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f0 (y, u) =
mk∑
i=1

m∑
j=1

(
m∑
s=1

(
cj(m)z

(
t,mk (i− 1) + sj

)
y
(
t,mk (i− 1) + sj

)))
,

A7B
k ≤ t < k + 1,

(
k = 0, N

)
.

eZJ JxNUhPHVW Hn dHhPHVW UKJ�

ẏ (t, j (k + 1)) = lnu
[
y (t, j (k)) +mk (j (t)− 1) +

si
1− k

]
, y (0, 1) = x, A*B

ż (t, j (k + 1)) = z (t, j (k + 1)) ln pi, z (0, j) = 1; k ≤ t < k + 1. A9+B

j (k + 1) = j (k) +mk (i− 1) , k = 0, 1, . . .

y (k, j (k + 1)) = y (k, j (k)) ,

LNKhZJK! IJ IPEE {VY HqhPdUE @HVhKHE mo NWPVF dU}PdNd qKPV@PqEJ nHK A7B,A9+B qKHmEJd�
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@hPXGORX� D VJI @EUWW Hn @HVJ nKU@hPHVUE @HVhPVNHNW,hPdJ EPVJUK WoWhJdW PW PVhKHYN@JY� rJ@JWWUKo
UVY WN�@PJVh @HVYPhPHVW nHK hZJ nKU@hPHVUE EPVJUK WoWhJdW hH mJ hZJ @HVJ nKU@hPHVUE WoWhJdW UKJ
JWhUmEPWZJY� ]N�@PJVh @HVYPhPHVW nHK hZJ KJU@ZUmPEPho Hn hZJ @HVJ nKU@hPHVUE WoWhJdW UKJ FP[JV�
eZJ @HVWPYJKUhPHVW UKJ PEENWhKUhJY mo UV J}UdqEJ Hn EPVJUK @HVJ nKU@hPHVUE WoWhJdW�

HGD_ XQF OTXQDG�P IMXGDUTRXIDM� jV qHWPhP[J WoWhJdW PVqNhW! WhUhJ [UKPUmEJW UVY HNhqNhW
hUXJ HVEo VHV,VJFUhP[J [UENJW� v}UdqEJW Hn qHWPhP[J WoWhJdW UKJ PVYNWhKPUE qKH@JWWJW PV[HE[PVF
@ZJdP@UE KJU@hHKW! ZJUh J}@ZUVFJKW UVY YPWhPEEUhPHV @HENdVW! WhHKUFJ WoWhJdW! @HdqUKhdJVhUE
WoWhJdW! IUhJK UVY UhdHWqZJKP@ qHEENhPHV dHYJEW� D [UKPJho Hn dHYJEW ZU[PVF qHWPhP[J EPVJUK
WoWhJdW mJZU[PHNK @UV mJ nHNVY PV JVFPVJJKPVF! dUVUFJdJVh W@PJV@J! J@HVHdP@W! WH@PUE W@PJV@JW!
mPHEHFo UVY dJYP@PVJ! Jh@�

aHWPhP[J EPVJUK WoWhJdW UKJ YJ{VJY HV @HVJW UVY VHh HV EPVJUK WqU@JW� eZJKJnHKJ! hZJ hZJHKo
Hn qHWPhP[J WoWhJdW PW dHKJ @HdqEP@UhJY UVY EJWW UY[UV@JY� DV J}hJVWPHV Hn qHWPhP[J WoWhJdW
UKJ hZJ @HVJ WoWhJdW� eZJ VHhPHV Hn @HVJ WoWhJdW IUW PVhKHYN@JY PV �9�� pHNFZEo WqJUXPVF @HVJ
WoWhJd PW U WoWhJd HmhUPVJY nKHd qHWPhP[J HVJ mo WNmWhPhNhPHV Hn hZJ qHWPhP[J HKhZUVhW Hn WhUhJW!
PVqNhW UVY HNhqNhW mo WNPhUmEJ UKmPhKUKo @HVJW� eZJ KJUEPQUhPHV qKHmEJd nHK @HVJ WoWhJdW ZUW
mJJV UYYKJWWJY PV �9! 5��

5:



eZJ {KWh YJ{VPhPHV Hn hZJ nKU@hPHVUE YJKP[UhP[J IUW PVhKHYN@JY mo fPHN[PEEJ UVY pPJdUV Uh
hZJ JVY Hn hZJ 9*hZ @JVhNKo� eZPW PYJU ZUW mJJV NWJY mo JVFPVJJKW nHK dHYJEEPVF YP|JKJVh qKH@JWW
PV hZJ EUhJ 9*y+W�

jV hZPW qUqJK hZJ VHhPHV Hn @HVJ nKU@hPHVUE EPVJUK @HVhPVNJW,hPdJ WoWhJd IPEE mJ PVhKHYN@JY�
]N�@PJVh @HVYPhPHVW nHK hZJ KJU@ZUmPEPho Hn hZJ @HVJ nKU@hPHVUE EPVJUK WoWhJdW IPEE mJ JWhUmEPWZJY�
eH hZJ mJWh XVHIEJYFJ Hn hZJ UNhZHK hZJ @HVJ nKU@hPHVUE @HVhPVNHNW,hPdJ EPVJUK WoWhJdW ZU[J VHh
mJJV @HVWPYJKJY oJh�

eZPW IHKX IUW WNqqHKhJY mo hZJ ]hUhJ cHddPhhJJ nHK ]@PJVhP{@ pJWJUK@Z Hn aHEUVY NVYJK hZJ
FKUVh rr u9) 9*t* tt�
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jV hZPW @HddNVP@UhPHV! IJ WhUhJ U FJVJKUEPQUhPHV Hn hZJ hZJHKJd Hn r� r� MKUWWH[WXPP UmHNh
PVWhUmPEPho nHK [UKPHNW @EUWWJW Hn WJdPYoVUdP@ UVY YoVUdP@ WoWhJdW� bJVHhPVF mo E hZJ WJh
{x | V̇ (x) = 0} IZJKJ hZJ YJKP[UhP[J Hn hZJ foUqNVH[zW V nNV@hPHV [UVPWZJW! IJ qKJWJVh U @UWJ
IZJKJ E @UV @HVhUPV WJdPhKUOJ@hHKPJW�

�� .F_IU[MO_IR P[PXF_� fJh (X, d) mJ U dJhKP@ WqU@J UVY (X,R+, π) U WJdPYoVUdP@ WoWhJd
�9�� ZJKJUnhJK hZJ VHhUhPHV xt IPEE WhUVY nHK π(x, t)� jn N ⊂ X UVY I ⊂ R+! IJ YJVHhJ mo NI hZJ
WJh YJ{VJY mo NI = {x ∈ X : x ∈ N, t ∈ I}� LHK J[JKo x ∈ X! IJ UWWNdJ hZUh hZJ dUqqPVF
t �→ xt PW YJ{VJY nHK UEE t ≥ 0 UVY IJ YJ{VJ hZJ qHWPhP[J WJdPhKUOJ@hHKo γ+(x) UW γ+(x) = xR+�

�J IPEE WUo hZUh N ⊂ X PW qHWPhP[JEo PV[UKPUVh! Pn NR+ = N UVY IJUXEo PV[UKPUVh! Pn ∀x ∈ N
UVY ∀τ > 0 ∃y ∈ N ! WN@Z hZUh γ+(y)τ = x UVY γ+(y) ⊂ N �9�� eZJ WodmHE L+(x) IPEE YJVHhJ
hZJ WJh Hn UEE ω,EPdPh qHPVhW nHK x ∈ X! ∅ YJVHhJW hZJ Jdqho WJh� �J YJVHhJ mo cl(N) UVY ∂N
hZJ @EHWNKJ UVY hZJ mHKYJK Hn WJh N KJWqJ@hP[JEo� ∂Y0M IPEE YJVHhJ hZJ mHKYJK Hn M PV Y0� LHK
α > 0! IJ YJVHhJ mo B(N,α) hZJ WJh YJ{VJY mo B(N,α) = {x ∈ X : d(N,x) < α}, α > 0�

fJh M UVY Y mJ hIH @EHWJY VHVJdqho WNmWJhW WN@Z! hZUh M ⊂ Y � D WJh M
PW WUPY hH mJ NVWhUmEJ! Pn (∀ε > 0)(∀δ > 0)(∃m ∈ M)(∃p ∈ B(m, δ))(∃t∗ =
t∗(p) > 0) : d(pt∗,M) ≥ ε � M PW WUPY hH mJ U NVPnHKd WJdP,IJUX UhhKU@hHK
KJEUhP[JEo hH hZJ WJh Y ! Pn (∀α > 0)(∃σ = σ(α) > 0)(∀δ > 0)(∃T =
= T (σ) > 0) : (B(M,σ) ∩ Y )T ⊂ B(M, δ) ∩ Y �5��

�J IPEE WUo! hZUh M WUhPW{JW hZJ @HVYPhPHV (K) Pn hZJKJ J}PWhW U VJPFZmHKZHHY U Hn M ! WN@Z
hZUh Pn pt ∈ B(M,μ) ⊂ U nHK μ > 0 UVY t ≥ 0! hZJ WJdPhKUOJ@hHKo γ+(p) PW KJEUhP[JEo @HdqU@h� D
nNV@hPHV a : R+ → R+ @HVhPVNHNW UVY PV@KJUWPVF WN@Z hZUh a(0) = 0 PW @UEEJY U nNV@hPHV Hn @EUWW
K�
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