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Introduction. Let t € R, = [0,00), z = (z',...,2") € R |z| = /30, (z))*y =

W' y™) lyl = VI @) 2 = (my) = (1.2 € R 2] = o+ [yl

For a given h > 0, C™ and C™ denote the spaces of continuous functions mapping [—h, 0] into
R™ and R™ respectively. Let ¢ = (o', ¢?,..., ") = (¢, \), where ¢p = (p1,...,9") € O™, X\ =
(AL...,Am) e C™, C = (O™ x C™. Denote

|| = sup(]wi(é?)], under —h <60 <0, 1<i<n),
IA] = sup(|)\j(9)|, under —h <60 <0, 1 <j<m),
[l = max (|||, [Al]),
Cu={peC: Y| <H, [M < +oo}.

If z is a continuous function of u defined on —h < u < A, A > 0, and if ¢ is a fixed number

satisfying 0 < t < A, then z; denotes the restriction of z to the segment [t — h,t] so that

2= (2},...,2"™) = (24, 9:) is an element of C defined by 2;(0) = z(t + ) for —h < 0 < 0.
Consider a system of functional differential equations

dz(t)
dt

= Z(t, ). (1)

In this system dz/dt denotes the right-hand derivative of z at ¢, t is time, and Z(t,¢) =
(X(t,0),Y(t,p)) € R™™™ is defined on Ry x Cpy; X € R™Y € R™.

According to T.Burton [1]|, we denote by z(tg, ¢) = (z(to, ), y(to,¥)) a solution of (1) with
initial condition ¢ € Cq,, where 2, (to, ¢) = ¢ and we denote by z(t,to, p) the value of z(tg, )
at t and z(to, ) = z(t + 0,t, ), —h < 0 <O0.

It is assumed that the vector-valued functional Z(¢, ) is continuous on Ry x Cp, so that a
solution will exist for each continuous initial condition. We suppose that each solution z(to, ¢)
is defined for those ¢ > ty, such that ||z:(to, ¢)| < Hi.

Let V (t,¢) be a continuous functional defined for t > 0, € CH,.

Consider the set

M :={p € C:[¢]] = 0, [[Al] < oo}. (2)

The necessary and sufficient conditions of the uniform asymptotic stability of the invariant set M
of system (1) were obtained in [2]. In that paper, the method of Lyapunov functionals, founded
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by [3], was used. It was proved there that for uniform asymptotic stability of M it is necessary
and sufficient the existence of continuous functional V : Ry x Cy — R (H < Hj) such that

aledl) < V6 2) 0], abe K, ®)
< —clllnl), cck @

along solutions of system (1). Here K denotes the class of Hahn’s functions,that is r € K if
r: Ry — Ry is a continuous monotonically increasing function such that (0) = 0.
The purpose of this paper is twofold. First we consider the system

dz(t)
dt

=Z(t,z) + R(t, z) (5)

for which M is also the invariant set. In section 1 the restrictions on R are stated under which
the uniform asymptotic stability of M of system (1) implies the uniform asymptotic stability of
invariant set (2) of system (5). In section 2 we also consider the particular case of system (1)
when Z is an almost periodic function of . It is shown that for asymptotic stability of M of
system (1) it is sufficiently the existence of a functional V' which has more weak properties than
(3) and (4).
1. On the Uniform Asymptotic Stability of M to Perturbed Systems.

Definition 1. We shall say that a functional Q : Ry x Cg — R™™ satisfies condition (By)
if there is a 8> 0 (8 < H) such that for any & € (0, 3) there exist a 7¢ > 0 and a function ge(t),
continuous on [1¢,00) such that |Q;(t,p)| < ge(t) (i =1,...,n) for p € Cg\ C¢,t € [1¢,00),

and
lim Ge(t) =0

t—o00

where G¢(t) = ftH_l ge(s)ds.

Theorem 1. Let M be a uniformly asymptotic stable set of system (1), and its domain of
attraction contains Cy. If R(t, @) satisfies condition (B1), then M is also a uniformly asymptotic
stable set of system (5), and there exists a positive n (n < H) such that the domain of attraction
of M of system (5) contains C,,.

2. On the Stability of a Positive Invariant Set in Almost Periodic Systems.

Definition 2. The solution z(ty, ) of system (1) is called x-eventually nonzero if for every
t > to there exists t, >t such that |x(t.,to, )| # 0.

Theorem 2. Let functional differential equations (1) satisfy the above conditions; let any
solution z(to, p) such that z(to, ) € Cy be y-bounded, and there exists a continuous functional
V(t,p) : R x Cg — R, which is locally Lipschitz in ¢, such that the following conditions are
fulfilled on the set R x Cg:

o V60,0 =0, a([$(O)]) < V(t,0) < (1), where a,b € K;
o V(t,¢) is almost periodic in t for each fired p € Cap (0 < A< H,B > 0);
o AV /dt <0, dV/dt #0 on each x-eventually nonzero solution of system (1).

Then M is asymptotically stable set of system (1).
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1. Problem formulation. We consider the case of a space periodic flow in a 3D cubic box 2
of size L under imposed homogeneous and steady magnetic field B = By - e,. In the frame of
the low-Rm approximation, the governing equations can be reduced to a single one involving the
velocity u and pressure p only (see [2]|). Using a reference length L, we shall write it in a non
dimensional form as

9 2 2g—20%u
au(x,t) + (u-V)u+Vp=Vu- Ha*V 52 + Gf(x,1), O
V-u=0,

ag
pv
is the Grashof number, u(x,t) is the velocity-vector of the flow, f(x,t) is the external forcing,
x = (x,y, z) is the spatial variable, ¢ is time, p is the density, p is the pressure, v is the viscosity, o
is the electrical conductivity, By is the imposed magnetic field. Additionally, we will use another
non-dimensional parameter Reynolds number Re = @ based on integral length scale Ly
(see [3]) and reference velocity U. The addition of periodic boundary conditions and zero initial
condition u(x,0) = 0 completely determine the problem.

We present numerical study using pseudo-spectral method based on a decomposition of the
velocity u over the orthonormal basis of the eigenfunctions vy of the linear operator Dp, =
V2 — HaQV_Qaa—;, which corresponds to the linear part of the problem (1). These eigenfunctions
are in a subset of the Fourier space used in the standard DNS schemes (see [3]). The aim is to
show that properly chosen subset of least dissipative modes reduces the costs of the numerical
simulations without loosing precision. It makes sense to consider eigenvalues Ay which represents

the rate of dissipation of mode k

3/2
where following notations are used Ha = LBy is the Hartmann number and G = L,j—;f||f I

k?2
Ne = Ny = — (2 + K2+ k2) — Ha® 52— (2)
(ka Ky k) z TRy k2 + k2 + k2
Since A\ < 0, A\x can be arranged by growing dissipation so the spectral decomposition of u
can be written as u = > €\ V., Where A2 defines the maximum resolution required to
[Asc [ < Amax]

resolve the flow completely. This yields a natural spectral parameter \x that already incorporates
anisotropy. In the case of Ha = 0, |\c|'/? reduces to ||k|| which is the usual spectral parameter
in non-MHD isotropic turbulence. As mentioned by [1], the set of least dissipative eigenmodes
of Dy, required to describe the flow exhibits the rate of anisotropy expected for such flow from
previous heuristic consideration. In short, one could see Ak as an anisotropic generalization of
the usual k-sequence.
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