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-MXGDUTRXIDM� v}hKJdUEPho! WhUhPHVUKPho! UVY KJFNEUKPho qKHqJKhPJW Hn @HEEJ@hPHVW Hn WJhW PV U
VHKdJY EPVJUK WqU@J UKJ @ZUKU@hJKPQJY PV hJKdW Hn @JKhUPV qKPdUE UVY YNUE @HVWhUVhW�

�� `GI_OA ]DMPXOMXP� cHVWPYJK U @HEEJ@hPHV Hn WJhW Ω1! Ω2! � � � ! Ωn An > 1B PV U VHKdJY WqU@J
X IPhZ x◦ ∈ ∩ni=1Ωi� eZJ nHEEHIPVF VHVVJFUhP[J AVHh VJ@JWWUKPEo {VPhJB @HVWhUVhW @UV mJ NWJY
nHK @ZUKU@hJKPQPVF hZJ dNhNUE UKKUVFJdJVh Hn hZJ WJhW VJUK x◦ �9! 5! )! t! u��

θρ[Ω1, . . . ,Ωn](x◦) = sup{r ≥ 0 :
( n⋂
i=1

(Ωi − ai)
)⋂

(x◦ + ρB) �= ∅, ∀ai ∈ rB},

θ[Ω1, . . . ,Ωn](x◦) = lim inf
ρ→+0

θρ[Ω1, . . . ,Ωn](x◦)
ρ

,

θ̂[Ω1, . . . ,Ωn](x◦) = lim inf
ωi

Ωi→x◦
ρ→+0

θρ[Ω1 − ω1, . . . ,Ωn − ωn](0)
ρ

.



\F�MIXIDM �� '�� �������
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�


 �"����	� 	� x◦ 
� θρ[Ω1, . . . ,Ωn](x◦) = 0 ��� 	�� ρ > 0 

. ���	��� �"����	� 	� x◦ 
� θρ[Ω1, . . . ,Ωn](x◦) = 0 ��� ���� ρ > 0 

/ ��	�
��	�� 	� x◦ 
� θ[Ω1, . . . ,Ωn](x◦) = 0 

0 ��	1�� ��	�
��	�� 	� x◦ 
� θ̂[Ω1, . . . ,Ωn](x◦) = 0 

& �����	� 	� x◦ 
� θ[Ω1, . . . ,Ωn](x◦) > 0 

4 �������� �����	� 	� x◦ 
� θ̂[Ω1, . . . ,Ωn](x◦) > 0 

jhJdW APB! APPB Hn hZJ UmH[J YJ{VPhPHV KJ@UqhNKJ hZJ HKPFPVUE YJ{VPhPHVW nKHd �y�� eZJ nHEEHIPVF
PdqEP@UhPHVW UKJ WhKUPFZhnHKIUKY� APB ⇒ APPB ⇒ APPPB ⇒ AP[B! A[PB ⇒ A[B�


� ZFXGIR ]DMPXOMX� ]hKHVF KJFNEUKPho AHK IJUX WhUhPHVUKPhoB Hn hZJ @HEEJ@hPHV Hn WJhW @UV mJ
UEWH @ZUKU@hJKPQJY NWPVF hZJ VJ}h =dJhKP@> @HVWhUVh �t! u��

ϑ̂[Ω1, . . . ,Ωn](x◦) = lim sup
x→x◦
xi→0

[
d(x,

n⋂
i=1

(Ωi − xi))
/

max
1≤i≤n

d(x+ xi,Ωi)

]
◦
.

_JKJ d(·, ·) PW hZJ qHPVh,hH,WJh YPWhUV@J PV X UVY [·/·]◦ YJVHhJW hZJ =J}hJVYJY�YP[PWPHV HqJKUhPHV�
jh YP|JKW nKHd hZJ NWNUE HVJ PV hZJ nHEEHIPVF UYYPhPHVUE KNEJ� [0/0]◦ = 0�

bQFDGF_ � ��}�� ϑ̂[Ω1, . . . ,Ωn](x◦) = 1/θ̂[Ω1, . . . ,Ωn](x◦) 

}� \TOA ]DMPXOMXP� jV hZPW WJ@hPHV hZJ WJhW Ω1,Ω2, . . . ,Ωn UKJ UWWNdJY @EHWJY�
pJ@UEE hZUh hZJ ��5����� ����	� ���� hH U WJh Ω Uh U qHPVh x◦ ∈ Ω PW YJ{VJY UW

N(x◦|Ω) =

{
x∗ ∈ X∗ : lim sup

x
Ω→x◦

〈x∗, x− x◦〉
‖x− x◦‖ ≤ 0

}
.

_JKJ X∗ PW hZJ WqU@J AhHqHEHFP@UEEoB YNUE hH X! 〈·, ·〉 PW hZJ mPEPVJUK nHKd YJ{VPVF YNUEPho mJhIJJV

X UVY X∗ UVY x Ω→ x◦ dJUVW hZUh x→ x◦ IZPEJ x ∈ Ω�
sWPVF LK�J@ZJh VHKdUE @HVJW HVJ @UV YJ{VJ U YNUE @HVWhUVh�

η[Ω1, . . . ,Ωn](x◦) = lim
δ→+0

inf

{[∥∥∥∥∥
n∑
i=1

x∗i

∥∥∥∥∥ /
n∑
i=1

‖x∗i ‖
]
∞

:

x∗i ∈ N(xi|Ωi), xi ∈ Ωi ∩ (x◦ + δB), i = 1, . . . , n

}
.

_JKJ IJ NWJ UVHhZJK =J}hJVYJY�YP[PWPHV HqJKUhPHV [·, ·]∞ IPhZ hZJ KNEJ [0/0]∞ = ∞�

bQFDGF_ 
 ����� θ̂[Ω1, . . . ,Ωn](x◦) ≤ η[Ω1, . . . ,Ωn](x◦). !� X 
� -������ ����

η[Ω1, . . . ,Ωn](x◦) ≤
θ̂[Ω1, . . . ,Ωn](x◦)

[1− θ̂[Ω1, . . . ,Ωn](x◦)]+
.
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eZJ IJUX WhUhPHVUKPho qUKh Hn hZJ EUWh WhUhJdJVh PW KJEUhJY hH nNVYUdJVhUE @HV@JqhW Hn
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l~XGF_OA `GIMRIaAF ���' ��� !� ��� �������
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	� x◦ 
� 	�� ���� 
� η[Ω1, . . . ,Ωn](x◦) = 0�
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-MXGDUTRXIDM� eZJ qUqJK PW YJYP@UhJY hH hZJ qKHmEJdW Hn VHV,W@UEUK HqhPdPQUhPHV! P�J� hH hZJ
qKHmEJdW Hn [J@hHK HqhPdPQUhPHV! PV IZP@Z U @KPhJKPU WqU@J PW VHh VJ@JWWUKPEo {VPhJ,YPdJVWPHVUE�
eZJKJ UKJ hIH dHhP[JW Hn hZJ @HVWPYJKUhPHV Hn WN@Z qKHmEJdW� hZJ @EUWWP@UE @HV@JqhW Hn hZJ WHENhPHV
Hn hZJ [J@hHK HqhPdPQUhPHV qKHmEJd YHVzh UEEHI hZJ YPKJ@h FJVJKUEPQUhPHV PV @UWJ Hn PV{VPhJ,
YPdJVWPHVUE WqU@JW �9�� hZJKJ PW U @HVVJ@hPHV mJhIJJV hZJ hZJHKo Hn dUhZJdUhP@UE FUdJW UVY
hZJ VHV,W@UEUK HqhPdPQUhPHV�

�� /OPIR RDMRFaXP OMU |ORXP� eZJ KJ�J}P[J UVY hKUVWPhP[J KJEUhPHV � PW U EPVJUK qUKhPUE HKYJK
PV hZJ EPVJUK WqU@J W, Pn a � b⇒ a+ c � b+ c, ta � tb.∀a, b, c ∈ W, t > 0. LHK hZJ EPVJUK qUKhPUE
HKYJK � hZJ WJh C = {a ∈ W|a � 0} PW U @HV[J} @HVJ IPhZ hZJ [JKhJ} 0 ∈ W. cHV[JKWJEo! hZJ
@HV[J} @HVJ C ⊂ W IPhZ hZJ QJKH [JKhJ} PV hZJ EPVJUK WqU@J W PVYN@JW hZJ EPVJUK HKYJK � mo
hZJ @HVYPhPHV a � b ⇔ a − b ∈ W. eZJ qUKhPUEEo HKYJKJY EPVJUK WqU@J W IPhZ hZJ @HV[J} @HVJ
C ⊂ W, 0 ∈ C. \JEHI! IPhZHNh U WqJ@PUE WhPqNEUhPHV! hZJ @HVJ C ⊂ W PW @HVWPYJKJY WZUKq! P�J�
C ∩ (−C) = {0}.
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