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Abstract

Exponential queueing networks (QN) of arbitrary architecture with incomes
were considered. The behavior of network’s systems expected incomes on large
time frames was investigated.

1 Introduction

Let’s consider open exponential queueing network (QN) with singletype messages. QN
consists of n queueing systems (QS) S, Sa, ..., S,. State of the network is described by
the vector k(t) = (k,t) = (ki, ko, ..., kn,t), where k; — number of messages in system
S; at time moment ¢, ¢ = 1,n. Stationary Poisson arrival process of messages with
rate A enters the network. Let p;(k;) be service rate of messages by system S;, when
there are k; messages in QS S;, @ = 1,n; py; be probability of message entering from

n
environment to system S;, > po; = 1; p;; be probability of served message passage
j=1

n
from QS S; to S;, > pij =1, 1 = 1,n; I; be n-vector with zero components except of
j=1
ith which equals to 1; u(z) be Heaviside function. It is obvious that k(t) is Markov
chain with continuous time and denumerable number of states. When message passes
from one system to another, it brings a profit to the second QS, in accordance with
it an income of first QS decreases by value of this profit. Such QN can be used as
model of incomes changing in banking networks. It can be used also for some logistic
and industrial systems investigation. Let’s mention that simplest Markov chains with
discrete time and incomes were examined in [1] and more complex were examined in

[2].

2 Set of difference-differential equations
for incomes

Let v;(k, t) be total expected income, which system S; obtains during time ¢, if at initial
moment QN is in state k, r;(k) be income of QS S; in conventional unit for time unit
when QN is in state k, 7o;(k + I;,t) be income of QS S;, when QN passes from state
(k,t) to state (k+ I;,t + At) during time At, —R;o(k — I;,t) be income of QS S, if the
network passes from state (k,t) to state (k — I;,t + At), r;;(k+ I; — I, t) be income of
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system S; (expenses or loss of QS S;), when network changes its state (k,t) by (k+1;, —
I;, t+At) during time At, 4,7 = 1, n. Possible transitions between network states, their
probabilities and incomes of network systems from passages between network states are
summarized into table 1.

Table 1: Possible transitions between network states, probabilities and incomes

Possible transitions Probabilities of System’s \S; incomes
between network states | transitions for passages
between states, i = 1,n
(k,t) — (k,t + At) 1=>0 (N + pi(kj)ulky))At+ | ri(k)At + v;(k, )
j=1
+o(At)
(k,t) = (k+1;,t+At), | Apoj At + o(At) ri(k)At + v (k + 1;,1)
j - 17 n, j 7& U
(k,t) = (=1, t+At), | pi(kj)u(k;)pjoAt + o(At) ri(k)At + v (k + I;,1)
j - 17 n, j 7& U
(k,t) — ps(ks)u(ks)pse At + o At) ri(k)At +vi(k + I, — I, 1)
(k+ 1. — I, t + At),
c,s=1,n,¢cs#1
(k,t) — (k+ L, t + At) | Apo; At + o( At) roi(k + I;,t) + vi(k + ;) t)
(k’, t) — /Lj(k’j)U(k‘j)pjiAt + O(At) T’ij(k’ + Iz - Ij, t)"’
(k+]i_fj,t+At), +Ui<k'+fi—fj,t)
J=1nj#i
(k’ t) — uz(kz)u(k‘z)pUAt + O(At) —Tji(k’ - Iz + Ij, t)+
(k— 1L+ I1;,t + At), +ou(k — I, + 1;,1)
J=1n,j#1

Then it is possible to obtain a set of difference-differential equations (DDE) for
expected incomes of QS S;:

dvig? - D A Ry )ulky)] ik, 6)+

j=1

n

+ 3 Pwogoilk + L, t) + p(ky)u(ky)pjovi (k — I, )]+

j=1
+ Z /LJ pjﬂ)z(k’ + I I ) + ,Uzz(k’z) (kz)pwvz(k‘ — Iz + Ij, t)]+
J=1,j#i
+ Z 11 (k) pscvi(k + I, — I, )+
c,s=1,c,5%#1
+ Z [ (R ulky)pgirsg (k + I = I, 6)— pa(ka)u(ks)pigrsi(k — I + I, 1)) +
J=1,j#1
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+Apoiroi(k + 1i, t) — pi(k)u(ki)pioRio(k — 1;, 1)+
1= Apor — palka)u(ks) — Y pi(ky)ulk;) (1 = pjo) | ri(k), i=T.n.
j=1j#i

Finding a solution of such sets of DDE in general case is rather intricate problem.
Different methods of its solution for networks with central QS are described in papers
[3 - 5].

Let’s consider a qualitative situation with changing of incomes when time ¢ is large.
When system’s service rate doesn’t depend on number of messages in QS, total expected
income of network’s systems satisfies a set of DDE

R MR W

=1
n—1
+ ) [miu(k)O(k — I + L t) + pou(kn)pai© (k + I = I, 1). (1)
=1

Theorem 1. For total summary expected income of network O(t) an expression O(t) =
= gt +V + a(t) takes place, where a(t) o Jo, Jo — zero column vector, g and V' are

some vectors. Similar relations take place for systems expected incomes if r(k,t) =
=ro(k), R(k,t) = R(k).

3 Example

It’s obvious that stationary solution of set of equations (1) for total incomes of networks
systems doesn’t exist, when g = SQ # Jy. However, if ) = Jy then such solution
exists and equals V. It is possible to achive that for central QS a condition r,(k)+

n—1
+ > [iu(k)r(k — I; + I, t) — ppu(kn)pni R(k + I; — I,,,t)] = 0 should take place for

=1

that equality, and a condition [p,u(k,)pniR(k + I; — L, t) — pyu(k;)r(k — I; + I, t)] +
+7;(k) = 0 should take place for incomes of peripheral systems. For example, for the
QN with following parameters n = 3, K = 3, u; = 1, ps = 2, ug = 3, p31 = 0.5,
ps2 = 0.5 r1(1) = 1, r1(2) = 2, 11(3) =5, r1(4) = 7, m(5) = 9, r1(6) = 2, r1(7) = 4,
7,'1(8) = 6a 711<9) = 87 7,'1(10) = 07 7,'3(1) = 5a 71?)(2) = 67 7,'3(3) = 4a 71?)(4) = 07
7"3(5) = 15, 7"3(6) = 7 7"3(7) = O 7’3(8) = O 7’3(9) = O, 7’3(10) O (1 t) 2,
r(2,t) =1, r(3,t) =0, r(5 t) = —sm( ), 7(6,t) =0, r(8,t) = 0; R(2,t) = 10 — 5 sin(
R(3,t) = 28 — 3 cos(t ) R(4,t) ( 48 — 64sin(t)), R(5,t) = sin(t), R(6,t) = cos(t
R(7,t) = 20 + Zsin(t), R(8,t) = 3(42 — cos(t)), R(9,t) = sin(t), R(10, t) = Gsin(t
stationary solution exists for central system’s S3 expected incomes, figure 1, but doesn
exist for peripheral QS S, figure 2.
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Figure 1: Solution of set (1) for central QS’s expected incomes

Figure 2: Graph of function v (4, t)
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