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-MXGDUTRXIDM� jV HNK qUqJK IJ @HVWPYJK hZJ KJWNEhW Hn VNdJKP@UE J}qJKPJV@J hH HqhPdUE WoVhZJWPW
Hn qUKUmHEP@ YP|JKJVhPUE WoWhJdW� �J PV[JWhPFUhJ U hPdJW xNUVhPho hH PdqKH[J U xNUEPho @KPhJKPU Hn
HqhPdUE @HVhKHEW qKHmEJd� �J PV[JWhPFUhJ U hPdJW xNUVhPho hH PVhJFKUhJ qUKhPUE YP|JKJVhPUE WoWhJdW
UEWH� �NK UEFHKPhZdW UKJ mUWJY nKHd UqqKHU@ZJW ZUW mJJV WNFFJWhJY mo p� `UmUWH[ UVY L�T�
MPKPEEH[U �9��

�� `GDhAF_ |DG_TAOXIDM XD 
\ P[PXF_� �J @HVWPYJK hZJ nHEEHIPVF qUKUmHEP@ WoWhJd A9B�{
∂ϕ(t,x)
∂t = Lxϕ(t, x) + ω(t), x ∈ (x0, x

∗), t ∈ (t0, t∗);
A · ∂ϕ∂x (t, x∗) = ϕ(t, x0) = u(t); t ∈ (t0, t∗]; ϕ(t0, x) = 0; x ∈ [x0, x

∗];
A9B

_JKJ�

Lxϕ(t, x) =
∂

∂x
(A · ∂ϕ

∂x
) +B · ∂ϕ

∂x
+ C · ϕ, x ∈ (x0, x

∗) A5B

, EPVJUK YP|JKJVhPUE HqJKUhHK�
eZJ @HdqHVJVhW Hn WoWhJd A9B , NV@JKhUPV YPWhNKmUV@JW nNV@hPHV ω(t)! @HVhKHE u(t)! WoWhJd

WhUhJ ϕ(t, x) , UKJ UEWH @HVWhKUPVJY AtB�

d∗ ≤ u(t) ≤ d∗ t ∈ T ; b∗ ≤ ϕ(t, x) ≤ b∗ (t, x) ∈ Ω; ω∗ ≤ ω(t) ≤ ω∗ t ∈ T AtB

�J @HVWPYJK �5�!�t� hZJ nHEEHIPVF nJJYmU@X HqhPdUE @HVhKHE qKHmEJd A)B�

maximize J(u) =

t∗∫
t0

(u(ϕ(t, x∗))dt =

t∗∫
t0

u(t)dt subject to (1) − (3). A)B


� `GDhAF_ |DG_TAOXIDM XD }\ P[PXF_� �J @HVWPYJK hZJ nHEEHIPVF qUKUmHEP@ WoWhJd AuB�

∂ϕ

∂t
= Lxyϕ(t, x, y) = u(t, x, y) + ω(t, x, y), (x, y) ∈ Ω, t ∈ T ; Nxyϕ(x, y) = 0 (x, y) ∈ ∂Ω AuB

Lxyϕ(x, y) =
∂

∂x
(A
∂ϕ

∂x
) +

∂

∂y
(B

∂ϕ

∂y
) + C

∂ϕ

∂x
+D

∂ϕ

∂y
+Eϕ, (x, y) ∈ Ω AyB

Nxyϕ(x, y) = A
∂ϕ

∂x
cos(n, x) +B

∂ϕ

∂x
cos(n, y), (x, y) ∈ ∂Ω A:B

eZJ @HdqHVJVhW Hn WoWhJd AuB , NV@JKhUPV YPWhNKmUV@JW nNV@hPHV ω(t, x, y)! @HVhKHE u(t, x, y)!
WoWhJd WhUhJ ϕ(t, x, y) , UKJ UEWH @HVWhKUPVJY A7B�∫

T

(
∫
Ωk

ϕ(t, x, y)dxdy)dt = bk, k ∈ K; Ωk ⊂ Ω;K = {1, 2, . . . , k}

d∗ ≤ u(t, x, y) ≤ d∗; t ∈ T ; ω∗ ≤ ω ≤ ω∗; t ∈ T
A7B

�J @HVWPYJK �)� hZJ nHEEHIPVF nJJYmU@X HqhPdUE @HVhKHE qKHmEJd�

maximize J(u) =
∫
T

(
∫
Ωk

u(t, x, y)dxdy)dt subject to (5) − (8). A*B

9)



eUmEJ 9� v}qJKPV@J KJWNEhW hH 5b WoWhJd
Z r X ω eint e
+�u 5+ t 5 +�+t9u +�+t*
+�5 u+ t 5 +�+*) +�95
+�+u 5++ t 5 +�)55 +�u:9
+�u 5+ t ) +�+t5 +�+)9
+�5 u+ t ) +�+:7 +�9t5
+�+u 5++ t ) +�y) +�y+)

eUmEJ 5� v}qJKPV@J KJWNEhW hH tb WoWhJd
Z r X ω eint e
+�+5 5+ t 5 +�+t* +�:*
+�+9 u+ t 5 +�+77 5�*)
+�++y: 5++ t 5 +�9ut :�yu
+�+5 5+ t ) +�+) +�75
+�+9 u+ t ) +�+*y t�9u
+�++y: 5++ t ) +�9*y :�*7

}� 0T_FGIROA F~aFGIFMRF GFPTAXP� D hUmEJ 9 @HVhUPV UV J}qJKPJV@J KJWNEhW hH HqhPdUE @HVhKHEW
qKHmEJd A9B,A)B hH 5b YP|JKJVhPUE WoWhJd� D hUmEJ 5 @HVhUPV UV J}qJKPJV@J KJWNEhW hH HqhPdUE
@HVhKHEW qKHmEJd AuB,A*B hH tb YP|JKJVhPUE WoWhJd� DV J}qJKPJV@J PW @UKKPJY HNh mo NWPVF Hn
TUhfUm : JV[PKHVdJVhW ! jVhJE cHKJ5bNH vy)5+! 5 `m pDT! �PVYHIW ga�

_JKJ� Z , hPdJ YPW@KJhPQUhPHVW WhJq! r , hPdJ WhJqW xNUVhPho! X , xNUVhPho Hn KJWhKP@hPHVW! ω
, EPdPhW Hn YPWhNKmUV@JW A� hH KJEUhPHV Hn @HVhKHE uB! eint , U[JKUFJ hPdJ Hn YP|JKJVhPUE WoWhJdW
PVhJFKUhPHV! e , U[JKUFJ hPdJ hH @HVWhKN@h nJJYmU@X HqhPdUE @HVhKHEW

�� ]DMRATPIDM� D EUKFJ dU@ZPVJ KJWHNK@J IUW WqJVh nHK WHE[PVF U qUKhPUE YP|JKJVhPUE WoWhJdW hH
HqhPdUE @HVhKHE qKHmEJdW IPhZ WdUEE YPdJVWPHVW� DmHNh 7+� dU@ZPVJ KJWHNK@JW IUW VJJYJY nHK
PVhJFKUhPHV qUKhPUE YP|JKJVhPUE JxNUhPHVW hH @HVhKHE qKHmEJd A9B,A)B� vWWJVhPUE dU@ZPVJ KJWHNK@J
IUW WqJVh hH PV@KJUWPVF UV HqhPdUEPho @KPhJKPU nHK HqhPdUE @HVhKHE qKHmEJdW IPhZ EUKFJ YPdJVWPHVW�
�VEo UmHNh 5�,u� dU@ZPVJ KJWHNK@JW IUW VJJYJY nHK PVhJFKUhPHV qUKhPUE YP|JKJVhPUE JxNUhPHVW hH
@HVhKHE qKHmEJd AuB,A*B� ]H! Ph PW [JKo U@hNUE YJ[JEHqdJVh U VJI UVY dHKJ J|J@hP[J UEFHKPhZdW
Hn HqhPdPQUhPHVW�
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