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rank

⎧⎨⎩
⎡⎣ H

[
Xk(s− βi)
Yk(s− βi)

]
i = 1, γ

⎤⎦ k = 0, 1, ..., n; s ∈
{
jh+ βi|i = 1, γ, j=0,min{Tt1 − 1,m}

}
,⎡⎣ H

[
Xk(s− βi)
Yk(s− βi)

]
ηβi

i = 1, γ

⎤⎦ k = 0, 1, ..., n; s ∈ {min{Tt1 ,m}h+ βi|i = 1, γ}

⎫⎬⎭
= rank

⎧⎨⎩
⎡⎣ H

[
Xk(s− βi)
Yk(s − βi)

]
i = 1, γ

⎤⎦ k = 0, 1, ..., n; s ∈
{
jh+ βi|i = 1, γ, j=0,min{Tt1 − 1,m}

}
,⎡⎣ H

[
Xk(s− βi)
Yk(s− βi)

]
ηβi

i = 1, γ

⎤⎦ k = 0, 1, ..., n; s ∈ {min{Tt1 ,m}h+ βi|i = 1, γ} , diag[H]γi=1

⎫⎬⎭ ,

CPE ηβi
�UGFGKHEFILHIVELKG? aMRKdI? OIPG ηβi

=

{
0, EL>I { t1h } < {

βi
h },

1, EL>I { t1h } ≥ {
βi

h }.

����2���$&'�%� �����0� 9 �' �%� �  � ;�'���� ## 0 �/�'�%� ;���(�(��� H,t1,
��'�#/#0�'�# # #2�(� ## �8� '%��'�%� � �/�'�%� ;���(�(��� H,t1,��'�#/#0�'�# '���#�'.
' #';�$&2�%� #�0 ;���'��%$� #. ���� #. % %#�� �.�� ;� ���� #.0 �;����$.-?#< ���%,

 � #��

[
x(t, 0, 0, u)
y(t, 0, 0, u)

]
=

Tt∑
k=0

[
0

Y0(kh)

]
u(t− kh) +

t∫
0

+∞∑
k=0

+∞∑
i=0

(t−τ−ih>0)

[
Xk+1(ih)
Yk+1(ih)

]
(t−τ−ih)k

k! u(τ)dτ,

;�$�(�  �8� % ��1��� �t� # #';�$&2�%� ## $�00� 9�
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�;��%$� #� �'�?�'�%$.��'.! ��� ;��%#$�! % �'$�%#.<  ��;����$�  �'�#! ������. %�2,
 #���� #2,2�  ���( �'�# 0���0��#(�'��8� 0���$#��%� #. �1����� �;��%$� #.!  ���( �'�#
���$#2�4## ��'(�� �< 2 �(� #� �;��%$.-?#< %�2���'�%#�! #2,2� % �� #< %�20�?� #�!
 �#21�/ � '�;��%�/��-?#< ;��4�'' �;��%$� #.! #2,2� ��#1�� #20��� #. %<�� �< # %�,
<�� �< '#8 �$�%!  � ������< �' �%� � 3��0#��%� #� �;��%$.-?#< %�2���'�%#�� � ;���1,
 �< �'$�%#.< #';�$&2���'. ;�2#4#�  �� �;��%$� #�! '���%��'�%�-?�� ;�# 4#;� �;��%$�,
 #. ;� 2�0� ���0� �� ����� ��8�� ����?#� �;��%$.-?#� %�2���'�%#. '�2��-�'. ;� ����,
?�� # 3��0�4## � ;�%��� ## �1����� # ���'�%�-?#<  �  �8� %�20�?� #.<! (�� ;�2%�$.�� %
�;����$�  �� '��;� # ;��#��%��& %��� �� %�2���'�%#�  ��;����$�  �'�#  � ��(�'�%� ;��,
4�''� �;��%$� #.� �� �$! ;� ������0� % �;��%$.-?#� ��8� ;�'��;��� # ;���1��2���'.
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# 3��0�4#. � %�20�?� #.< A%<�� �� '#8 �$�B!  �2�%���'. ;�.0�� '%.2&-� �1��� �� '%.,
2&-  �2�%�-� �� �$! �1��1���%�-?#� ����?�- # 3��0�4#- � ;�%��� ## �1����� �;��%,
$� #. A%�<�� �� '#8 �$�B� �#1�#� #2 �� �$�% �1�#< �#;�% , ��01# #��%�  �. '%.2&� �
�9� �;#'� � 0����� ���$#2�4## �;�#0�$& �< �1��� �< '%.2�� % ��/#0� ���$& �8� %��0�,
 # �$. $# �� �� 2���(# �;�#0�$& �8� �;��%$� #.� ��$& ��  �8� '��1?� #. , ;��� �'�#
�� '����4## �5�  � �1?#� '$�(�� A�;�#0�$& �� ��01# #��%�  �� '%.2#B�

� �$�''� �#'���� �< �;��%$.-?#< %�2���'�%#� ��''0���#%���'. 2���(��

c′x(t∗) → max; ẋ = A(t)x+B(t)u+M(t)w(t);x(t∗) = x0, x(t∗) ∈ X∗;u(t) ∈ U, t ∈ T ; A9B
yz(θ) = Cz(θ)z(θ) + ξz(θ), ξz(θ) ∈ Ξz, θ ∈ Tz; ż = Az(t)z +Mz(t)w(t); z(t∗) = z0, t ∈ T ;A5B

yx(θi) =
∫ θi

θi−1

Cx(ν)x(ν)dν + ξx(θi), ξx(θi) ∈ Ξx, i = 1, Ny. AtB

���'& T = [t∗, t∗] , ;��0�/���� %��0� #! Tu = {t∗, t∗ + h, . . . , t∗ − h}! h = (t∗ − t∗)/N !
(N ,  �����$& �� (#'$�)� Tz ⊂ Tu\t∗, Tx = {θi ∈ Tu, i = 1, Ny}, t∗ = θ0 < θ1 < . . . < θNy < t∗�
A(t) ∈ Rnx×nx ! Az(t) ∈ Rnz×nz ! B(t) ∈ Rnx×r! Cz(t) ∈ Rqz×nz ! Cx(t) ∈ Rqx×nx!M(t) ∈ Rnx×nw !
Mz(t) ∈ Rnz×nw ! t ∈ T ! , ��'�( �, �;����% �� 3� �4##� hi ∈ Rnx, h′ihi = 1, i = 1,m;m > nx�
H ∈ Rm×nx , 0���#4� '� '�����0# hi, i = 1,m� c ∈ Rnx� g∗, g∗ ∈ Rm� u∗, u∗ ∈ Rr� x0 ∈ Rnx �
z0 ∈ Rnz � U = {u ∈ Rr : u∗ ≤ u ≤ u∗}� Ξz = {ξ ∈ Rqz : ξz∗ ≤ ξ ≤ ξ∗z}� Ξx = {ξ ∈ Rqx : ξx∗ ≤
ξ ≤ ξ∗x} , �8�� #(�  �� 0 �/�'�%�� X∗ = {x ∈ Rnx : g∗i ≤ h′ix ≤ g∗i , i = 1,m} , �8�� #(�  ��
��$�� x = x(t) ∈ Rnx , '�'��. #� 0���0��#(�'��� 0���$# A9B �1����� �;��%$� #. % 0�0� �
%��0� # t! u = u(t) ∈ Rr , 2 �(� #� �;��%$.-?�8� %�2���'�%#.� yz(θ), θ ∈ Tz� yx(θ), θ ∈ Tx
, '#8 �$� #20��#��$& �< �'����'�% A5B # AtB '���%��'�%�  �! '����/�?#� %'- ��'��; �-
# 3��0�4#- � ;�%��� ## �1����� % ;��4�''� �;��%$� #.� ξz(θ), θ ∈ Tz� ξx(θ), θ ∈ Tx ,  �#2,
%�'� �� ��#1�# #20��� #� �'����'�% A5B # AtB� w(t), t ∈ T ,  �#2%�'� �� %�20�?� #��

��20�?� #� w(·) = (w(t) = w1(t) + w2(t) ∈ Rnw , t ∈ T ) '�'��#� #2 ��8�$.� �� A�� �( �,
;���0���#(�'���B w1(·) #  ���8�$.� �� A��'�( �, �;����% ��B w2(·) ��0;� � ��

w1(t) = L(t)w,w ∈W1; w2(t) ∈W2, t ∈ T,

8�� L(t) ∈ Rnw×l, t ∈ T ! , ��'�( �, �;����% �. 3� �4#.� w ∈ Rl ,  �#2%�'� �� %�����
%�20�?� #. ' �8�� #(�  �0 0 �/�'�%�0 %�20�/ �< 2 �(� #� W1 = {w ∈ Rl : l∗w ≤
Lww ≤ l∗w, w1∗ ≤ w ≤ w∗

1}, Lw ∈ Rmw×l� w2(t), t ∈ T ! ,  �#2%�'� �. ��'�( �, �;����% �.
3� �4#. '� 2 �(� #.0# #2 �8�� #(�  �8� 0 �/�'�%� W2 = {w ∈ Rnw : ‖w‖ ≤ εw}, (‖x‖ =
max
1≤i≤n

|xi| , x ∈ Rn)�

"� �4#. u(·) = (u(t), t ∈ T )  �2�%���'. �#'���� �� A' ;��#���0 �%� ��%� #. hB! �'$#
u(t) ≡ u(s), t ∈ [s, s+ h[, s ∈ Tu�

� ���$��� %%��#�'. ;� .�#� �%�2#���$#2�4## �;�#0�$& �� '%.2#! '���.?��'. �;�#,
0�$& �0 ��8�$.����0 % ��/#0� ���$& �8� %��0� #� �;#'�%���'. �$8��#�0 ��1��� �;,
�#0�$& �8� ��8�$.����! % �' �%� ������8� ;�$�/� ;�# 4#; ��2��$#0�'�# �;�#0�$& �8�
�;��%$� #. % �'$�%#.<  ��;����$�  �'�#� S�#%��� �%�<3�2 �� 0����� ��1��� 2�%������,
'. ;�#0���0�
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