2(Ω, P )
defined by the duality relationship

E[Fδ(u)] = E
[ ∫ 1

0
usDsFdt

]
.

In this equation Ds denotes Malliavin derivative defined on the set S of smooth Wiener
functionals of the form F = f(Wt1 , . . . , Wtn) as

Dtf(Wt1 , . . . , Wtn) =
n∑

i=1

∂

∂xi

F (Wt1 , . . . , Wtn)1[0,ti](t)

and then extended to the closure of S with respect to the norm ‖F‖1,2 = (E[|F |2] +
E[‖DF‖L2[0,1]]

2)1/2. The operator δ is defined on subset of functions from L2([0, 1] ×
Ω, dt× P, ) satisfying to the condition E

[ ∫ 1
0 usDsFds

]
≤ const‖F‖L2(Ω).

We will use the next representation for ut ∈ L2([0, 1]× Ω)

ut =
∞∑

n=0

In(fn(·, t)),



where fn(t1, . . . , tn, t) ∈ L2([0, 1]n) is symmetric in all variables. In this case

δ(ut) =
∞∑

n=0

In+1(f̃n(·, t)),

where f̃n(·, t)) is symmetrization of f(·, t). If ut, vt ∈ Domδ then

E[δ(u)δ(v)] =
∫

T

E[utvt]dt +
∫

T

∫

T

E[Ds(ut)Dt(vs)]dtds

under condition that the integrals in right parts are exist.

2 Approximate formulae

At first we give approximate formula for evaluation of mathematical expectation of
functionals depending on trajectories of random process defined by the Skorohod inte-
grals

Xt = δ(u1[0,t]) ≡
∫ t

0
usδWs,

under condition that this integral exist for every t ∈ [0, t]. In what follows we mean
that nonlinear functional F (X(·)) depends on trajectories of X(·) but it not depends
separately on ω ∈ Ω.

The formula is exact for polynomial functionals of Xt of second degree and have
the form:

F [F (X(·))] ≈ F (0)(1− A) +
1

2

1∫

−1

p̂1(v)F (ρ(·, v))dv+

+
1

4

1∫

−1

1∫

−1

p̂2(v1, v2)F (c1ρ(·, v1) + c2ρ(·, v2))dv1dv2,

where p̂1(v) and p̂2(v1, v2) are symmetrical continuations on [−1, 1] and [−1, 1] ×
[−1, 1] of the functions p1(v) = E[u2

v] and p2(v1, v2) = E[Dv1(uv2)Dv2(uv1)], ρ(t, v) =
1[0,t](|v|)sign(v); constants A, c1, c2 can be evaluated.

As an example, let us = exp{∫ 1
0 a(s, τ)dWτ} then p1(s) = exp{2 ∫ 1

0 (a(s, τ))2dτ},
p2(s1, s2) = a(s2, s1)a(s1, s2) exp{1

2

∫ 1
0 (a(s1, τ) + a(s2, τ))2dτ}.

Next we consider the stochastic differential equation with the Skorohod integral

Xt = X0 +

t∫

0

XsδWs, X0 = f(W1).

The solution of this equation is not adapted to filtration generated by W because of
initial condition and it is given by formulae [3]: Xt = exp(Wt − 1

2
t)f(W1 − t). We

consider the case f(x) = ex, then the solution is

Xt = exp
{
Wt + W1 − 1

2
(3t + 1)

}
e

1
2 = e

1
2 : exp{Wt + W1} : ,



where Wick’s ordering is denoted by dots. In oder to construct the formulae for eval-
uating the mathematical expectation of functionals exact for polynomial n−th degree
we will use the formulae [2]

E
[ k∏

j=1

: exp{
∫ 1

0
ξj(s)dWs} :

]
= exp

{ k−1∑

i=1

k∑

j=i+1

K(ξi, ξj)
}
,

where K(ξi, ξj)
}

=
∫ 1
0

∫ 1
0 min(τ1, τ2)dξi(τ1)dξj(τ2). We put ξj(s) = 1tj(s) + 11(s), where

1t(s) = 0 for s < t and 1t(s) = 1 for s ≥ t, so we get
∫ 1
0 ξj(s)dWs = Wt − tj + W1,

K(ξi, ξj) = min(ti, tj) + ti + tj + 1 and

E
[ n∏

j=1

Xtj

]
= e

n
2 exp

{ k−1∑

i=1

k∑

j=i+1

[min(t, s) + ti + tj + 1]
}
.

The formula exact for polynomials of arbitrary fixed degree have the form:

E[F (X(·))] ≈ (1− An(n−1)/2)F (0)+

+
∫

Rn(n−1)/2

F
( n∑

j=1

aj

n∏

l=1,l 6=j

ρ(ujl, ·)
)
νn(n−1)/2(du),

where ρ(u.t) = etρ1(u, t), dν(u) = e1dν1(u),
∫
R

ρ1(u, t)ρ1(u, s)dν(u) = exp{min(t, s)};
parameters A, aj, j = 1, . . . , n are given in [2].

Now let us consider Skorohod equation

Xt = Gt +

t∫

0

α(s)XsδWs,

where α(s) - determinate function, Gt =
∑N

n=1 In(gn(·, t)). The solution of this equation
is Xt =

∑∞
n=1 In(fn(·, t)), where fn(·, t) can be found recursively in explicit form [5].

Using relations E[Xt] = g0(t) and

E[Xt1Xt2 ] =
∞∑

n=1

∫

[0,1]n
fn(τ1, . . . , τn, t1)fn(τ1, . . . , τn, t2)dτ1 . . . dτn,

it is easy to prove that the next approximate formula is exact for random polynomial
functional second degree:

E[F (X·)] ≈ F (0)(1− Λ) +
1

2
(F (g0(·))− F (−g0(·)))+

+
∞∑

n=1

λn

1∫

0

(n)· · ·
1∫

0

4F (λ
− 1

2
n fn(τ1, . . . , τn, ·))dτ1 . . . τn,

where 4F (f) = 1
2
(F (f) + F (−f)), Λ =

∑∞
n=1 λn < ∞.



Such approach can be applied to the case of functional of random process given
by some multiple stochastic integral. Its application is based on representation these
integrals by Wick’s power and exponent[2]:

t∫

0

tn∫

0

· · ·
t2∫

0

dWt1 . . . dWtn =
1

n!
: W n

t :, Xt =
∫ t

0
: W n−1

s (s) : dWs =
1

n
: W n

t :,

Yt =
∫ t

0
: exp{Ws} : dWs =: exp{Wt} : −1.

Since the moments of Xt and Yt are polynomials with respect to : W n
t : and : exp{Wt} :

correspondingly, we use the results due to Petrov V.A. [4] (see also [2]) for Wiener
integrals in order to receive the formulae for evaluation of expectations

E
[
F

( ∫ (·)

0
: W n

s (s) : dWs

)]
, E

[
F

( ∫ (·)

0
: exp{Ws} : dWs

)]
.

Composed approximate formulae will be considered using the above formulas.
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