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jV hZJ qUqJK IJ YJUE IPhZ EPVJUK YPW@KJhJ,hPdJ nKU@hPHVUE @HVhKHE WoWhJdW PV FJVJKUEPQJY nHKd
nHK WUdqEPVF PVhJK[UE c > 0� �J FP[J YJ{VPhPHV Hn HmWJK[UmPEPho Hn WN@Z WoWhJdW UVY YPW@NWW
qHWWPmEJ YNUE nHKdW @HKKJWqHVYPVF hH qKHqJKho Hn @HVhKHEEUmPEPho PV q WhJqW� �J nHKdNEUhJ UVY
qKH[J hZJHKJd Hn YNUEPho� �J YPW@NWW hZJ WhUmPEPho Hn KUVX @HVYPhPHVW nHK hIH6YPdJVWPHVUE EPVJUK
WoWhJd� eZJ WhUmPEPho qKHqJKho PW NVYJK hZJ PV[JWhPFUhPHVW PV YJqJVYJV@J Hn UV FJVJKUEPQJY HKYJK
Hn U nKU@hPHVUE WoWhJd�
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jV HNK KJqHKh IJ @HVWPYJK @UVHVP@UE qJKPHYP@ dUhKP} PdqNEWP[J YP|JKJVhPUE JxNUhPHV

dZ/dt − iJA(t)Z = 0, t �= tj; �(Z) = iJDjX, t = tj , A9B

IZJKJ i PW @HdqEJ} PYJVhPho! Z ∈ Cn×m2 ! Z = (X,Y )T ! X,Y ∈ Cn×m! J = J ∗! J −1 = J ! J =

P1−P2! Pi UKJ qKHOJ@hPHV HqJKUhHK PV Cn×m2 ! P1Z = X! P2Z = Y ! A =
(

[A11] [A12]
[A21] [A22]

)
! Dj =(

0 0
0 −[Dj ]

)
! A∗(t) = A(t)! [Dj ]Y = DjY D̃j ! [Ai1]X = Ai1XÃi1! Aij ,Dj ∈ Cn×n! Ãij , D̃j ∈

Cm×m! Cn×m PW hZJ WqU@J Hn @HdqEJ} n ×m dUhKP@JW! ‖X‖ =
√
Tr(X∗

1X1) + Tr(X∗
2X2)� eZJ

JxNUhPHV A9B dUo mJ KJIKPhhJV UW PdqNEWP[J JxNUhPHV �9� PV YHNmEJ qZUWJ WqU@J Cn×m2 = Cn×m⊕
Cn×m

dZ/dt = iJ
(
A(t) +

∑
j

Djδ(t − tj)
)
Z, A5B

jV dHKJ FJVJKUE @UWJ J = signW = W |W|−1! |W| = (W∗W )(1/2)� jV KJUE _PEmJKh WqU@J H(2) =

H⊕H hZJ KHEJ Hn HqJKUhHK (iJ ) qEUo HqJKUhHK JΓ =
(

0 [I]
−[I] 0

)
! WH,@UEEJY WPdqEJ@hP@ PYJVhPho

PV KJUE YHNmEJ _PEmJKh WqU@J H2� eZJ JxNUhPHV A5B hZUV PW VUdJY _UdPEhHVPUV JxNUhPHV�
eZJ dHVHYKHdo HqJKUhHK U(T ) Hn J JxNUhPHV A9B PW J,NVPhUKo! P�J�

U∗(T )JU(T ) = J . AtB

eZJ WhUmPEPho Hn JxNUhPHV A9B dJUVW hZUh hZJ dHVHYKHdo HqJKUhHK PW WhUmEJ �5��
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��	�� H(2) �� ���������� �� J ���������	� �����	��� H1 	�� H2� H(2) = H1 ⊕ H2� ��
�� 	��
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-MXGDUTRXIDM� fJh t ∈ R+ = [0,∞), x = (x1, . . . , xn) ∈ Rn, |x| =
√∑n

i=1 (xi)2, y =

(y1, . . . , ym)! |y| =
√∑m

s=1 (ys)2, z = (x, y) = (z1, . . . , zn+m) ∈ Rn+m! |z| =
√
|x|2 + |y|2�

LHK U FP[JV h > 0! Cn UVY Cm YJVHhJ hZJ WqU@JW Hn @HVhPVNHNW nNV@hPHVW dUqqPVF [−h, 0] PVhH
Rn UVY Rm KJWqJ@hP[JEo� fJh ϕ = (ϕ1, ϕ2, . . . , ϕn+m) = (ψ, λ)! IZJKJ ψ = (ψ1, . . . , ψn) ∈ Cn, λ =
(λ1, . . . , λm) ∈ Cm, C = Cn × Cm� bJVHhJ

‖ψ‖ = sup(|ψi(θ)|, NVYJK − h ≤ θ ≤ 0, 1 ≤ i ≤ n),

‖λ‖ = sup(|λj(θ)|, NVYJK − h ≤ θ ≤ 0, 1 ≤ j ≤ m),

‖ϕ‖ = max(‖ψ‖, ‖λ‖),

CH = {ϕ ∈ C : ‖ψ‖ ≤ H, ‖λ‖ < +∞}.

jn z PW U @HVhPVNHNW nNV@hPHV Hn u YJ{VJY HV −h ≤ u < A,A > 0! UVY Pn t PW U {}JY VNdmJK
WUhPWnoPVF 0 ≤ t < A! hZJV zt YJVHhJW hZJ KJWhKP@hPHV Hn z hH hZJ WJFdJVh [t − h, t] WH hZUh
zt = (z1

t , . . . , z
n+m
t ) = (xt, yt) PW UV JEJdJVh Hn C YJ{VJY mo zt(θ) = z(t+ θ) nHK −h ≤ θ ≤ 0�

cHVWPYJK U WoWhJd Hn nNV@hPHVUE YP|JKJVhPUE JxNUhPHVW

dz(t)
dt

= Z(t, zt). (1)

jV hZPW WoWhJd dz/dt YJVHhJW hZJ KPFZh,ZUVY YJKP[UhP[J Hn z Uh t! t PW hPdJ! UVY Z(t, ϕ) =
(X(t, ϕ), Y (t, ϕ)) ∈ Rn+m PW YJ{VJY HV R+ × CH1 � X ∈ Rn, Y ∈ Rm�

D@@HKYPVF hH e�\NKhHV �9�! IJ YJVHhJ mo z(t0, ϕ) = (x(t0, ϕ), y(t0, ϕ)) U WHENhPHV Hn A9B IPhZ
PVPhPUE @HVYPhPHV ϕ ∈ CH1 ! IZJKJ zt0(t0, ϕ) = ϕ UVY IJ YJVHhJ mo z(t, t0, ϕ) hZJ [UENJ Hn z(t0, ϕ)
Uh t UVY zt(t0, ϕ) = z(t+ θ, t0, ϕ)! −h ≤ θ ≤ 0�

jh PW UWWNdJY hZUh hZJ [J@hHK,[UENJY nNV@hPHVUE Z(t, ϕ) PW @HVhPVNHNW HV R+ × CH1 WH hZUh U
WHENhPHV IPEE J}PWh nHK JU@Z @HVhPVNHNW PVPhPUE @HVYPhPHV� �J WNqqHWJ hZUh JU@Z WHENhPHV z(t0, ϕ)
PW YJ{VJY nHK hZHWJ t ≥ t0! WN@Z hZUh ‖xt(t0, ϕ)‖ < H1�

fJh V (t, ϕ) mJ U @HVhPVNHNW nNV@hPHVUE YJ{VJY nHK t ≥ 0, ϕ ∈ CH1 �
cHVWPYJK hZJ WJh

M := {ϕ ∈ C : ‖ψ‖ = 0, ‖λ‖ <∞}. (2)

eZJ VJ@JWWUKo UVY WN�@PJVh @HVYPhPHVW Hn hZJ NVPnHKd UWodqhHhP@ WhUmPEPho Hn hZJ PV[UKPUVh WJhM
Hn WoWhJd A9B IJKJ HmhUPVJY PV �5�� jV hZUh qUqJK! hZJ dJhZHY Hn foUqNVH[ nNV@hPHVUEW! nHNVYJY
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