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1. Introduction

Let R™ be an n-dimensional Euclidean space and B"™ the o-algebra of its Borel subsets.
We consider statistical experiments {R",B", Py : 6 € O} generated by observations X =
(X1,...,Xy) of the form

Xj :g(j,H)—l—ej,j:l,...,n. (11)

Here ¢(4,6),j = 1,...,n, are non-random functions defined on ©¢ — the closure in R' of an
open set © C R! and {¢;} are i.i.d. random variables whose common distribution function
P(x) is independent of # and such that Ee; = 0, Esjz = 02 > 0. We do not assume that
9(J,0) is a linear function of the parameter 6.

Define a least squares estimator of the unknown parameter 6 € O°¢ from observation X
of form (1.1) as a random variable 6,, = 6,,(X1, ..., X,,) € ©¢ such that S(6,,) = infrcoc || X —
g()II%.

Let be g, = (d'/d6")g, b (0) = n™ Y2 7 (X; = 9(j,0))9, (3, 0), A = TT,(6), where
IL,(0) = >77, ¢2(4,0). Putting u(0) = n'/2(, —0) and Z,, = 0*1\/A7nb7(11), Zon = Apb?) we

consider the following functionals of 6,, and 6:

Zn(0n) = nY%Zn(0,) + Z2,(0,), (1.2)
TOf) = iﬂﬁ@(éﬂ@ﬂ, (1.3)
TW(0,) = o 2{S(0) — S(0n)}, (1.4)
T 6,) = I,(6,)u*®). (1.5)

In the paper [1] the problem of constructing of the preference regions for the tests wém)
with statistics (1.3)-(1.5) produced by the model (1.1) was investigated. In the paper [2] has
been made an asymptotic comparison (up to o(n~!)) between Rao’s test and locally most
powerful unbiased (LMP) test under contiguous alternatives, fy + n~'/2, both tests having
the same size a (up to o(n~1)). Now we solve a similar problem but in wider statement. This
problem is following.

2. The problem statement

Fix a number § # 0 and consider a sequences [,, and wflm) of tests for testing a simple
hypothesis Hy : 0 = 6y,0 € O, against a simple alternative Hs : 0 = 05 = 0y + on~Y2 on the
basis of observations X = (X1,..., X,;). The question is as follows: provided that first kind
errors are balanced in a certain manner, which of the tests [,, and 1/1,({”) generated by statistics
(1.2) and (1.3)-(1.5) accordingly are more powerful asymptotically (as n — c0)? We get the
answer for this question in the form of preference regions for the [, and wT(Lm) tests in the
some invariant coordinate system.



3. The [, - test and its W - statistics

Let be L(x,0) = —5555(6). We define the I, test with the critical region

Xom - {Zn > l()n + 2l1n21n}7 (31)

where Z,, is defined according to (1.2). We suppose l,, € ¥, where ¥, is a set of any unbiased
tests with a size « of a critical region (3.1), i.e. the parameters lo,, l1, € R! is founded from
condition

d

a=Egl, = / ln(z)L(z,0)dz, /R" @L(:c, 00)ln(z)dz = 0. (3.2)

Put z = u;_,/ the quantile of a Gaussian distribution and let be
lon = 22 +n"2a1 + n"tag + o(n_l), lin =n"2a5 +n"tay + o(n_l), (3.3)

where the coefficients aq, ..., a4 are defined from conditions (3.2). Taking into account (3.3)
we realize the critical region (3.1) in the form

Xon = {(Zin — l1n)? > (1 — 0 V2d;2 Zy,) 4+ o(n™ 1)}, (3.4)

where d,, = {2% + n~12a; + n~(as + ag)}lﬂ. To obtain asymptotic expansion of the prob-
ability of the first kind error and the power of the modified I,, test, we need a stochastic
expansion of the statistic Z,. Thereto we pass from one-sided region X, on to two-sided
region Xon = X, U Xz, where Py {XE} = ¢ + o(n™'). We denote ¢; = 5-, ¢ = g,

_ a
C3 = —ﬁ

Theorem 1. Under the assumption of Grigoriev and Ivanov (1995) two-sided region
Xon = X1, U X, is defined as

X5 ={wWi>2Y, Xo, =W, <z}, (3.5)

)Wt =Z,+ c1Zonn~ Y2 + (62Z22n + c3Z9,)n 7L
2) Z&t =Z4z+ Zlin_l/Q + ZQin_l and Zli = a3 * ciaq, zzi =a4 F CQCL% + Cl(ag + (I%)

Let’s notice, that the coefficients a; remain yet not certain. We calculate them later
when we receive asymptotic expansions of sizes and powers of modified tests.

4. Asymptotic expansions of sizes and powers of modified tests [,

To compare the powers of the modified tests [,, and wﬁlm) we need to balance their first kind
errors. The asymptotic expansions of sizes and powers of tests wy(lm) are obtained in [1].
Therefore we consider here the [,, test only. Put

Py =Py (W, > 25}, Py =Py {W, <27} (4.1)

Clearly, the power of the modified [,, test equals Py = ng + P5. Note also that for § = 0
the power Ps turns into the equality Py = IP’(')F + Py, where Py is the first kind error of the
modified test.



Theorem 2. Let be A := 50*11_171/2. Suppose that condition of Grigoriev and Ivanov
(1995) are satisfied. Then Ps = 212/:0 m,n "2 £ o(n=Y), where the coefficients m, are defined
as mo = [° fr2(2;1,0%)dx and

Tv

T =p(z—N) ZV NS,i(2) + @z + ) Z(—)\j)Sl,j(z), v=1,2. (4.2)
j=1

Jj=1

Here 11 = 2, 19 =5, fi2(z;1, \2) is the density of the noncentral x2-distribution with one
degree of freedom and noncentrality parameter \?, p(x) = \/%6_”’2/2 and Sy,;(z) are polyno-

mials in z with coefficients depending on the cumulants kj,(X"), j =1,...,4, of the random
variables Wﬁt These polynomials are defined in the paper.

5. Comparison of the powers of modified tests

Consider the problem of comparing the powers of the [,, and w,(lm) tests based on the statistics
W and Wém) accordingly. Here W,(Lm) is a statistic of the modified test 1/17(1m) that is defined

as TT(Lm) = W,&m” + &n~3/2, where € is a random variable with uniformly bounded according
to 0 € Q quickly decreasing tail of distribution.

We call the function Ay = w9 — wés) as comparison function or defect of [,,th and 1,/17({9)th

tests. Then A,s (= Ay — A, = Wér) - wés) is defect of zpy(f)th test with regard to wr(ls)th
test. The defect A, for r, s = 0, 1,2 has been researched in [1]. Denote ags), s=20,1,2, the
adjustment coefficients of w,(f)th test. They are obtain in [1] and equal a(ls) =s.

Let be 5 is the sth cumulant of the random variable ;. Put

Yit+j+k — 42§ - i j
Tk = iy (o0 M) TS gl (a, 0)) (a,0) 95 (a, ), (5.1)
a=1

By, = I — 1%, Bop = Io1 — I35, Ban(a,B) = aly+ BIE, a,B€RY. (5.2)

The quantities B,,, v = 1,2, 3, are statistical invariants of the observation model (1.1). The
value /By, is called Efron’s curvature [3].

Theorem 3. Suppose that condition of Grigoriev and Ivanov (1995) are satisfied. Then
the defects As and A, are the linear combination of the invariants B, and B, depending
(s)

on the coefficients oy’ only.
We can find according to the Theorem 4 the preference regions of the tests l,, and 1!1,(13),
s = 0,1,2 in the half-plane OBy, Ba, of invariants (see Tab. 1 and Fig. 1). Let be 22 > 2.
Then the inequality Ds > 0 and the inequality D,s > 0 are equivalent to
Bon ags)zz -1 By, (ags) + aﬁ”)zﬁ -2

> _ ~0,1,2. 5.3
Bin = 8(2:2-2) B, — 8(2:2—2) T (5:3)

Taking into account (5.3) we obtain six independent inequalities. Therefore we see on the
Fig. 1 the six straight lines with angular coefficients k;, where

322 -2 222 -1 222 -9
ki=———rs—, k=——r5—7, k=——Fr35—0,
8(222 — 1) 8(222 — 1) 8(222 — 1)
21 2_9 1
hy=—— kg = —— ke =

8(222 — 1)’ 8(222— 1)’ 8(222— 1)
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Fig. 1. Preference regions of the tests, 22 > 2.

A more sophistical interpretation of the results obtained is presented in the Tab.1. The
six lines in the Fig.1 form seven regions but four preference regions of the tests only. The
preference chains of tests for seven regions in the Tab. 1 are shown.

Table 1. Preference regions of the tests

Limit of Ordering
Regions Test By, /Bin of the tests
I Rao (kg,o0) | Rao > LMP > NP > Wald
11 Locally most powerful | (ks,ks) | LMP > Rao > NP > Wald
(LMP) (ka,ks) | LMP = NP >~ Rao > Wald
11 Neyman-Pirson (ks,k4) | NP > LMP > Rao > Wald
(NP) (k2. k3) | NP = LMP >~ Wald > Rao
(k1,k2) | NP > Wald > LMP > Rao
v Wald (—o0, k1) | Wald > NP = LMP > Rao
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