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-MXGDUTRXIDM� fJh t ∈ R+ = [0,∞), x = (x1, . . . , xn) ∈ Rn, |x| =
√∑n

i=1 (xi)2, y =

(y1, . . . , ym)! |y| =
√∑m

s=1 (ys)2, z = (x, y) = (z1, . . . , zn+m) ∈ Rn+m! |z| =
√
|x|2 + |y|2�

LHK U FP[JV h > 0! Cn UVY Cm YJVHhJ hZJ WqU@JW Hn @HVhPVNHNW nNV@hPHVW dUqqPVF [−h, 0] PVhH
Rn UVY Rm KJWqJ@hP[JEo� fJh ϕ = (ϕ1, ϕ2, . . . , ϕn+m) = (ψ, λ)! IZJKJ ψ = (ψ1, . . . , ψn) ∈ Cn, λ =
(λ1, . . . , λm) ∈ Cm, C = Cn × Cm� bJVHhJ

‖ψ‖ = sup(|ψi(θ)|, NVYJK − h ≤ θ ≤ 0, 1 ≤ i ≤ n),

‖λ‖ = sup(|λj(θ)|, NVYJK − h ≤ θ ≤ 0, 1 ≤ j ≤ m),

‖ϕ‖ = max(‖ψ‖, ‖λ‖),

CH = {ϕ ∈ C : ‖ψ‖ ≤ H, ‖λ‖ < +∞}.

jn z PW U @HVhPVNHNW nNV@hPHV Hn u YJ{VJY HV −h ≤ u < A,A > 0! UVY Pn t PW U {}JY VNdmJK
WUhPWnoPVF 0 ≤ t < A! hZJV zt YJVHhJW hZJ KJWhKP@hPHV Hn z hH hZJ WJFdJVh [t − h, t] WH hZUh
zt = (z1

t , . . . , z
n+m
t ) = (xt, yt) PW UV JEJdJVh Hn C YJ{VJY mo zt(θ) = z(t+ θ) nHK −h ≤ θ ≤ 0�

cHVWPYJK U WoWhJd Hn nNV@hPHVUE YP|JKJVhPUE JxNUhPHVW

dz(t)
dt

= Z(t, zt). (1)

jV hZPW WoWhJd dz/dt YJVHhJW hZJ KPFZh,ZUVY YJKP[UhP[J Hn z Uh t! t PW hPdJ! UVY Z(t, ϕ) =
(X(t, ϕ), Y (t, ϕ)) ∈ Rn+m PW YJ{VJY HV R+ × CH1 � X ∈ Rn, Y ∈ Rm�

D@@HKYPVF hH e�\NKhHV �9�! IJ YJVHhJ mo z(t0, ϕ) = (x(t0, ϕ), y(t0, ϕ)) U WHENhPHV Hn A9B IPhZ
PVPhPUE @HVYPhPHV ϕ ∈ CH1 ! IZJKJ zt0(t0, ϕ) = ϕ UVY IJ YJVHhJ mo z(t, t0, ϕ) hZJ [UENJ Hn z(t0, ϕ)
Uh t UVY zt(t0, ϕ) = z(t+ θ, t0, ϕ)! −h ≤ θ ≤ 0�

jh PW UWWNdJY hZUh hZJ [J@hHK,[UENJY nNV@hPHVUE Z(t, ϕ) PW @HVhPVNHNW HV R+ × CH1 WH hZUh U
WHENhPHV IPEE J}PWh nHK JU@Z @HVhPVNHNW PVPhPUE @HVYPhPHV� �J WNqqHWJ hZUh JU@Z WHENhPHV z(t0, ϕ)
PW YJ{VJY nHK hZHWJ t ≥ t0! WN@Z hZUh ‖xt(t0, ϕ)‖ < H1�

fJh V (t, ϕ) mJ U @HVhPVNHNW nNV@hPHVUE YJ{VJY nHK t ≥ 0, ϕ ∈ CH1 �
cHVWPYJK hZJ WJh

M := {ϕ ∈ C : ‖ψ‖ = 0, ‖λ‖ <∞}. (2)

eZJ VJ@JWWUKo UVY WN�@PJVh @HVYPhPHVW Hn hZJ NVPnHKd UWodqhHhP@ WhUmPEPho Hn hZJ PV[UKPUVh WJhM
Hn WoWhJd A9B IJKJ HmhUPVJY PV �5�� jV hZUh qUqJK! hZJ dJhZHY Hn foUqNVH[ nNV@hPHVUEW! nHNVYJY
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mo �t�! IUW NWJY� jh IUW qKH[JY hZJKJ hZUh nHK NVPnHKd UWodqhHhP@ WhUmPEPho Hn M Ph PW VJ@JWWUKo
UVY WN�@PJVh hZJ J}PWhJV@J Hn @HVhPVNHNW nNV@hPHVUE V : R+ × CH → R (H < H1) WN@Z hZUh

a(‖xt‖) ≤ V (t, zt) ≤ b(‖xt‖), a, b ∈ K, (3)

dV

dt
≤ −c(‖xt‖), c ∈ K (4)

UEHVF WHENhPHVW Hn WoWhJd A9B� _JKJ K YJVHhJW hZJ @EUWW Hn _UZVzW nNV@hPHVW!hZUh PW r ∈ K Pn
r : R+ → R+ PW U @HVhPVNHNW dHVHhHVP@UEEo PV@KJUWPVF nNV@hPHV WN@Z hZUh r(0) = 0�

eZJ qNKqHWJ Hn hZPW qUqJK PW hIHnHEY� LPKWh IJ @HVWPYJK hZJ WoWhJd

dz(t)
dt

= Z(t, zt) +R(t, zt) (5)

nHK IZP@Z M PW UEWH hZJ PV[UKPUVh WJh� jV WJ@hPHV 9 hZJ KJWhKP@hPHVW HV R UKJ WhUhJY NVYJK IZP@Z
hZJ NVPnHKd UWodqhHhP@ WhUmPEPho Hn M Hn WoWhJd A9B PdqEPJW hZJ NVPnHKd UWodqhHhP@ WhUmPEPho Hn
PV[UKPUVh WJh A5B Hn WoWhJd AuB� jV WJ@hPHV 5 IJ UEWH @HVWPYJK hZJ qUKhP@NEUK @UWJ Hn WoWhJd A9B
IZJV Z PW UV UEdHWh qJKPHYP@ nNV@hPHV Hn t� jh PW WZHIV hZUh nHK UWodqhHhP@ WhUmPEPho Hn M Hn
WoWhJd A9B Ph PW WN�@PJVhEo hZJ J}PWhJV@J Hn U nNV@hPHVUE V IZP@Z ZUW dHKJ IJUX qKHqJKhPJW hZUV
AtB UVY A)B�

�� ^M XQF �MI|DG_ @P[_aXDXIR .XOhIAIX[ D| M XD `FGXTGhFU .[PXF_P�

\F�MIXIDM �� #� ��	�� �	� ��	� 	 �����
��	� Q : R+×CH → Rn+m �	�
�$�� ����
�
�� (B1)

� ����� 
� 	 β > 0 (β < H) ���� ��	� ��� 	�� ξ ∈ (0, β) ����� �"
�� 	 τξ ≥ 0 	�� 	 �����
�� gξ(t)�
����
����� �� [τξ,∞) ���� ��	� |Qi(t, ϕ)| ≤ gξ(t) (i = 1, . . . , n) ��� ϕ ∈ Cβ \ Cξ, t ∈ [τξ,∞)�
	��

lim
t→∞Gξ(t) = 0

����� Gξ(t) =
∫ t+1
t gξ(s)ds 

bQFDGF_ �� %�� M �� 	 ��
������ 	�������
� ��	��� ��� �� ������ �
�� 	�� 
�� ���	
� ��

	���	��
�� ����	
�� CH  !� R(t, ϕ) �	�
�$�� ����
�
�� (B1)� ���� M 
� 	��� 	 ��
������ 	�������
�
��	��� ��� �� ������ �&�� 	�� ����� �"
��� 	 ���
�
�� η (η < H) ���� ��	� ��� ���	
� �� 	���	��
��

�� M �� ������ �&� ����	
�� Cη 


� ^M XQF .XOhIAIX[ D| O `DPIXINF -MNOGIOMX .FX IM @A_DPX `FGIDUIR .[PXF_P�

\F�MIXIDM 
� '�� �����
�� z(t0, ϕ) �� ������ �
� 
� �	���� x�������	��� ���(��� 
� ��� �����

t > t0 ����� �"
��� t∗ > t ���� ��	� |x(t∗, t0, ϕ)| �= 0 

bQFDGF_ 
� %�� �����
��	� �
)�����
	� ���	�
��� �
� �	�
��� ��� 	���� ����
�
���� ��� 	��

�����
�� z(t0, ϕ) ���� ��	� zt(t0, ϕ) ∈ CH �� y��������� 	�� ����� �"
��� 	 ����
����� �����
��	�

V (t, ϕ) : R × CH → R� ��
�� 
� ���	��� %
����
�( 
� ϕ� ���� ��	� ��� ������
�� ����
�
��� 	��

���$���� �� ��� ��� R× CH *

• V (t, 0, λ) ≡ 0, a(|ψ(0)|) ≤ V (t, ϕ) ≤ b(‖ψ‖)� ����� a, b ∈ K�

• V (t, ϕ) 
� 	����� ���
��
� 
� t ��� �	�� $"�� ϕ ∈ CA,B (0 < A ≤ H,B > 0)�

• dV /dt ≤ 0� dV /dt �≡ 0 �� �	�� x�������	��� ���(��� �����
�� �� ������ �
� 

'��� M 
� 	�������
�	��� ��	��� ��� �� ������ �
� 
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�� `GDhAF_ |DG_TAOXIDM� �J @HVWPYJK hZJ @UWJ Hn U WqU@J qJKPHYP@ �HI PV U tD @NmP@ mH} Ω
Hn WPQJ L NVYJK PdqHWJY ZHdHFJVJHNW UVY WhJUYo dUFVJhP@ {JEY B = B0 · ez� jV hZJ nKUdJ Hn
hZJ EHI,Rm UqqKH}PdUhPHV! hZJ FH[JKVPVF JxNUhPHVW @UV mJ KJYN@JY hH U WPVFEJ HVJ PV[HE[PVF hZJ
[JEH@Pho u UVY qKJWWNKJ p HVEo AWJJ �5�B� sWPVF U KJnJKJV@J EJVFhZ Lref IJ WZUEE IKPhJ Ph PV U VHV
YPdJVWPHVUE nHKd UW

∂

∂t
u(x, t) + (u · ∇)u +∇p = ∇2u− �	2∇−2∂

2u
∂z2

+ +f(x, t),

∇ · u = 0,

A9B

IZJKJ nHEEHIPVF VHhUhPHVW UKJ NWJY Ha = LrefB0

√
σ
ρν PW hZJ _UKhdUVV VNdmJK UVY + = L

3/2
ref
ν2 ||f ||

PW hZJ `KUWZHn VNdmJK! u(x, t) PW hZJ [JEH@Pho,[J@hHK Hn hZJ �HI! f(x, t) PW hZJ J}hJKVUE nHK@PVF!
x = (x, y, x) PW hZJ WqUhPUE [UKPUmEJ! t PW hPdJ! ρ PW hZJ YJVWPho! p PW hZJ qKJWWNKJ! ν PW hZJ [PW@HWPho! σ
PW hZJ JEJ@hKP@UE @HVYN@hP[Pho! B0 PW hZJ PdqHWJY dUFVJhP@ {JEY� DYYPhPHVUEEo! IJ IPEE NWJ UVHhZJK
VHV,YPdJVWPHVUE qUKUdJhJK pJoVHEYW VNdmJK ,� = ULint

ν mUWJY HV PVhJFKUE EJVFhZ W@UEJ Lint

AWJJ �t�B UVY KJnJKJV@J [JEH@Pho U � eZJ UYYPhPHV Hn qJKPHYP@ mHNVYUKo @HVYPhPHVW UVY QJKH PVPhPUE
@HVYPhPHV u(x, 0) = 0 @HdqEJhJEo YJhJKdPVJ hZJ qKHmEJd�

�J qKJWJVh VNdJKP@UE WhNYo NWPVF qWJNYH,WqJ@hKUE dJhZHY mUWJY HV U YJ@HdqHWPhPHV Hn hZJ
[JEH@Pho u H[JK hZJ HKhZHVHKdUE mUWPW Hn hZJ JPFJVnNV@hPHVW vk Hn hZJ EPVJUK HqJKUhHK DHa =
∇2−Ha2∇−2 ∂2

∂z2 ! IZP@Z @HKKJWqHVYW hH hZJ EPVJUK qUKh Hn hZJ qKHmEJd A9B� eZJWJ JPFJVnNV@hPHVW
UKJ PV U WNmWJh Hn hZJ LHNKPJK WqU@J NWJY PV hZJ WhUVYUKY br] W@ZJdJW AWJJ �t�B� eZJ UPd PW hH
WZHI hZUh qKHqJKEo @ZHWJV WNmWJh Hn EJUWh YPWWPqUhP[J dHYJW KJYN@JW hZJ @HWhW Hn hZJ VNdJKP@UE
WPdNEUhPHVW IPhZHNh EHHWPVF qKJ@PWPHV� jh dUXJW WJVWJ hH @HVWPYJK JPFJV[UENJW λk IZP@Z KJqKJWJVhW
hZJ KUhJ Hn YPWWPqUhPHV Hn dHYJ k

λk = λ(kx,ky,kz) = −(k2
x + k2

y + k2
z)−Ha2 k2

z

k2
x + k2

y + k2
z

. A5B

]PV@J λk < 0! λk @UV mJ UKKUVFJY mo FKHIPVF YPWWPqUhPHV WH hZJ WqJ@hKUE YJ@HdqHWPhPHV Hn u
@UV mJ IKPhhJV UW u =

∑
|λk|<|λmax|

cλk
vλk

! IZJKJ λmax YJ{VJW hZJ dU}PdNd KJWHENhPHV KJxNPKJY hH

KJWHE[J hZJ �HI @HdqEJhJEo� eZPW oPJEYW U VUhNKUE WqJ@hKUE qUKUdJhJK λk hZUh UEKJUYo PV@HKqHKUhJW
UVPWHhKHqo� jV hZJ @UWJ Hn Ha = 0! |λk|1/2 KJYN@JW hH ||k|| IZP@Z PW hZJ NWNUE WqJ@hKUE qUKUdJhJK
PV VHV,T_b PWHhKHqP@ hNKmNEJV@J� DW dJVhPHVJY mo �9�! hZJ WJh Hn EJUWh YPWWPqUhP[J JPFJVdHYJW
Hn DHa KJxNPKJY hH YJW@KPmJ hZJ �HI J}ZPmPhW hZJ KUhJ Hn UVPWHhKHqo J}qJ@hJY nHK WN@Z �HI nKHd
qKJ[PHNW ZJNKPWhP@ @HVWPYJKUhPHV� jV WZHKh! HVJ @HNEY WJJ λk UW UV UVPWHhKHqP@ FJVJKUEPQUhPHV Hn
hZJ NWNUE k,WJxNJV@J�
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