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�J EJUKVh PV hZJ hJ}hmHHX >�qhPdPQUhPHV Hn EPVJUK WoWhJdW> mo p� L� `UmUWH[ UVY L� T�
MPKPEEH[U ATPVWX 9*:tB hZUh hZJ KJU@ZUmEJ WJh Hn U @HVhKHE WoWhJd YJW@KPmJY mo

ẋ(t) = A(t)x(t) + b(t, u(t)), u(t) ∈ U,

PW @HV[J}! J[JV Pn hZJ @HVhKHE WJh U PW VHh @HV[J}� eZJ @HV[J}Pho Hn hZJ KJU@ZUmEJ WJh Hn U
dHKJ FJVJKUE qKHmEJd PW PVWPWhJY PV hZJ qUqJK >�V cHV[J}Pho Hn pJU@ZUmEJ ]JhW nHK rHVEPVJUK
cHVhKHE ]oWhJdW> qKJWJVhJY mo w� DQZdoUXH[! b� LEH@XJKQP UVY R� pUPW@Z! 5++:� eZJ @HVhKHEW
UKJ UWWNdJY hH mJ fPqW@ZPhQ6nNV@hPHVW IPhZ fPqW@ZPhQ6@HVWhUVhW lu ≤ l UVY hZJ KPFZh6ZUVY WPYJ
f Hn hZJ qKH@JWW JxNUhPHV PW UWWNdJY hH nNE{E U fPqW@ZPhQ6@HVYPhPHV� _HIJ[JK! hZJ dUPV hZJHKJd
Hn hZPW qUqJK YJUEPVF IPhZ hZJ @HV[J}Pho Hn hZJ KJU@ZUmEJ WJh PW nUEWJ� �J IPEE PEENWhKUhJ hZPW mo
dJUVW Hn hIH @HNVhJKJ}UdqEJW�
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fJh X,U mJ _PEmJKh WqU@JW! UVY EJh A mJ PV{VPhJWPdUE FJVJKUhHK Hn WhKHVFEo @HVhPVNHNW C0,
WJdPFKHNqW S (t) PV X �9�!�5�� cHVWPYJK hZJ UmWhKU@h J[HENhPHV @HVhKHE JxNUhPHV �5�

ẋ (t) = Ax (t) +Bu (t) , x (0) = x0, 0 ≤ t < +∞, A9B

IZJKJ x (t) , x0 ∈ X,u (t) , u0 ∈ U, B : U → X PW U EPVJUK qHWWPmEo NVmHNVYJY HqJKUhHK!
W = D (A) ⊂ X ⊂ V UKJ UEWH _PEmJKh WqU@JW IPhZ @HVhPVNHNW YJVWJ PVOJ@hPHVW UVY A : W → V
UVY B : U → V UKJ mHNVYJY HqJKUhHKW� eZJ WqU@J W PW U _PEmJKh WqU@J IPhZ KJWqJ@h Hn FKUqZ
VHKd�

fJh x (t, x0, u (·)) mJ U dPEY WHENhPHV Hn JxNUhPHV A9B IPhZ PVPhPUE @HVYPhPHV x (0) = x0.
eZJ UWWNdqhPHVW HV A UKJ EPWhJY mJEHI�

9� eZJ HqJKUhHKW A ZUW qNKJEo qHPVh WqJ@hKNdW σ IPhZ VH {VPhJ EPdPh qHPVhW� DEE JPFJV[UENJW
Hn A ZU[J {VPhJ dNEhPqEP@PhPJW�

5� eZJKJ J}PWhW T ≥ 0 WN@Z hZUh UEE dPEY WHENhPHVW Hn hZJ JxNUhPHV ẋ (t) = Ax (t) UKJ J}qUVYJY
PV U WJKPJW Hn FJVJKUEPQJY JPFJV[J@hHKW Hn hZJ HqJKUhHK A @HV[JKFPVF NVPnHKdEo nHK UVo
t ∈ [T1, T2] , T < T1 < T2.
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��� 	 ������� u (·) ∈
L2 ([0, t2] , U) , u (t) = 0 	 � �� [t2,+∞) ���� ��	�

x (t1, x0, u (·)) = 0.

rJ@JWWUKo UVY WN�@PJVh @HVYPhPHVW nHK hZJ VNEE,@HVhKHEEUmPEPho Hn JxNUhPHV A9B UKJ HmhUPVJY mo
hKUVWnHKdUhPHV Hn hZJ @HVhKHEEUmPEPho qKHmEJd hH WHdJ EPVJUK dHdJVh qKHmEJd PV _PEmJKh WqU@J
X� eZJ EPVJUK dHdJVh qKHmEJd NVYJK @HVWPYJKUhPHV PW nHKdNEUhJY UW nHEEHIW�
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� +
��� ��������� {cn, n = 1, 2 . . . , } 	�� {xn ∈ X,n = 1, 2 . . . , } $�� 	�

������� g ∈ X ���� ��	�
cn = (xn, g) , n = 1, 2 . . .

DqqEP@UhPHVW hH hZJ VNEE,@HVhKHEEUmPEPho Hn ZoqJKmHEP@ @HVhKHE JxNUhPHVW IPhZ mHNVYUKo @HVhKHE
UKJ @HVWPYJKJY�
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jV hZPW KJqHKh IJ @HVWPYJK hZJ VHVEPVJUK YPW@KJhJ,hPdJ YoVUdP@UE WoWhJd @HVWPWhPVF Hn WJ[JKUE
@HVhKHEEJY HmOJ@hW IZP@Z ZUW hIH EJ[JEW Hn @HVhKHE� �VJ EJ[JE AHK {KWh EJ[JEB PW YHdPVUhPVF UVY
hZJ HhZJK EJ[JE AHK WJ@HVY EJ[JEB PW WNmHKYPVUhJ IZP@Z ZU[J YP|JKJVh @KPhJKPU Hn nNV@hPHVPVF UVY
UKJ NVPhJY U qKPHKP mo YJhJKdPVJY PVnHKdUhPHV UVY @HVhKHE KJEUhPHVW� jh PW UWWNdJY hZUh hZJ
dHhPHV Hn JU@Z HmOJ@h Hn hZPW WoWhJd PW YJW@KPmJY mo @HKKJWqHVYPVF VHVEPVJUK KJ@NKKJVh [J@hHK
JxNUhPHV AIPhZ U @HV[J} [J@hHK,[UENJW Hn KPFZh qUKh Hn JxNUhPHVB UVY YJqJVY HV mHhZ @HVhKHEEJY
qUKUdJhJKW A@HVhKHEWB UVY VHV,@HVhKHEEJY qUKUdJhJKW AVHPWJW HK WPdNEUhPHV JKKHKWB� eZJ qZUWJ
WhUhJW Hn UEE HmOJ@hW UVY UEE U qKPHKP PVYJhJKdPVUhJ qUKUdJhJKW Hn hZPW WoWhJd UKJ @HVWhKUPVJY mo
FP[JV @HV[J} @HdqU@h WJhW PV hZJ @HKKJWqHVYPVF vN@EPYJUV [J@hHK WqU@JW� jh PW UEWH UWWNdJY hZUh
hZJ @ZHP@J Hn @HVhKHE U@hPHVW Uh hZJ WJ@HVY EJ[JE PW WNmHKYPVUhJ hH FP[JV @HVYPhPHVW IZP@Z YJqJVY
HV hZJ @ZHP@J Hn @HVhKHE U@hPHVW Uh hZJ {KWh EJ[JE Hn hZPW @HVhKHE qKH@JWW� eZJ xNUEPho Hn hZJ @HVhKHE
qKH@JWWJW Hn UEE HmOJ@hW Uh mHhZ @HVhKHE EJ[JEW PV hZPW WoWhJd PW JWhPdUhJY mo @HKKJWqHVYPVF @HV[J}
nNV@hPHVUEW IZP@Z UKJ YJhJKdPVJ PV hZJPK hJKdPVUE A{VUEB qZUWJ WhUhJW UVY JU@Z Hn hZJd dJJhW hZJ
@HKKJWqHVYPVF fPqW@ZPQ @HVYPhPHV� sVYJK hZJWJ UWWNdqhPHVW! IJ nHKdNEUhJ hZJ dPVPdU} qKHFKUd
hJKdPVUE @HVhKHE qKHmEJd nHK qKH@JWWJW PV hZPW hIH,EJ[JE ZPJKUK@ZP@UE YPW@KJhJ,hPdJ YoVUdP@UE
WoWhJd UVY qKHqHWJ hZJ FJVJKUE W@ZJdJ nHK PhW WHE[PVF�

Dh U FP[JV PVhJFJK,[UENJY hPdJ PVhJK[UE 0,T = {0, 1, · · · , T} (T > 0) IJ @HVWPYJK hZJ @HVhKHEEJY
dNEhP,WhJq YoVUdP@UE WoWhJd UVY Ph @HVWPWhW Hn (n+ 1) HmOJ@hW An ∈ N! IZJKJ N PW hZJ WJh Hn UEE
VUhNKUE VNdmJKWB� eZJ dHhPHV Hn HmOJ@h I IZP@Z PW U FJVJKUE HmOJ@h UVY @HVhKHEEJY mo YHdPVUhPVF
qEUoJK P PW YJW@KPmJY mo hZJ VHVEPVJUK YPW@KJhJ,hPdJ KJ@NKKJVh [J@hHK JxNUhPHV

y(t+ 1) = f(t, y(t), u(t), v(t), ξ(t)), y(0) = y0, A9B
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