
jVhKHYN@J hZJ qPJ@JIPWJ @HVhPVNHNW nNV@hPHVW �u� V : R+ × Ω → R! V (t, 0) = 0 nHK t ∈ R+�
fJh V PW @HVhPVNHNWEo YP|JKJVhPUmEJ Pn t �= τi(x) UVY IJ YJ{VJ hZJ nHEEHIPVF YJKP[UhP[JW Hn V (t, x)�

V̇ (t, x) =
∂V

∂t
(t, x) +

∂V

∂x
(t, x)f(t, x).

bJVHhJ ΔVi = V (τi + 0, x + Ii(x)) − V (τi, x), i ∈ N. �J IPEE UWWNdJ hZPW nNV@hPHVW EJnh
@HVhPVNHNW�

sWPVF hZPW nNV@hPHVW IPhZ VHV,qHWPhP[J YJKP[UhP[J! hZJ J|J@hP[J WN�@PJVh @HVYPhPHVW Hn
UWodqhHhP@ WhUmPEPho IJKJ HmhUPVJY� eZJ PVWhUmPEPho hZJHKJd IUW qKH[JY NWPVF nNV@hPHV V (t, x)
IPhZ VHV,VJFUhP[J YJKP[UhP[J�
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fJh X UVY Y mJ hIH WJhW UVY EJh A : X ⇒ Y mJ U dNEhP[UENJY dUqqPVF nKHd X PVhH Y IZP@Z
UWWPFVW hH JU@Z x ∈ X U AqHWWPmEo JdqhoB WNmWJh A(x) ⊂ Y �

D dNEhPnNV@hPHV A : X ⇒ Y PW @UEEJY

APB �����" Pn
αA(x1) + (1− α)A(x2) ⊂ A(αx1 + (1− α)x2)

nHK UEE x1, x2 ∈ domA UVY α ∈ [0, 1]�

APPB ����	�� Pn domA PW U @HV[J} WNmWJh Hn X UVY

αA(x1) + (1− α)A(x2) ⊃ A(αx1 + (1− α)x2)

nHK UEE x1, x2 ∈ domA UVY α ∈ [0, 1]�

D dNEhP[UENJY dUqqPVF A : X ⇒ Y PW @UEEJY 	��� Pn UVY HVEo Pn Ph PW mHhZ @HV[J} UVY
@HV@U[J HV domA, hZUh PW! Pn

αA(x1) + (1− α)A(x2) = A(αx1 + (1− α)x2)

nHK UEE x1, x2 ∈ domA UVY α ∈ [0, 1].
eZKHNFZHNh hZJ qUqJK IJ IPEE WNqqHWJ hZUh [UENJW Hn dNEhP[UENJY dUqqPVFW PV[HE[JY PV hZJ

WhNYo UKJ @HV[J} UVY @HdqU@h WNmWJhW Hn Y.
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D WPVFEJ,[UENJY dUqqPVF u : X → Y PW @UEEJY 	 ������
�� Hn U dNEPnNV@hPHV A : X ⇒ Y Pn
u(x) ∈ A(x) nHK UEE x ∈ domA.

D nUdPEo A @HVWPWhPVF Hn WJEJ@hPHVW Hn U dNEhP[UENJY dUqqPVF A : X ⇒ Y IPEE mJ WUPY hH mJ
�"�	���
�� nHK A Pn A(x) = {u(x) |u ∈ A} nHK UEE x ∈ domA.

jV hZJ qUqJK IJ nH@NW HNK UhhJVhPHV HV U�VJ WJEJ@hPHVW Hn U�VJ dNEhP[UENJY dUqqPVFW� �J
qKH[J hZUh nHK JU@Z U�VJ dNEhP[UENJY dUqqPVF IPhZ @HdqU@h [UENJW hZJKJ J}PWhW UV J}ZUNWhP[J
nUdPEo Hn U�VJ WJEJ@hPHVW UVY! @HVWJxNJVhEo! Ph @UV mJ KJqKJWJVhJY mo PhW U�VJ WJEJ@hPHVW�
THKJH[JK! IJ WZHI hZUh U @HV[J} dNEhPnNV@hPHV IPhZ @HdqU@h [UENJW PW U�VJ Pn UVY HVEo Pn
Ph qHWWJWWJW UV J}ZUNWhP[J nUdPEo Hn U�VJ WJEJ@hPHVW� eZNW hZJ J}PWhJV@J Hn UV J}ZUNWhP[J nUdPEo
Hn U�VJ WJEJ@hPHVW PW hZJ @ZUKU@hJKPWhP@ nJUhNKJ Hn U�VJ dNEhPnNV@hPHVW IZP@Z YP|JKW hZJd nKHd
HhZJK @HV[J} dNEhPnNV@hPHVW IPhZ @HdqU@h [UENJW�

DW U WNmWJh Hn hZJ VHKdJY [J@hHK WqU@J Hn WPVFEJ,[UENJY U�VJ nNV@hPHVW nKHd X PVhH Y
hZJ nUdPEo Hn UEE U�VJ WJEJ@hPHVW Hn UV U�VJ dNEhPnNV@hPHV IPhZ @HdqU@h [UENJW PW @HV[J} UVY
@HdqU@h� jh PW VUhNKUE hH qNh hZJ @HV[JKWJ xNJWhPHV� IZJV U FP[JV @HV[J} @HdqU@h WNmWJh Hn WPVFEJ,
[UENJY U�VJ nNV@hPHVW PW UV J}ZUNWhP[J nUdPEo Hn U�VJ WJEJ@hPHVW nHK WHdJ U�VJ dNEhPnNV@hPHV�
eH WZHI hZUh hZPW xNJWhPHV PW VHh hKP[PUE IJ qKJWJVh UV J}UdqEJ Hn @HV[J} UVY @HdqU@h WNmWJh
Hn WPVFEJ,[UENJY U�VJ nNV@hPHVW nKHd R hH R hZUh PW UV J}ZUNWhP[J nUdPEo Hn U�VJ WJEJ@hPHVW
nHK hZJ @HV@U[J dNEhPnNV@hPHV nKHd R hH R hZJ KJWhKP@hPHV Hn IZP@Z HV UVo VHVhKP[PUE PVhJK[UE
Hn R PW VHh U�VJ� jV hZJ qUqJK IJ HmhUPV VJ@JWWUKo UVY WN�@PJVh @HVYPhPHVW nHK U @HV[J} UVY
@HdqU@h WNmWJh Hn WPVFEJ,[UENJY U�VJ nNV@hPHVW hH FJVJKUhJ U dNEhPnNV@hPHV hZUh PW U�VJ HV U
FP[JV @HV[J} WNmWJh�

�J PVhKHYN@J UEWH hZJ VHhPHV Hn J}qHWJY WJEJ@hPHVW UW IJEE UW hZJ VHhPHV Hn J}hKJdJ WJEJ@hPHVW Hn
U dNEhPnNV@hPHV UVY qKH[J hZUh JU@Z U�VJ dNEhPnNV@hPHV IPhZ @HdqU@h [UENJW @UV mJ KJqKJWJVhJY
UW hZJ @EHWJY @HV[J} ZNEE Hn PhW J}qHWJY U�VJ WJEJ@hPHVW UVY UW hZJ @HV[J} ZNEE Hn PhW J}hKJdJ U�VJ
WJEJ@hPHVW� eZJWJ WhUhJdJVhW J}hJVY hZJ ]hKUWQJIP@Q hZJHKJd UVY hZJ MKJPV,TPEdUV hZJHKJd hH
U�VJ dNEhPnNV@hPHVW�

eZJ KJWJUK@Z IUW WNqqHKhJY mo hZJ rUhPHVUE aKHFKUd Hn LNVYUdJVhUE pJWJUK@ZJW Hn \JEUKNW
NVYJK FKUVh =TUhZJdUhP@UE THYJEW 6 9y>�
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jV hZPW qUqJK dUhZJdUhP@UE dHYJE Hn dNEhPWhUFJ Hn PV[JVhHKo @HVhKHE qKHmEJd IPhZ YPW@KJhJ
YJdUVYW PW PV[JWhPFUhJY� eZJ PV[JVhHKo @HVhKHE PW HVJ Hn hZJ VJIJWh HqJKUhPHV KJWJUK@ZJW mKUV@ZJW�
jV 9*u9 J@HVHdPWhW DKKHI AEUNKJUhJ Hn hZJ rHmJE qKPQJ PV 9*:5B nHKdNEUhJY hZJ @KJUhPHV qKPV@PqEJW
Hn hZJ dUhZJdUhP@UE dHYJE nHK PV[JVhHKo @HVhKHE� �NK dNEhPWhUFJ Hn PV[JVhHKo @HVhKHE qKHmEJd PW

5u


