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-MXGDUTRXIDM� eZJ qUqJK PW YJ[HhJY hH WhUhJ JWhPdUhPHV qKHmEJdW �9! 5! t! )� nHK VHVEPVJUK
NV@JKhUPV YoVUdP@ WoWhJdW IPhZ WoWhJd WhUhJW mJPVF @HdqU@h WJhW� DqqEoPVF KJWNEhW Hn JEEPqWHPYUE
JWhPdUhPHV hZJHKo YJ[JEHqJY nHK EPVJUK @HVhKHE WoWhJdW IJ qKJWJVh VJI UqqKHU@ZJW hZUh UEEHI hH
{VY WJh,[UENJY JWhPdUhJW nHK KJU@ZUmEJ WJhW Hn NV@JKhUPV VHVEPVJUK @HVhKHE WoWhJdW� rNdJKP@UE
WPdNEUhPHVW UKJ UEWH FP[JV�

�� `GDhAF_ HDG_TAOXIDM� eZJ qUqJK YJUEW IPhZ hZJ qKHmEJdW Hn @HVhKHE UVY WhUhJ JWhPdUhPHV
nHK U YoVUdP@UE @HVhKHE WoWhJd

ẋ(t) = A(t)x(t) + f(x(t)) +G(t)u(t), x ∈ Rn, t0 ≤ t ≤ T, A9B

IPhZ NVXVHIV mNh mHNVYJY PVPhPUE @HVYPhPHV

x(t0) = x0, x0 ∈ X0, X0 ⊂ Rn, A5B

u(t) ∈ U, U ⊂ Rm, nHK U�J� t ∈ [t0, T ]. AtB

_JKJ dUhKP@JW A(t) UVY G(t) AHn YPdJVWPHVW n × n UVY n ×m! KJWqJ@hP[JEoB UKJ UWWNdJY hH mJ
@HVhPVNHNW HV t ∈ [t0, T ]! X0 UVY U UKJ @HdqU@h UVY @HV[J}� eZJ VHVEPVJUK n,[J@hHK nNV@hPHV
f(x) PV A9B PW UWWNdJY hH mJ Hn xNUYKUhP@ hoqJ

f(x) = (f1(x), . . . , fn(x)), fi(x) = x′Bix, i = 1, . . . , n, A)B

IZJKJ Bi PW U @HVWhUVh n× n , dUhKP} Ai = 1, . . . , nB�
cHVWPYJK hZJ nHEEHIPVF YP|JKJVhPUE PV@ENWPHV �u� KJEUhJY hH A9B6AtB

ẋ(t) ∈ A(t)x(t) + f(x(t)) + P (t), nHK U�J� t ∈ [t0, T ], x(t0) = x0 ∈ X0, AuB

IZJKJ P (t) = G(t)U.
fJh UmWHENhJEo @HVhPVNHNW nNV@hPHV x(t) = x(t, t0, x0) mJ U WHENhPHV hH AuB IPhZ PVPhPUE WhUhJ

x0 WUhPWnoPVF A5B� eZJ YP|JKJVhPUE WoWhJd A9B6AtB AHK JxNP[UEJVhEo! AuBB PW WhNYPJY ZJKJ PV hZJ
nKUdJIHKX Hn hZJ hZJHKo Hn NV@JKhUPV YoVUdP@UE WoWhJdW AYP|JKJVhPUE PV@ENWPHVWB hZKHNFZ hZJ
hJ@ZVPxNJW Hn hKUOJ@hHKo hNmJW �5�

X(·) =
⋃

x0∈X0

{x(·) = x(·, t0, x0)} AyB

@HdmPVPVF UEE WHENhPHVW x(·, t0, x0) hH AuB�
eZJ qKHmEJd @HVWPWhW PV YJW@KPmPVF UVY JWhPdUhPVF hZJ hKUOJ@hHKo hNmJ X(·) Hn hZJ YP|JKJVhPUE

PV@ENWPHV AuB� eZJ qHPVh Hn WqJ@PUE PVhJKJWh PW hH {VY hZJ t 6 @KHWW,WJ@hPHV X(t) Hn hZPW dUq hZUh
PW U@hNUEEo hZJ UhhUPVUmPEPho YHdUPV AKJU@ZUmEJ WJhB Hn hZJ WoWhJd A9B6AtB Uh hZJ PVWhUVh t HK hH
@HVWhKN@h PhW JWhPdUhJW�
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� ZOIM dFPTAXP� eZJ dHYP{JY WhUhJ JWhPdUhPHV UqqKHU@ZJW IZP@Z NWJ hZJ WqJ@PUE WhKN@hNKJ
Hn VHVEPVJUKPho Hn WhNYPJY @HVhKHE WoWhJd A9B6A)B UVY UY[UVhUFJW Hn JEEPqWHPYUE @UE@NENW �t! )� UKJ
YJ[JEHqJY�

�J @HVWPYJK ZJKJ VJI JEEPqWHPYUE hJ@ZVPxNJW KJEUhJY hH @HVWhKN@hPHV Hn J}hJKVUE UVY PVhJKVUE
JWhPdUhJW Hn KJU@ZUmEJ WJhW UVY hKUOJ@hHKo hNmJW Hn hZJ VHVEPVJUK WoWhJd� ]HdJ JWhPdUhPHV
UEFHKPhZdW mUWPVF HV @HdmPVUhPHV Hn YPW@KJhJ,hPdJ [JKWPHVW Hn nNVVJE JxNUhPHVW �y! 5� UVY
JEEPqWHPYUE @UE@NENW �t! )� UKJ FP[JV�

v}UdqEJW UVY VNdJKP@UE KJWNEhW KJEUhJY hH qKH@JYNKJW Hn WJh,[UENJY UqqKH}PdUhPHVW Hn
hKUOJ@hHKo hNmJW UVY KJU@ZUmEJ WJhW UKJ UEWH qKJWJVhJY �:�� eZJ UqqEP@UhPHVW Hn hZJ qKHmEJdW
WhNYPJY PV hZPW qUqJK UKJ PV FNUKUVhJJY WhUhJ JWhPdUhPHV nHK VHVEPVJUK WoWhJdW IPhZ NVXVHIV mNh
mHNVYJY JKKHKW UVY PV VHVEPVJUK @HVhKHE hZJHKo�

eZJ KJWJUK@Z IUW WNqqHKhJY mo hZJ pNWWPUV LHNVYUhPHV nHK \UWP@ pJWJUK@Z ApL\pB NVYJK
hZJ aKHOJ@h rH� +y,+9,++)7t�
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eZJ qKJWJVh qUqJK YJUEW IPhZ YoVUdP@UE WoWhJdW ZU[PVF YPW@HVhPVNHNW hKUOJ@hHKPJW� eZPW
WoWhJdW dUo mJ WN@@JWWnNEEo YJW@KPmJ mo dJUVW Hn hZJ WoWhJdW Hn YP|JKJVhPUE JxNUhPHVW IPhZ
PdqNEWJ J|J@h �9��

sWPVF hZJ PYJUW Hn \UKmUWZPV,MKUWH[WXo �5� hH hZJ WhUmPEPho UVUEoWPW Hn hZJ qJKPHYP@ PdqNEWP[J
WoWhJdW! PV �t!)� hZJ WN�@PJVh @HVYPhPHVW Hn UWodqhHhP@ WhUmPEPho UVY PVWhUmPEPho Hn hZJ QJKH
WHENhPHVW IJKJ HmhUPVJY IPhZ hZJ UPY Hn hZJ WJ@HVY foUqNVH[ dJhZHY�

�J IPEE YPW@NWW hZJ WhUmPEPho qKHmEJd Hn hZJ hKP[PUE WHENhPHV Hn VHh qJKPHYP@ PdqNEWP[J WoWhJdW
Hn hZJ dHWh FJVJKUE hoqJ� IPhZ YPW@HVhPVNPhPJW Uh NV{}JY PVWhUVhW Hn hPdJ

dx

dt
= f(t, x), t �= τi(x),

Δx = Ii(x), t = τi(x), i ∈ N,
x(t0) = x0,

IZJKJ t ∈ R+, x ∈ Ω ⊂ Rn, f : R+ × Ω → Rn, f(t, 0) ≡ 0; Ii : Ω → Rn, Ii(0) ≡ 0!
τi : Ω → R+, 0 < τ1(x) < τ2(x) < . . . UVY τi(x) →∞ Pn i→∞�

fJh WNqqHWJ hZUh WHENhPHV x = x(t) Hn hZJ WoWhJd PW EJnh @HVhPVNHNW�
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