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Abstract

In this paper the amplitude modulated version of random prosess is investi-
gated. There is considered the case when irregularities in observations are defined
as arbitrary sequence of independent random values. In this case the estimations
of mathematical expectation, covariance function and spectral density have been
constructed. The statistical properties of the esimations have been studied.

1 Introduction

In different practical applications we frequently deal with stationary processes with
non-regular observations. The estimations of main characteristics of the processes give
common information about studied phenomenon. Asymptotic methods of time series’
analysis allow to find limiting distribution of the estimations when the number of
observations tends to infinity.

Parzen [6] introduced the sequence

Y (t) = d(t)X(t), t ∈ Z, (1)

which is called an amplitude modulated version ofX(t). It is supposed that d(t) doesn’t
depend on the X(t) process. A number of examples of d(t) have been considered in
[1-5,7].

Let X(t), t ∈ Z be stationary independent random process. This process has
mathematical expectations mX = 0, covariance functions RX(τ), τ ∈ Z and spectral
density fX(λ), λ ∈ Π = [−π, π]. The sequence of independent random values is d(t), t ∈
Z. Mathematical expectations and dispersion of d(t) are md �= 0 and Dd respectively.

2 The estimation of mathematical expectation

Let
Y (0), Y (1), ..., Y (T − 1) (2)

be T consecutive in equal time period observations of the process Y (t), t ∈ Z. The
relation between processes X(t) and Y (t) is given by (1).
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Using observations (2) of the process Y (t), t ∈ Z the estimate of mathematical
expectation of process X(t) can be constructed as

m̂X =
1

Tmd

T−1∑
t=0

Y (t) (3)

The given below theorems are correct for the estimate (3).

Theorem 1. The statistics (3) is asymptotically unbiased estimate and

Dm̂X =
2

T

T−1∑
τ=0

(
1 − τ

T

)
RX(τ) +

RX(0)Dd

T (md)2
+

(mX)2(1 −md)

Tmd
,

Dm̂X =
2π

T

∫
Π

fX(y)ΦT (y)dy +
Dd

T (md)2

∫
Π

fX(y)dy +
(mX)2(1 −md)

Tmd
,

where ΦT (λ) is the Fejer kernel, λ ∈ Π.

It is possible to prove this theorem using the independence X(t) and d(t), the
representation of spectral density through the covariance function, the definition of the
Fejer kernel.

Further taking into consideration the results of the theorem 1 and the properties of
the Fejer kernel asymptotic behaviour Dm̂X is investigated when T tends to infinity.

Theorem 2. If covariance function RX(τ) meet the condition
∞∑
τ=0

RX(τ) < ∞ then

lim
T→∞

TDm̂X = 2

∞∑
τ=0

RX(τ) +
RX(0)Dd

(md)2
+

(mX)2(1 −md)

md
.

If spectral density fX(λ)is continuous at point λ = 0 and bounded in Π then

lim
T→∞

TDm̂X = 2πfX(0) +
Dd

(md)2

∫
Π

fX(y)dy + (mX)2(1−md)
md .

Note that in the conditions of the theorem 2 the statistics (3) is mean-square con-
sistent.

3 The estimation of covariance function

The statistics

R̂X(τ) =
1

(T − τ)Cd
τ

T−τ−1∑
t=0

Y (t+ τ)Y (t), τ = 0, T − 1, (4)

R̂X(τ) = R̂X(−τ), R̂X(τ) = 0, |τ | > T,
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where

Cd
τ =

{
(md)2, τ �= 0
Dd + (md)2, τ = 0,

(5)

is considered as estimate of covariance function of process X(t).
It was proved that the dispersion of estimate (4) meets the following expression

lim
T→∞

(T−τ)DR̂X(τ) =

(
(Dd + (md)2)2

(md)4
− 1

)(
cX4 (τ, 0, τ) + 2

(
RX(τ)

)2
+
(
RX(0)

)2
)

+

+

∞∑
u=−∞

J(u, τ),

where
J(u, τ) = cX4 (u+ τ, u, τ) + 2

(
RX(u)

)2
+RX(u− τ)RX(u+ τ).

The cX4 (u+ τ, u, τ) is semi-invariant of process X(t).

Theorem 3. The estimate of covariance function of process X(t) (4) is asymptotically
unbiased estimator and on conditions that

∞∑
u=−∞

(
RX(u)

)2
< ∞

and ∞∑
u=−∞

cX4 (u+ τ, u, τ) < ∞

is mean-square consistent, that is lim
T→∞

DR̂X(τ) = 0.

The proof of this theorem is based on the definition of matematical expectation and
dispersion, the relations between moments and semi-invariants and the properties of
the Fejer kernel.

4 The estimation of spectral density

Here the problem of construction of spectral density’s estimate is investigated. It is
proposed to consider the following statistics.

ÎT (λ) =
1

2πT

T−1∑
t=0

T−1∑
s=0

Y (t)Y (s)

Cd
t−s

e−iλ(t−s)λ ∈ Π , (6)

where Cd
t−s are defined as (5).

Theorem 4. Let semi-invariant spectral density of fourth order fX4 (λ1, λ2, λ3) to be
continuous on Π3 and spectral density fX(λ) to be continuous on Π, then statistics
defined as (6) is asimptoticaly unbiased estimate for fX(λ) and

cov
{
ÎT (λ1), Î

T (λ2)
}

−→
T→∞

{
0, λ1 ± λ2 �= 0(mod2π),

fX(λ1)f
X(λ2), λ1 ± λ2 = 0(mod2π).
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It is easy to receive the proof of this theorem using the definition of covariation, the
representation of spectral density and semi-invariant spectral density of fourth order
through the covariance function and semi-invariant of fourth order, the properties of
the Fejer kernel.

To get the consistent estimate of spectral density f̂T it is necessary to smooth this
estimate using spectral windows ϕT (k).

f̂T (λs) =

[T
2 ]∑

k=−[T
2 ]+1

ϕT (k)ÎT (λs+k) , (7)

λs = 2πs
T

, −
[
T
2

]
+ 1 ≤ s ≤

[
T
2

]
,
[
T
2

]
is integer part of number T

2
.

Theorem 5. If semi-invariant spectral density of fourth order fX4 (λ1, λ2, λ3) is con-

tinuous on Π3, spectral density fX(λ) is continuous on Π and
[T

2 ]∑
k=−[T

2 ]+1

[
ϕT (k)

]2 −→
T→∞

0

then statistics defined as (7) is mean-square consistent estimate.

The proof is based on the previous theorem.
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