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-MXGDUTRXIDM� eZJ qUqJK PW YJYP@UhJY hH hZJ qKHmEJdW Hn VHV,W@UEUK HqhPdPQUhPHV! P�J� hH hZJ
qKHmEJdW Hn [J@hHK HqhPdPQUhPHV! PV IZP@Z U @KPhJKPU WqU@J PW VHh VJ@JWWUKPEo {VPhJ,YPdJVWPHVUE�
eZJKJ UKJ hIH dHhP[JW Hn hZJ @HVWPYJKUhPHV Hn WN@Z qKHmEJdW� hZJ @EUWWP@UE @HV@JqhW Hn hZJ WHENhPHV
Hn hZJ [J@hHK HqhPdPQUhPHV qKHmEJd YHVzh UEEHI hZJ YPKJ@h FJVJKUEPQUhPHV PV @UWJ Hn PV{VPhJ,
YPdJVWPHVUE WqU@JW �9�� hZJKJ PW U @HVVJ@hPHV mJhIJJV hZJ hZJHKo Hn dUhZJdUhP@UE FUdJW UVY
hZJ VHV,W@UEUK HqhPdPQUhPHV�

�� /OPIR RDMRFaXP OMU |ORXP� eZJ KJ�J}P[J UVY hKUVWPhP[J KJEUhPHV � PW U EPVJUK qUKhPUE HKYJK
PV hZJ EPVJUK WqU@J W, Pn a � b⇒ a+ c � b+ c, ta � tb.∀a, b, c ∈ W, t > 0. LHK hZJ EPVJUK qUKhPUE
HKYJK � hZJ WJh C = {a ∈ W|a � 0} PW U @HV[J} @HVJ IPhZ hZJ [JKhJ} 0 ∈ W. cHV[JKWJEo! hZJ
@HV[J} @HVJ C ⊂ W IPhZ hZJ QJKH [JKhJ} PV hZJ EPVJUK WqU@J W PVYN@JW hZJ EPVJUK HKYJK � mo
hZJ @HVYPhPHV a � b ⇔ a − b ∈ W. eZJ qUKhPUEEo HKYJKJY EPVJUK WqU@J W IPhZ hZJ @HV[J} @HVJ
C ⊂ W, 0 ∈ C. \JEHI! IPhZHNh U WqJ@PUE WhPqNEUhPHV! hZJ @HVJ C ⊂ W PW @HVWPYJKJY WZUKq! P�J�
C ∩ (−C) = {0}.
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1(����*���� �� %�� W � 
� 	 �
��	� �������
�	� ��	�� 	�� Ω ⊂ (W, C) 
� 	 ��������
������ '�� ������� w0 ∈ Ω 
� �	���� C � �
�
�	� ��
�� �� ��� ��� Ω� 
� Ω ∩ (w0 −C) = {w0}. !�

intC �= ∅ 	�� ����� �"
��� ��� �	�
� Ω ∩ (w0 − intC) = ∅, ���� w0 
� 	 ��	1�� C � �
�
�	� ��
��

�� ��� ��� Ω.

eZJ qKHqJKhPJW Hn ONWh YJ{VJY @HVP@ J}hKJdNd qHPVhW Hn hZJ VHVJdqho WNmWJh Hn hZJ EPVJUK
hHqHEHFP@UE WqU@J UVY hZJ @HVYPhPHVW Hn J}PWhJV@J UKJ YJhJKdPVJY PV �5�� eZJ qKJWJVhJY qUqJK KJnJKW
hH hZJ WJUK@Z Hn @HVP@UEEo J}hKJdNd qHPVhW PV hZJ IJUX WJVWJ� sWPVF hZJ @HV@Jqh Hn U hUVFJVh
[J@hHK hH hZJ VHVJdqho WNmWJh V Hn hZJ \UVU@Z WqU@J X PV hZJ qHPVh x0 ∈ V, hZJ hUVFJVh @HVJ
TV (x0) , U @EHWJY @HVJ IPhZ U QJKH [JKhJ} PV X, IJ @UV IKPhJ UW

TV (x0) = {v ∈ X\{0}|∃{xn} ⊂ V \{x0}, xn → x0, n→∞, v = lim
n→∞(xn − x0)\||xn − x0||} ∪ {0}.

jn S : U → W , U @HVhPVNHNWEo YP|JKJVhPUmEJ dUq mo LKJWZJh Hn hZJ VJPFZmHNKZHHY U Hn hZJ
qHPVh x0 Hn hZJ \UVU@Z WqU@J X PVhH hZJ \UVU@Z WqU@J W WUhPW{JW hZJ @HVYPhPHV Hn KJFNEUKPho
S′(x0)X = W, UVY V = {x ∈ U |S(x) = S(x0)}, U@@HKYPVF hH hZJ fNWhJKVP@ hZJHKJd �t�! hZJ
hUVFJVh @HVJ TV (x0) @HPV@PYJW IPhZ hZJ XJKVJE Hn hZJ HqJKUhHK S′(x0) ∈ L(X,W). jV HhZJK IHKYW
IJ ZU[J hZJ JxNUEPho

TV (x0) = {v ∈ X|S′(x0)v = 0}. A9B

1(����*���� 
� '�� �	� S : X → W �� ��� ������ ��	�� X 
� ��� ������� ��	�� W 
�
�	���� ���	��� %
����
�( �� X, 
� ��� 	�� x ∈ W ����� �"
�� ��� ��
���������� U 	�� ��� ������

σ = σ(U) > 0, ��� ��
��

||S(u)− S(h)||W ≤ σ||u− h||X,∀u, h ∈ U.

1(����*���� }� %�� B 
� 	� ���� ��
� ������ 
� ��� 9	�	�� ��	�� X, w : X → R 
� 	 ��	�

�����
�� (x, v) ∈ X× X. '�� ������ w0(x, v), ��$��� �� ��� ���	�
��

w0(x, v) = inf
δ>0

sup
y∈x+δB

w(y + tv)− w(y)
t

, A5B


� �	���� ��� 2�	�1� ���
�	�
�� �� �����
�� w 
� ��� ��
�� x 
� ��� �
����
�� v.

�J @UV [JKPno hZUh Pn w : X → R PW EH@UEEo fPqWJZPhQ HV X, hZJV hZJ dUq v → w0(x, v) PW
{VPhJ! qHWPhP[JEo ZHdHFJVJHNW UVY WNmUYYPhP[J HV X, IZJKJnKHd UVY nKHd _UZV,\UVU@Z hZJHKJd
Ph nHEEHIW hZUh hZJ FJVJKUEPQJY cEUKXJ FKUYPJVh

∂C(x) = {x∗ ∈ X∗|〈x∗, v〉 ≤ w0(x, v),∀v ∈ X}

PW U VHVJdqho WNmWJh Hn hZJ @HVONFUhJ WqU@J X∗ hH hZJ WqU@J X �)�� LHK hZJ dJhKP@ WqU@JW hZJ
[UKPUhPHVUE vXJEUVY qKPV@PqEJ �u�! PW [UEPY! nKHd IZP@Z nHK hZJ \UVU@Z WqU@JW Ph nHEEHIW� Pn hZJ
nNV@hPHV ϕ : X → R PW qHWPhP[J UVY EHIJK WJdP@HVhPVNHW HV X, UVY WHdJ JEJdJVhW x0 ∈ X, t > 0
WUhPWno hZJ PVJxNUEPho ϕ(x0) ≤ infx∈Xϕ(x) + t, hZJV hZJKJ J}PWhW xt ∈ X WN@Z hZUh�

ϕ(xt) ≤ ϕ(x0), ||ϕ(xt)− ϕ(x0)|| ≤
√
t, ϕ(xt) < ϕ(x) +

√
t||x− xt||,∀x �= xt. AtB


� `GDhAF_ PFXXIMB� fJh X,Y,Z,W UKJ \UVU@Z WqU@JW! Y,W UKJ qUKhPUEEo HKYJKJY mo @HV[J}
@EHWJY WZUKq mHYPEo @HVJW K ⊂ Y,C ⊂ W UVY hZJ dUqW F : X → (W,C), G : X → (Y,K), G :
X → Z UKJ FP[JV� eZJ qKHmEJd Hn VHV,W@UEUK HqhPdPQUhPHV PW UW nHEEHIW�

min
x∈Q

F (x), Q = {x ∈ X|G(x) ∈ −K,H(x) = 0}. A)B

\o hZJ WHENhPHV Hn hZJ qKHmEJd ) IJ NVYJKWhUVY UVo IJUXEo C , dPVPdUE [J@hHK Hn hZJ WJh Q.

t)



}� dFPTAXP� �V hZJ mUWPW Hn hZJ UnHKJ@PhJY YPW@HNKWJW NWPVF hZJ dJhZHYW Hn @HV[J} UVY VHV,
WdHHhZ UVUEoWPW IJ YJhJKdPVJY nHEEHIPVF nU@hW�

������� �� %�� x0 ∈ Q 
� ��� �����
�� �� ��� ������� 0 !� ��� �	�� F : X → (W,C), G :
X → (Y,K) 	�� �
)�����
	��� � 	�� ��� �	� H : X → Z 
� ����
������� �
)�����
	��� �� �������


� ��� ��
�� x0, ���� ����� �"
��� ��� ����(��� ������� (η∗, μ∗, ν∗) ∈ C∗×K∗×Z∗, �	�
���
�� ���

����
�
���*

η∗ ◦ F ′(x0) + μ∗ ◦G′(x0) + ν∗ ◦H ′(x0) = 0, 〈μ∗, G(x0)〉 = 0. AuB

������� 
� %�� x0 ∈ Q 
� ��� �����
�� �� ��� ������� 0 X 
� 	 9	�	�� ��	��� 	�� Y,Z,W
	�� ������� ��	��� !� ��� �	�� F : X → (W,C), G : X → (Y,K),H : X → Z 	�� ���	���

%
����
�( �� X, ���� ����� �"
��� ��� ����(��� ������� (η∗, μ∗, μ∗) ∈ C∗ × K∗ × Z∗, �	�
���
��

��� ����
�
���*

0 ∈ (η∗ ◦ F + μ∗ ◦G+ ν∗ ◦H)(x0), (μ∗ ◦G)(x0) = 0. AyB
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-MXGDUTRXIDM� eZJ mJZU[PHNK Hn U VNdmJK Hn KJUE qZoWP@W qKH@JWW @HVWPWhW Hn U @HdmPVUhPHV Hn
YoVUdP@ AYP|JKJVhPUEB UVY UEFJmKUP@ AnNV@hPHVUEB YJqJVYJV@PJW� eZJWJ qKH@JWWJW UKJ YJW@KPmJY mo
YP|JKJVhPUE,UEFJmKUP@ WoWhJdW� jV hZUh WJVWJ hZJWJ WoWhJdW UKJ ZomKPY WoWhJdW� jh WZHNEY mJ VH,
hJY hZUh hZJ hJKd �ZomKPY WoWhJdW�ZUW mJJV IPYJEo NWJY PV hZJ EPhJKUhNKJ PV [UKPHNW WJVWJW �9��

eZJ qUqJK YJUEW IPhZ hZJ IJUX HmWJK[UmPEPho Hn WdUEE WHENhPHVW Hn bDb WoWhJdW� Ph PW UV
J}hJVWPHV Hn hZJ IHKX �5�� eZJ WdUEE WHENhPHV PW U WHENhPHV hZUh FHJW hH QJKH nUWhJK hZUV UVo
J}qHVJVhPUE nNV@hPHV� v}PWhJV@J Hn WN@Z WHENhPHVW nHK EPVJUK KJhUKYJY WoWhJdW IUW qKH[JY mo _JVKo
�t� UVY EUhJK mo MUqqJE �)� nHK EPVJUK VJNhKUE hoqJ WoWhJdW� fNVJE �u� FU[J J}qEP@Ph @ZUKU@hJKPQUhPHV
Hn hZJ WdUEEJWh qHWWPmEJ hPdJ nHK IZP@Z WdUEE WHENhPHVW [UVPWZ� �mWJK[UmPEPho Hn WdUEE WHENhPHVW
nHK hZJ KJhUKYJY hPdJ YJEUo WoWhJd @UWJ IUW {KWh WhNYPJY mo TUVPhPNW �y� UVY nHK FJVJKUE VJNhKUE
WoWhJd mo ]UEUdHV �:��

tu


