
D WPVFEJ,[UENJY dUqqPVF u : X → Y PW @UEEJY 	 ������
�� Hn U dNEPnNV@hPHV A : X ⇒ Y Pn
u(x) ∈ A(x) nHK UEE x ∈ domA.

D nUdPEo A @HVWPWhPVF Hn WJEJ@hPHVW Hn U dNEhP[UENJY dUqqPVF A : X ⇒ Y IPEE mJ WUPY hH mJ
�"�	���
�� nHK A Pn A(x) = {u(x) |u ∈ A} nHK UEE x ∈ domA.

jV hZJ qUqJK IJ nH@NW HNK UhhJVhPHV HV U�VJ WJEJ@hPHVW Hn U�VJ dNEhP[UENJY dUqqPVFW� �J
qKH[J hZUh nHK JU@Z U�VJ dNEhP[UENJY dUqqPVF IPhZ @HdqU@h [UENJW hZJKJ J}PWhW UV J}ZUNWhP[J
nUdPEo Hn U�VJ WJEJ@hPHVW UVY! @HVWJxNJVhEo! Ph @UV mJ KJqKJWJVhJY mo PhW U�VJ WJEJ@hPHVW�
THKJH[JK! IJ WZHI hZUh U @HV[J} dNEhPnNV@hPHV IPhZ @HdqU@h [UENJW PW U�VJ Pn UVY HVEo Pn
Ph qHWWJWWJW UV J}ZUNWhP[J nUdPEo Hn U�VJ WJEJ@hPHVW� eZNW hZJ J}PWhJV@J Hn UV J}ZUNWhP[J nUdPEo
Hn U�VJ WJEJ@hPHVW PW hZJ @ZUKU@hJKPWhP@ nJUhNKJ Hn U�VJ dNEhPnNV@hPHVW IZP@Z YP|JKW hZJd nKHd
HhZJK @HV[J} dNEhPnNV@hPHVW IPhZ @HdqU@h [UENJW�

DW U WNmWJh Hn hZJ VHKdJY [J@hHK WqU@J Hn WPVFEJ,[UENJY U�VJ nNV@hPHVW nKHd X PVhH Y
hZJ nUdPEo Hn UEE U�VJ WJEJ@hPHVW Hn UV U�VJ dNEhPnNV@hPHV IPhZ @HdqU@h [UENJW PW @HV[J} UVY
@HdqU@h� jh PW VUhNKUE hH qNh hZJ @HV[JKWJ xNJWhPHV� IZJV U FP[JV @HV[J} @HdqU@h WNmWJh Hn WPVFEJ,
[UENJY U�VJ nNV@hPHVW PW UV J}ZUNWhP[J nUdPEo Hn U�VJ WJEJ@hPHVW nHK WHdJ U�VJ dNEhPnNV@hPHV�
eH WZHI hZUh hZPW xNJWhPHV PW VHh hKP[PUE IJ qKJWJVh UV J}UdqEJ Hn @HV[J} UVY @HdqU@h WNmWJh
Hn WPVFEJ,[UENJY U�VJ nNV@hPHVW nKHd R hH R hZUh PW UV J}ZUNWhP[J nUdPEo Hn U�VJ WJEJ@hPHVW
nHK hZJ @HV@U[J dNEhPnNV@hPHV nKHd R hH R hZJ KJWhKP@hPHV Hn IZP@Z HV UVo VHVhKP[PUE PVhJK[UE
Hn R PW VHh U�VJ� jV hZJ qUqJK IJ HmhUPV VJ@JWWUKo UVY WN�@PJVh @HVYPhPHVW nHK U @HV[J} UVY
@HdqU@h WNmWJh Hn WPVFEJ,[UENJY U�VJ nNV@hPHVW hH FJVJKUhJ U dNEhPnNV@hPHV hZUh PW U�VJ HV U
FP[JV @HV[J} WNmWJh�

�J PVhKHYN@J UEWH hZJ VHhPHV Hn J}qHWJY WJEJ@hPHVW UW IJEE UW hZJ VHhPHV Hn J}hKJdJ WJEJ@hPHVW Hn
U dNEhPnNV@hPHV UVY qKH[J hZUh JU@Z U�VJ dNEhPnNV@hPHV IPhZ @HdqU@h [UENJW @UV mJ KJqKJWJVhJY
UW hZJ @EHWJY @HV[J} ZNEE Hn PhW J}qHWJY U�VJ WJEJ@hPHVW UVY UW hZJ @HV[J} ZNEE Hn PhW J}hKJdJ U�VJ
WJEJ@hPHVW� eZJWJ WhUhJdJVhW J}hJVY hZJ ]hKUWQJIP@Q hZJHKJd UVY hZJ MKJPV,TPEdUV hZJHKJd hH
U�VJ dNEhPnNV@hPHVW�

eZJ KJWJUK@Z IUW WNqqHKhJY mo hZJ rUhPHVUE aKHFKUd Hn LNVYUdJVhUE pJWJUK@ZJW Hn \JEUKNW
NVYJK FKUVh =TUhZJdUhP@UE THYJEW 6 9y>�
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jV hZPW qUqJK dUhZJdUhP@UE dHYJE Hn dNEhPWhUFJ Hn PV[JVhHKo @HVhKHE qKHmEJd IPhZ YPW@KJhJ
YJdUVYW PW PV[JWhPFUhJY� eZJ PV[JVhHKo @HVhKHE PW HVJ Hn hZJ VJIJWh HqJKUhPHV KJWJUK@ZJW mKUV@ZJW�
jV 9*u9 J@HVHdPWhW DKKHI AEUNKJUhJ Hn hZJ rHmJE qKPQJ PV 9*:5B nHKdNEUhJY hZJ @KJUhPHV qKPV@PqEJW
Hn hZJ dUhZJdUhP@UE dHYJE nHK PV[JVhHKo @HVhKHE� �NK dNEhPWhUFJ Hn PV[JVhHKo @HVhKHE qKHmEJd PW
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YJW@KPmJY mo hZJ YoVUdP@ qKHFKUddPVF JxNUhPHVW� D VJI PV[JVhHKo @HVhKHE qKHmEJd JxNP[UEJVh
hH hZJ FP[JV PW @HVWhKN@hJY� DqqEoPVF hZJ dU}PdNd qKPV@PqEJ WHE[J hZPW VJI qKHmEJd�

fJh } mJ PVPhPUE xNUVhPho Hn qKHYN@hW WhHKJW PV U IUKJZHNWJ� �J UEWH UWWNdJ! hZUh qKHYN@hW
UKJ HKYJKPVF Uh hZJ YPW@KJhJ dHdJVhW t = 0, 1, . . . , n! hZJ HKYJK nNE{EE Uh hZJ WUdJ dHdJVhW Hn hZJ
hPdJ�

]NqqHWJ FP[JV nNV@hPHVW� ϕ(si) = pi 6 YJVWPho nNV@hPHV Hn YJdUVYW� c(z) 6 hZJ HKYJKzW qKP@J
nNV@hPHV Az 6 xNUVhPho Hn qKHYN@hzW HKYJKJYB� L(z) 6 qJVUEho nNV@hPHV AqJVUEho nHK WZHKhUFJ Hn
z 6 qKHYN@hzWB� α(0 < α < 1) 6 YPW@HNVh @HJ�@PJVh�

eZJ YPW@KJhJ PV[JVhHKo qKH@JWW PW YJW@KPmJY mo hZJ YoVUdP@ qKHFKUddPVF JxNUhPHVW! VUdJEo�

fn (x) = min
y≥x

⎡⎣c (y − x) +
∑
sj>y

pjL (y) + α

m∑
i=1

pifn−1 (y − si)

⎤⎦ , f0 (·) = 0. A9B

jn ux = y(u ≥ 1, x > 0)! nKHd hZJ KJEUhPHVW A9B IJ ZU[J

fn (x) = min
y≥x

[
g (u, x) + α

m∑
i=1

pifn−1 (ux− si)

]
, f0 (·) = 0, A5B

IZJV
g (u, x) = c (x (u− 1)) + L (ux)

∑
sj>ux

pj .

�J NWJ U hZJHKJd nKHd �5� JWhUmEPWZPVF U @HVVJ@hPHV mJhIJJV YoVUdP@ qKHFKUddPVF UVY
HqhPdUE @HVhKHE qKH@JWW� D@@HKYPVF hH hZPW hZJHKJd IJ KJqKJWJVh VJI HqhPdUE @HVhKHE qKH@JWW
JxNP[UEJVh hH YoVUdP@ qKH@JWW�

eZJ @KPhJKPHV Hn xNUVhPho nHK PVPhPUE qKH@JWW PW J}qKJWWJY UW

IN (x, {ut}) =
n∑
t=0

mt∑
k=1

zt (k) g (xt, ut) → inf . AtB

eZJ JxNUhPHVW Hn dHhPHV UKJ�

xt+1 (i (t+ 1)) = utxi (i (t))− sj, x0 (1) = x; A)B

zt+1 (i (t+ 1)) = zi (i (t)) pj, z0 (1) = 1; AuB

ut ≥ 1, t = 0, N − 1; i (t) ∈ J (t) , Jt+1 = Jt + (j − 1)mt,

t = 0, 1, . . . ; j = 1,m, J0 = 1.

vxNP[UEJV@J mJhIJJV qKH@JWW A9B,A5B UVY AtB,AuB PW YJW@KPmJY mo hZJ nHEEHIPVF KJEUhPHVW

inf I (x, {ut}) = fN (x) .

�J PV[JWhPFUhJ WHENhPHVW Hn hZJ qKHmEJd AtB,AuB PW YJW@KPmJ mo hZJ qHEoVHdPUE nHKd

g (x, u) =
n∑
i=0

(
ciu

i + bi
)
xi. AyB

rHI @HVhPVNHNW qKH@JWW nHK hZJ qKHmEJd AtB,AuB YJW@KPmJY UW nHEEHIW�∫ N

0
f0 (y (t) , u (t)) dt→ inf, A:B
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f0 (y, u) =
mk∑
i=1

m∑
j=1

(
m∑
s=1

(
cj(m)z

(
t,mk (i− 1) + sj

)
y
(
t,mk (i− 1) + sj

)))
,

A7B
k ≤ t < k + 1,

(
k = 0, N

)
.

eZJ JxNUhPHVW Hn dHhPHVW UKJ�

ẏ (t, j (k + 1)) = lnu
[
y (t, j (k)) +mk (j (t)− 1) +

si
1− k

]
, y (0, 1) = x, A*B

ż (t, j (k + 1)) = z (t, j (k + 1)) ln pi, z (0, j) = 1; k ≤ t < k + 1. A9+B

j (k + 1) = j (k) +mk (i− 1) , k = 0, 1, . . .

y (k, j (k + 1)) = y (k, j (k)) ,

LNKhZJK! IJ IPEE {VY HqhPdUE @HVhKHE mo NWPVF dU}PdNd qKPV@PqEJ nHK A7B,A9+B qKHmEJd�

dF|FGFMRFP
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@hPXGORX� D VJI @EUWW Hn @HVJ nKU@hPHVUE @HVhPVNHNW,hPdJ EPVJUK WoWhJdW PW PVhKHYN@JY� rJ@JWWUKo
UVY WN�@PJVh @HVYPhPHVW nHK hZJ nKU@hPHVUE EPVJUK WoWhJdW hH mJ hZJ @HVJ nKU@hPHVUE WoWhJdW UKJ
JWhUmEPWZJY� ]N�@PJVh @HVYPhPHVW nHK hZJ KJU@ZUmPEPho Hn hZJ @HVJ nKU@hPHVUE WoWhJdW UKJ FP[JV�
eZJ @HVWPYJKUhPHVW UKJ PEENWhKUhJY mo UV J}UdqEJ Hn EPVJUK @HVJ nKU@hPHVUE WoWhJdW�

HGD_ XQF OTXQDG�P IMXGDUTRXIDM� jV qHWPhP[J WoWhJdW PVqNhW! WhUhJ [UKPUmEJW UVY HNhqNhW
hUXJ HVEo VHV,VJFUhP[J [UENJW� v}UdqEJW Hn qHWPhP[J WoWhJdW UKJ PVYNWhKPUE qKH@JWWJW PV[HE[PVF
@ZJdP@UE KJU@hHKW! ZJUh J}@ZUVFJKW UVY YPWhPEEUhPHV @HENdVW! WhHKUFJ WoWhJdW! @HdqUKhdJVhUE
WoWhJdW! IUhJK UVY UhdHWqZJKP@ qHEENhPHV dHYJEW� D [UKPJho Hn dHYJEW ZU[PVF qHWPhP[J EPVJUK
WoWhJdW mJZU[PHNK @UV mJ nHNVY PV JVFPVJJKPVF! dUVUFJdJVh W@PJV@J! J@HVHdP@W! WH@PUE W@PJV@JW!
mPHEHFo UVY dJYP@PVJ! Jh@�

aHWPhP[J EPVJUK WoWhJdW UKJ YJ{VJY HV @HVJW UVY VHh HV EPVJUK WqU@JW� eZJKJnHKJ! hZJ hZJHKo
Hn qHWPhP[J WoWhJdW PW dHKJ @HdqEP@UhJY UVY EJWW UY[UV@JY� DV J}hJVWPHV Hn qHWPhP[J WoWhJdW
UKJ hZJ @HVJ WoWhJdW� eZJ VHhPHV Hn @HVJ WoWhJdW IUW PVhKHYN@JY PV �9�� pHNFZEo WqJUXPVF @HVJ
WoWhJd PW U WoWhJd HmhUPVJY nKHd qHWPhP[J HVJ mo WNmWhPhNhPHV Hn hZJ qHWPhP[J HKhZUVhW Hn WhUhJW!
PVqNhW UVY HNhqNhW mo WNPhUmEJ UKmPhKUKo @HVJW� eZJ KJUEPQUhPHV qKHmEJd nHK @HVJ WoWhJdW ZUW
mJJV UYYKJWWJY PV �9! 5��
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