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L2 ([0, t2] , U) , u (t) = 0 	 � �� [t2,+∞) ���� ��	�

x (t1, x0, u (·)) = 0.

rJ@JWWUKo UVY WN�@PJVh @HVYPhPHVW nHK hZJ VNEE,@HVhKHEEUmPEPho Hn JxNUhPHV A9B UKJ HmhUPVJY mo
hKUVWnHKdUhPHV Hn hZJ @HVhKHEEUmPEPho qKHmEJd hH WHdJ EPVJUK dHdJVh qKHmEJd PV _PEmJKh WqU@J
X� eZJ EPVJUK dHdJVh qKHmEJd NVYJK @HVWPYJKUhPHV PW nHKdNEUhJY UW nHEEHIW�
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� +
��� ��������� {cn, n = 1, 2 . . . , } 	�� {xn ∈ X,n = 1, 2 . . . , } $�� 	�

������� g ∈ X ���� ��	�
cn = (xn, g) , n = 1, 2 . . .

DqqEP@UhPHVW hH hZJ VNEE,@HVhKHEEUmPEPho Hn ZoqJKmHEP@ @HVhKHE JxNUhPHVW IPhZ mHNVYUKo @HVhKHE
UKJ @HVWPYJKJY�
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jV hZPW KJqHKh IJ @HVWPYJK hZJ VHVEPVJUK YPW@KJhJ,hPdJ YoVUdP@UE WoWhJd @HVWPWhPVF Hn WJ[JKUE
@HVhKHEEJY HmOJ@hW IZP@Z ZUW hIH EJ[JEW Hn @HVhKHE� �VJ EJ[JE AHK {KWh EJ[JEB PW YHdPVUhPVF UVY
hZJ HhZJK EJ[JE AHK WJ@HVY EJ[JEB PW WNmHKYPVUhJ IZP@Z ZU[J YP|JKJVh @KPhJKPU Hn nNV@hPHVPVF UVY
UKJ NVPhJY U qKPHKP mo YJhJKdPVJY PVnHKdUhPHV UVY @HVhKHE KJEUhPHVW� jh PW UWWNdJY hZUh hZJ
dHhPHV Hn JU@Z HmOJ@h Hn hZPW WoWhJd PW YJW@KPmJY mo @HKKJWqHVYPVF VHVEPVJUK KJ@NKKJVh [J@hHK
JxNUhPHV AIPhZ U @HV[J} [J@hHK,[UENJW Hn KPFZh qUKh Hn JxNUhPHVB UVY YJqJVY HV mHhZ @HVhKHEEJY
qUKUdJhJKW A@HVhKHEWB UVY VHV,@HVhKHEEJY qUKUdJhJKW AVHPWJW HK WPdNEUhPHV JKKHKWB� eZJ qZUWJ
WhUhJW Hn UEE HmOJ@hW UVY UEE U qKPHKP PVYJhJKdPVUhJ qUKUdJhJKW Hn hZPW WoWhJd UKJ @HVWhKUPVJY mo
FP[JV @HV[J} @HdqU@h WJhW PV hZJ @HKKJWqHVYPVF vN@EPYJUV [J@hHK WqU@JW� jh PW UEWH UWWNdJY hZUh
hZJ @ZHP@J Hn @HVhKHE U@hPHVW Uh hZJ WJ@HVY EJ[JE PW WNmHKYPVUhJ hH FP[JV @HVYPhPHVW IZP@Z YJqJVY
HV hZJ @ZHP@J Hn @HVhKHE U@hPHVW Uh hZJ {KWh EJ[JE Hn hZPW @HVhKHE qKH@JWW� eZJ xNUEPho Hn hZJ @HVhKHE
qKH@JWWJW Hn UEE HmOJ@hW Uh mHhZ @HVhKHE EJ[JEW PV hZPW WoWhJd PW JWhPdUhJY mo @HKKJWqHVYPVF @HV[J}
nNV@hPHVUEW IZP@Z UKJ YJhJKdPVJ PV hZJPK hJKdPVUE A{VUEB qZUWJ WhUhJW UVY JU@Z Hn hZJd dJJhW hZJ
@HKKJWqHVYPVF fPqW@ZPQ @HVYPhPHV� sVYJK hZJWJ UWWNdqhPHVW! IJ nHKdNEUhJ hZJ dPVPdU} qKHFKUd
hJKdPVUE @HVhKHE qKHmEJd nHK qKH@JWWJW PV hZPW hIH,EJ[JE ZPJKUK@ZP@UE YPW@KJhJ,hPdJ YoVUdP@UE
WoWhJd UVY qKHqHWJ hZJ FJVJKUE W@ZJdJ nHK PhW WHE[PVF�

Dh U FP[JV PVhJFJK,[UENJY hPdJ PVhJK[UE 0,T = {0, 1, · · · , T} (T > 0) IJ @HVWPYJK hZJ @HVhKHEEJY
dNEhP,WhJq YoVUdP@UE WoWhJd UVY Ph @HVWPWhW Hn (n+ 1) HmOJ@hW An ∈ N! IZJKJ N PW hZJ WJh Hn UEE
VUhNKUE VNdmJKWB� eZJ dHhPHV Hn HmOJ@h I IZP@Z PW U FJVJKUE HmOJ@h UVY @HVhKHEEJY mo YHdPVUhPVF
qEUoJK P PW YJW@KPmJY mo hZJ VHVEPVJUK YPW@KJhJ,hPdJ KJ@NKKJVh [J@hHK JxNUhPHV

y(t+ 1) = f(t, y(t), u(t), v(t), ξ(t)), y(0) = y0, A9B
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UVY hZJ dHhPHV Hn HmOJ@h IIi (i ∈ 1, n) IZP@Z PW U WNmWPYPUKo HmOJ@h @HKKJWqHVYPVF hH PVYJ} i
UVY @HVhKHEEJY mo hZJ WNmHKYPVUhJ qEUoJK Ei PW YJW@KPmJY mo hZJ nHEEHIPVF VHVEPVJUK YPW@KJhJ,hPdJ
KJ@NKKJVh [J@hHK JxNUhPHV

z(i)(t+ 1) = f (i)(t, z(i)(t), u(t), v(i)(t), ξ(i)(t)), z(i)(0) = z
(i)
0 . A5B

_JKJ t ∈ 0,T − 1� y ∈ Rr UVY z(i) ∈ Rsi UKJ hZJ qZUWJ [J@hHKW Hn HmOJ@hW I UVY IIi KJWqJ@hP[JEo
Ar, si ∈ N� nHK k ∈ N!Rk PW hZJ X,YPdJVWPHVUE vN@EPYJUV [J@hHK WqU@J Hn @HENdV [J@hHKW� u(t) ∈ Rp

UVY v(i)(t) ∈ Rqi UKJ hZJ [J@hHKW Hn hZJ @HVhKHE U@hPHVW A@HVhKHEWB Hn qEUoJKW P UVY Ei KJWqJ@hP[JEo!
KJWhKP@hJY mo hZJ FP[JV @HVWhKUPVhW

u(t) ∈ U1, v
(i)(t) ∈ V(i)

1 ; U1 ∈ @Hdq(Rp), V(i)
1 ∈ @Hdq(Rqi) (p, qi ∈ N); AtB

IZJKJ nHK UVo k ∈ N, @Hdq(Rk) PW hZJ WJh Hn UEE @HdqU@h WNmWJhW Hn hZJ WqU@J Rk� [J@hHK,

@HVhKHE v(t) ZUW hZJ nHKd v(t) = (v(1)(t), v(2)(t), · · · , v(n)(t))′ ∈ Rq (q =
n∑
i=1

qi)� ξ(t) ∈ Rl UVY

ξ(i)(t) ∈ Rli UKJ hZJ [J@hHKW Hn VHV,@HVhKHEEPVF qUKUdJhJKW AVHPWJW HK WPdNEUhPHV JKKHKWB Hn hZJ
HmOJ@hW I UVY IIi KJWqJ@hP[JEo! KJWhKP@hJY mo hZJ nHEEHIPVF FP[JV @HVWhKUPVhW

ξ(t) ∈ Ξ1, ξ
(i)(t) ∈ Ξ(i)

1 ; Ξ1 ∈ @Hdq(Rl), Ξ(i)
1 ∈ @Hdq(Rli) (l, li ∈ N); A)B

nHK UEE t ∈ 0,T − 1 UVY i ∈ 1, n JU@Z nKHd hZJ [J@hHK,nNV@hPHVW f : 0,T− 1×Rr×Rp×Rq×Rl −→
Rr UVY f (i) : 0,T − 1 ×Rsi ×Rqi ×Rli −→ Rsi UKJ @HVhPVNHNW mo @HEEJ@hPHV Hn hZJ [UKPUmEJW
(y(t), u(t), v(t), ξ(t)) UVY (z(i)(t), u(t), v(i)(t), ξ(i)(t)) KJWqJ@hP[JEo�

�J UEWH UWWNdJ hZUh nHK UEE hPdJ dHdJVhW t ∈ 0,T hZJ qZUWJ [J@hHKW y(t) UVY z(i)(t) Hn HmOJ@hW
I UVY IIi (i ∈ 1, n) KJWqJ@hP[JEo! @HdmPVJY IPhZ hZJ PVPhPUE @HVYPhPHVW PV hZJ KJEUhPHVW A9B UVY A5B
UKJ KJWhKP@hJY mo hZJ FP[JV nHEEHIPVF @HVWhKUPVhW

y(t) ∈ Y1, z
(i)(t) ∈ Z(i)

1 ; Y1 ∈ @Hdq(Rr), Z(i)
1 ∈ @Hdq(Rsi). AuB

eZJ @HVhKHE qKH@JWW PV YPW@KJhJ,hPdJ YoVUdP@UE WoWhJd A9B 6 AuB UKJ KJUEPQJY PV hZJ qKJWJV@J
Hn hZJ nHEEHIPVF PVnHKdUhPHV @HVYPhPHVW�

jV hZJ {JEY Hn PVhJKJWhW Hn hZJ qEUoJK P UKJ mHhZ qHWWPmEJ WhUhJW Hn HmOJ@h I UVY qHWWPmEJ WhUhJW
Hn JU@Z HmOJ@hW IIi (i ∈ 1, n)� DVY hZJ qEUoJK P UEWH XVHIW hZJ nHKdUhPHV qKPV@PqEJ Hn hZJ @HVhKHEW

v(i)(·) = {v(i)(t)}t∈τ,ϑ−1 (∀ t ∈ τ, ϑ− 1 : v(i)(t) ∈ V(i)
1 ) Hn JU@Z qEUoJK Ei (i ∈ 1, n) Uh hZJ

hPdJ PVhJK[UE τ, ϑ� eZJV @HVWPYJKPVF hZJWJ @PK@NdWhUV@JW IJ IPEE WUo hZUh WN@Z qHWWPmPEPhPJW Hn hZJ
mJZU[PHNK Hn qEUoJK P @HdmPVJY IPhZ hZJ HmOJ@hW I UVY IIi (i ∈ 1, n) UKJ YJ{VJY UW hZJ I EJ[JE
HK hZJ YHdPVUhPVF EJ[JE Hn hZJ @HVhKHE qKH@JWW PV @HVWPYJKJY WoWhJd�

jh PW UWWNdJY hZUh PV hZJ {JEY Hn PVhJKJWhW Hn JU@Z qEUoJK Ei (i ∈ 1, n) UKJ HVEo qHWWPmEJ WhUhJW
Hn HmOJ@h IIi UVY nHK UVo @HVWPYJKJY hPdJ PVhJK[UE τ, ϑ ZJ UEWH XVHIW KJUEPQUhPHV Hn hZJ @HVhKHE
u(·) = {u(t)}t∈τ,ϑ−1 (∀ t ∈ τ, ϑ − 1 : u(t) ∈ U1) qEUoJK P Uh hZPW hPdJ PVhJK[UE! IZP@Z ZJ @UV NWJ

nHK @HVWhKN@hPVF ZPW @HVhKHE v(i)(t) ∈ V(i)
1 nHK J[JKo hPdJ dHdJVh t ∈ τ, ϑ− 1�

rHhJ! hZUh mJZU[PHNK Hn JU@Z qEUoJK Ei (i ∈ 1, n) PV U@ZPJ[PVF ZPW UPd Hm[PHNWEo YJqJVYW
HV hZJ mJZU[PHNK Hn qEUoJK P � eZJV! FKUVhPVF hZPW nU@h hZJ @HEEJ@hPHV n Hn qEUoJKW Ei, i ∈ 1, n
IZP@Z IPEE mJ @UEEJY qEUoJK E UVY HmOJ@hW IIi, i ∈ 1, n @HVhKHEEJY mo hZJd nHKd II EJ[JE HK hZJ
WNmHKYPVUhJ EJ[JE Hn @HVhKHE PV @HVWPYJKJY WoWhJd AIZP@Z PW WNmHKYPVUhJ hH hZJ I EJ[JE HK hZJ
YHdPVUhPVF EJ[JE Hn hZJ @HVhKHE qKH@JWWB�

eZJ xNUEPho Hn hZJ @HVhKHE qKH@JWWJW Hn UEE HmOJ@hW Uh mHhZ @HVhKHE EJ[JEW PV hZPW WoWhJd PW
JWhPdUhJY mo @HKKJWqHVYPVF @HV[J} nNV@hPHVUEW IZP@Z UKJ YJhJKdPVJ PV hZJPK hJKdPVUE A{VUEB
qZUWJ WhUhJW UVY JU@Z Hn hZJd dJJhW hZJ @HKKJWqHVYPVF fPqW@ZPQ @HVYPhPHV�

jV hZPW KJqHKh NVYJK PV[JWhPFUhPHV Hn hZPW YoVUdP@UE WoWhJd IJ qKHqHWJ hZJ dUhZJdUhP@UE
nHKdUEPQUhPHV PV hZJ nHKd Hn KJUEPQUhPHV Hn hIH,EJ[JE ZPJKUK@ZP@UE dPVPdU} qKHFKUd hJKdPVUE
@HVhKHE qKHmEJd UVY qKHqHWJ hZJ FJVJKUE W@ZJdJ nHK PhW WHE[PVF�
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jV @HV@ENWPHV IJ VHhJ! hZUh hZJ @HV@KJhJ UEFHKPhZd nHK KJUEPQUhPHV Hn hIH,EJ[JE ZPJKUK@ZP@UE
dPVPdU} qKHFKUd hJKdPVUE @HVhKHE qKH@JWW PV YPW@KJhJ,hPdJ YoVUdP@UE WoWhJd A9B 6 AuB @UV mJ
YJW@KPmJY HV hZJ mUWJ Hn hZJ UEFHKPhZdW nHK WHE[PVF qKHFKUd hJKdPVUE @HVhKHE qKHmEJd IZP@Z UKJ
qKHqHWJY PV IHKX �)��

eZJ KJWNEhW HmhUPVJY PV hZPW KJqHKh UKJ mUWJY HV �9� 6 �)� UVY @UV mJ NWJY nHK @HdqNhJK
WPdNEUhPHV UVY nHK HqhPdUE YPFPhUE @HVhKHEEPVF WoWhJdW YJWPFVPVF nHK U@hNUE hJ@ZVP@UE! J@HVHdP@!
UVY HhZJK dNEhP,EJ[JE @HVhKHE qKH@JWWJW� TUhZJdUhP@UE dHYJEW Hn WN@Z WoWhJdW IJKJ @HVWPYJKJY!
nHK J}UdqEJ! PV IHKXW �9� 6 �t��

eZPW IHKX IUW WNqqHKhJY mo hZJ pNWWPUV \UWP@ pJWJUK@Z LHNVYUhPHV! aKHOJ@h VH� +:,+9,++++7�
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�J UKJ @HV@JKVJY IPhZ U WqPVVPVF WHEPY mHYo dH[PVF PV U ZHdHFJVJHNW dJYPNd� eZJ dJYPNd
PW J}hKJdJEo KUKJ{JY! WH hZJ nKJJ qUhZ EJVFhZ Hn hZJ dJYPNd qUKhP@EJW PW dN@Z EUKFJK hZUV hZJ
mHYozW WPQJ� jV WN@Z U @UWJ! hZJ PVhJKU@hPHV Hn hZJ mHYo IPhZ hZJ dJYPNd @UV mJ YJW@KPmJY PV
hJKdW Hn ���� �������	� <��! IZJKJ U �HI Hn qHPVh qUKhP@EJW nUEEW HV hZJ mHYozW WNKnU@J� JU@Z
qUKhP@EJ PVhJKU@hW IPhZ hZJ mHYo UVY YHJW VHh IPhZ HhZJK qUKhP@EJW� �J WNqqHWJ hZUh hZJ dJYPNd
qUKhP@EJW WhUo Uh KJWh! hZUh PW! hZJ UmWHENhJ hJdqJKUhNKJ Hn hZJ dJYPNd JxNUEW QJKH� jV U nKUdJ Hn
KJnJKJV@J dH[PVF nHKIUKY hHFJhZJK IPhZ hZJ mHYo! IJ ZU[J U qUKUEEJE �HI Hn qUKhP@EJW nUEEPVF HV
hZJ mHYo�

�J VJFEJ@h hZJ UVFNEUK dHdJVhNd Hn qUKhP@EJW� JU@Z qUKhP@EJ PW PYJVhP{JY IPhZ U dUWW qHPVh
hZUh UqqKHU@ZJW hZJ mHYo! dUXJW WJ[JKUE AdUomJ VHVJB KJ�J@hPHVW nKHd PhW WNKnU@J! UVY hZJV FHJW
UIUo� DEE KJ�J@hPHVW UKJ WNqqHWJY hH mJ 	��������� ��	��
��

jV hZPW qUqJK! IJ KJWhKP@h HNKWJE[JW hH hZJ hIH,YPdJVWPHVUE @UWJ� cHVWPYJK U mHYo @HVhUPVJY
PV U @PK@EJ Hn KUYPNW r UVY @HVhUPVPVF hZJ @HV@JVhKP@ @PK@EJ Hn KUYPNW r − ε IPhZ ε � r� �VJ @UV
PdUFPVJ U @PK@EJ Hn KUYPNW r WEPFZhEo YUdUFJY VJUK hZJ mHNVYUKo! KJWNEhPVF PV U ����� �
����� eZJ
WZUqJ Hn hZJ mHYo @UVVHh @ZUVFJ PV hPdJ� Ph @UV HVEo mJ hKUVWEUhJY HK KHhUhJY� bJVHhJ mo ϕ(t)
hZJ KHhUhPHV UVFEJ Uh hZJ dHdJVh t! mo ω(t) hZJ UVFNEUK [JEH@Pho Hn hZJ mHYo! ω(t) = dϕ/dt! UVY
EJh �v(t) mJ hZJ [JEH@Pho Hn hZJ mHYozW @JVhJK Hn dUWW� fJh NW UFKJJ hH @HNVh H| hZJ KHhUhPHV UVFEJ
UVY hZJ UVFNEUK [JEH@Pho @EH@XIPWJ�

_JKJ IJ @HVWPYJK hIH qKHmEJdW UW nHEEHIW� APB YJhJKdPVJ hZJ nHK@J Hn hZJ dJYPNd KJWPWhUV@J
U@hPVF HV hZJ mHYo! {VY hZJ dHdJVh Hn hZPW nHK@J IPhZ KJWqJ@h hH hZJ mHYozW @JVhJK Hn dUWW! UVY
PV[JWhPFUhJ hZJPK YJqJVYJV@J HV hZJ �WZUqJ Hn hZJ KHNFZVJWW�! UVY APPB UVUEoQJ hZJ dHhPHV Hn
hZJ mHYo PV hZJ dJYPNd! hZUh PW! WhNYo hZJ nNV@hPHVW ω(t) UVY �v(t)� aKHmEJd APB PW qKPdUKo IPhZ

)t


