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Abstract

The problem of construction exact D-optimal designs of experiments for linear
multiple model with heteroscedastical observations is investigated. Is indicated
too the structure of those designs for two factors.

Consider the linear multiple model of heteroscedastical observations:

where y; are observed variables; 01, . .., 0,, are unknown parameters; * = (2y;, ..., Tp;)
are m-vectors of controllable variables and components of these vectors are taken from
interval [—1;1]; (zY) are uncontrollable and uncorrelated random errors of obser-

vations with mean zero and limited variance De(z)) = d(z1;,...,%m;) > 0 for each
realization z( from m-dimensional unit cube, =1 < z; <1,i=1,...,m.
For classical model of observations (1) (d(z1, ..., x;,) = const) the problem of con-

struction D-optimal designs of experiments has been well investigated in [1,2]. For
model of observations (1) with linear variance of observations

d(x1, ..., Tm) = a0+ a1 + ...+ amyap > 0, |ag| + ... + |am| < ag

problem of construction D-optimal designs has been investigated in [3].
In this paper we will investigate the question about construction exact D-optimal
designs of experiments (1) for wider class of heteroscedastical observations then in [3]:

1 i i i i .
A@s,. @i Tn) 2 {[di) —dg + ¥ —|—d(_)},x el-1,1i=1,...,m, (2)
where d¥ = d(xy, ..., =1, .., xn), dgf) =d(x1,...,1,...,2,) and —1,1 stays in the
place of variable z;.Variabes x1, ..., z,, in (2) belongs to unit m-dimensional cube. Tt

is easy note that inequality (2) convert to equality when z; = £1. Linear variance of
observations ag + a1y + ... + anTy, also belong to class functions (2), i.e. inequality
(2) determine wider class heteroscedastical observations then class observations with
linear variance.

Theorem 1. Exist D-optimal design of experiments (1),(2) all spectrum points of it
lies in the vertices of m-dimensional unit cube.
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Proof. Let ¢ is design of experiments (1), (2) and |z;;| < 1 for some 4, j. Without loss of
generality we can take i = j = 1. Make this point z1; "floating”, i.e. z1; =z € [—1,1].
Other variables z;; we take without changing. Denote the design obtained from e by
changing x1; by z as €,. Demonstrate than maximizing |M (¢)| by = € [-1,1] we can
go to design €, for which |M(e)| < |M(eq1)| and design e; is design e, with z = £1.
Information matrix of €, can be written as M(e,) = A(x) + B, where

1 m @) ()Y
A(',E) = T < " ) (.’I?,tl),B I(dix)a
=2 i

d1<.’L') = d(x,xgl,...,a:ml),di = d(a:li,...,a:mi),t’ = (.’13'21,...,.737,11)/. Matrix B does

not depend on z and rankA(x) = 1. Matrix B and A(z) can be written as B =
(b1, b)), A(x) = (a1(x),...,an(x)), where b;,a;(z) are m-dimensional columns.
Determinant |A(x) + B| may be presented as a sum determinants of matrixes con-
taining different combinations of columns matrixes A(x), B. Determinants of these
combinations containing more than one column of A(z) are equal to zero. Hence,

|A(.T) +B| - |a1(3:), b2>b?n .- >bm| + |blaa2(aj)>b3a SRR bm' +...+ |bla b2a b3> R am<.’13)|—{—

|b1, b2, b3, ..., byl (3)
Calculating determinants in right part of (3) respect elements of columns

ai(x),as(x), ..., an(z) obtain

az? + Br +

(@) = |A() + Bl = T

where

@) (@) ]
Z z(diz) > 0,29 = (Z20y - Tmg)'s

1=2

k= |B|,a=

and (3, are constants witch does not depend on x. We may use (2) for obtain upper
estimate of f(z) :

ar? + Br+
< = ° 4
f(l') = f1<I') d1<.’13') + K, ( )
where ay = i[d(l, T21y v+ J;ml)_ d(-l, L1y -y Iml)], C1 = i [d(]., T21,y - - - ,l‘ml) +

d(—1,2z21,...,Zm1)]. In the points 1, —1 inequality (4) convert to equality. Demon-
strate that maximum function fi(x) respect of z € [—1,1] we can obtain in the point
—1 or 1. Indeed, the derivative of fi(x) is

dfi(z) a2 + 20084 ¢ — a1y
de (a1 + ¢1)?

(5)

In the case when o = 0 we have

dfi(z) af —ay

dx (a1 +¢1)%
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i.e. derivative of fi(z) is positive or negative in [—1, 1] (it depend on sign of ¢; 3 —a;7).
In this case function fi(x) increase or decrease in [—1, 1]. Let D = 4(acy—aq(c18—a17))
the discriminate of numerator in (5) and a > 0. If D > 0, than function f;(z) is convex
downwards. Indeed,

fi(z) D

= > 0.
dx? 2a(a1z + ¢1)3

Hence, in any case fi(z) (also f(z)) takes maximum in # = £1. Theorem 1 is proved.
[

Theorem 1 help us construct numerically D-optimal designs for model (1), (2). D-
optimal design must have following structure £ = (2™, ny; 2@ ny; ..., 20 n;), where
M 20 1 = 2™ are vertices of m-dimensional unit cube; nq,...,n; are numbers
of observations in the points (), ... 2®:n; + ... 4+ n; = n. Calculating |D(c%)| and
maximizing it respect of ny,...,n; we can construct D-optimal design of (1), (2). For
example, in the case when m = 3,n = 40,d(x1, z9,23) = 1+ 0.227 — 0.329 — 0.123+
(1—22)(1—22)(1—22) D-optimal design is €* = (z™V), 10; 2@, 12; 2 7; 2™ 11), where
W =(1,1,1), 2® = (=1,1,1), 2® = (1,1, -1), 2@ = (1,1, 1).

Consider now model (1), (2) with two variables (m = 2). Points of spectrum D-
optimal design of these model must lyes in vertices of unit square: z() = (1,1), 2 =
(-1,1),28%) = (=1,-1),2% = (1,—1). Let n; is the number of observations in thy
point 29 d; = d(z™),i = 1,...,4. Determinate of information matrix D-optimal
design must have expression

s ns %) Ty
M =4l B (2 M) 6
M| (dl+d3)(d2+d4) (6)

From (6) follow that in D-optimal design not all observations may be taken in the points
zM 23 or only in 2, 2™, In this case |M| = 0. Hence, one parte of observations
must be taken in () or z® (let the number of these observations is p) , but the other
part must be taken in 2® or ). Hence, |M| = 4F,(n3)Fy(n4), where

p—ns3 n3

n—p—ny Ny
— F - - —
d1 dg’ 2(”4)

dsy dy

F1<77,3) =

and ng, ng doesn’t depend on each other. Derivative of Fj(n3) is

dFl (n3) 1 1

= - 7
dng d3 dl ( )

If dy < ds, then derivative (7) is negative and Fi(n3) take maximum when ng = 0. If
d3 < dy, then Fi(n3) take maximum when n3 = p. If d; = d3, then

Fi(ns) :d%

and function take maximum for all n3 € [1, p]. The same proof is to demonstrate that
Fy(ny4) reaches its maximum in z(® or * in which variance of observation is minimal
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(if dy # dy). If dy = dy, then the number n — p of observations may be distributed
arbitrarily among points z(®), 2™, Suppose now, for example, that min{d;,ds} =
dy, min{dy, d;} = dy. In this case | M| is equal to

. pln—p)
M| = 42 (8)

From (8) follow that result of maximizing (8) respect of p depends on parity of p. If
p is even (p = 2s), then necessary make s observations in 2" and also s observations
in . If p is odd (p = 2s + 1), then necessary make s or s + 1 observations in point
() and rest observations in ™. So we have the following theorem.

Theorem 2. For model (1),(2) with two variables (m = 2) the structure of exact D-
optimal designs is following. Make s observation for even n = 2s or s, may be s + 1
observations for odd n = 2s + 1 in the point (1,1) or in the point (—1,1) and the rest
observations in other vertices of unit square. Between the points 21, x4 (22 2™) we
choose one of them in which variance s minimal and make observations in it, if there
are two such vertices then observations may be distributed arbitrarily among these ones.

Theorem 2 help us construct D-optimal designs. For example, if d(z1,x2) = 5 +
V(I +21)(1+29) and n = 400 then in D-optimal design 200 observations are in
the point (—1,—1) and the rest of its may be distributed arbitrarily among points

(—=1,1),(1,-1).

Theorem 3. D-optimal estimates 0,0, for model (1), (2) with two variables (m = 2)
doesn’t depend on dy,dsy, ds3, dy.

Proof. Without loss of generality assume that min{dy,ds3} = dy, min{dy,ds} = do.
Exact D-optimal design (see theorem 2) is €° = ((1,1),n;(—1,1),n2),n1 + ny = n.
Using design €% and omitting long calculations we have

. 1 ni no . 1 ni no
9 — 1 ] 79 - 7 ] 9 9

where y; are observations in the point (1, 1) and y; are observations in the point (—1, 1).
D-optimal design for homoscedastical observations (d(z1,x2) = const) has such esti-
mates as (9). O
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Abstract

The problem of finding the best multidimensional-matrix polynomial regres-
sion is formulated. System of the equations for parameters calculation of the
polynomial regression with any degree is received. Also, expressions for the pa-
rameters of quadratic regression are received.

1 Introduction

The paper is devoted to problem of searching for best multivariate-matrix polynomial
regression. The solution of the problem provides the possibilities for building the
nonlinear algorithms of multidimensional data forecasting.

2 Formulation of the problem

We shall consider two multidimension random matrixes: g-dimension matrix £ = (§;,, ),
J@ = (J1,72,---,Jq), and p-dimension matrix n = (ni(m)’ i) = (i1,72,...,1). We
aproximate conditional average A, ¢(z) = E(n/§ = ) by polynomial of degree m:

Aﬁ/f Zqu p,kq Zqu kokqp m:071727"~7 (1)
k=0

0

k=
where C, rq) — (p + kq)-dimension matrices of the coeflicients,

Clokg) = (Cipypiy)s i) = (ny02, -5 0p), Jky = (@00 J@)1s - - - J(@)k)s

symmetrical relatively to g-multiindexes j()0, J(¢),0 - - - » J(¢),k and subjected to condition
Hp i kq,k _ Bptkq,kq
Clphg) = C(kq,;) Y Clrap) = C(p,l:q)q

Here Hp, iqkq and By kg kg — substitutions of transpose of the type "back” and ”onward”
respectively [1]. We shall denote

z = (Zi(p)) = 77—2 O’kq(c(p,kq = Z kq 5 qu,p ai(p) = (ilai% ce 77;;0)7 (2)
k=0 k=0

and formulate the necessary extremal problem

f=E"(zz min 3
(M(z2) = Cp.0)Cp.ayrCloma) 3)
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3 System of the equations for coefficients of re-
gression function

Since in (3)
OP(22) = 2 iy = (e, ),

i(p)

then problem takes the following form

f=2 B %) min : (4)

i Cp,0):Cp,q)r+C(p,ma)
(p)

It is seen from expression (2) that

L = m. qu - qu
Ziy = My — Z (CigyianS) = iy — Z J(k)’ )

where Cipy i) y under fixed meaning of the multiindex i) is kg-dimension matrix, sym-
metrical with respect to ¢g- multiindexes jg) 0, J(g),1,- - - J(q).k- If We note that
Tl(p) - E( l(p)) (5)

that problem (4) will take the next form

f= Zri(m — min (6)

p Cp.0)Coa) - Clpma)
(p)

Since each value r; (5) non-negative and depends only from their own matrixes
Cityy i) Citnydiy)® - -+ Cigpyiomy): that minimization of the functions f in (6) is reduced
to minimization each summand Tigy:

i — min : (7)
(p) ¢ = c - e =
i(p)(0)) 7 (p) (1)) (p) I (m))

For solution of the problem (7) we write the expression for r; = (5):

m m
. _ 2 O,kzq 0,lq _
Vi) = E( Ziy) = E(ig,) — Z (Cigy € ) iy = E: D(p) )> -
k=0 1=0

= B0 i) — 22 P 0,6 ) +Z Z o <Cl<p>>3(k )M1(B(E"E)c5 )>
=0 k=0 1=0

(8)

A solution of the problem (7) is reduced to a solution of the system of equations

ori, ~0
oc: ’

J(v):(p)
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Differentiation of the scalar function Titp (8) by her symmetrical multivariate-matrix
arguments ¢j ;- With use the existing rules of the differentiation [1] brings about
following system of the equations

1) 1)
_E<77i<p>5A)T + Z nh (Ci(pwi(k) E<5A+k> ) =0, A=0,m,

m
r
k=0

or

Xm: Ok (C(p,kq)E@Hk)) = E(nﬁ“), A=0,m.

k=0
We shall denote
Vertk = E(f)\+k)7 Upex = E(%A)a <9)
and write these system as follows
> 00 (Cougrons) = A=0m 10
k=0

Given system of the equations represents itself decision of the delivered problem.

4 The best quadratic regression

We shall consider case of the best multidimensional-matrix quadratic regression
y=06(x) = Cpo) + “(Cipg) + “*(Clpap7?)- (11)

In this case in system of the equations (10) m = 2, and we have a system from three
equations

Y (Cpore) + *(Crpgre) + **1(Clpaqves) = vie,

W (Crope) + *(Copgre) + *1(Crpagre) = e
We shall solve this system by process of Gauss elimination . We shall multiply first
equation on the right by vg, vz in the sense of (0, 0)-convolute multiplying and shall
subtract it from the second and the third equations accordingly. Thus, we get system:

{ Cipo) + YUClpgpve) + "*(Cpoqve2) = vy,

O’q(o(p,q)(’/&2 - VEQ)) + 0’2q(0(p,2q)(V€3 — Vgalg)) = Ve — Uy,

{ Cio0) + " U(Clpgpve) + YUCpager) = vy,
O’Q(O(p,q)(l/gs — I/gl/g)) + 0’2‘1(0@72(1)(1/54 — I/€21/§2)) = Upez — Vplg2.

With notations
ez = Ve _VSQ’ Hne = Vne — Vnlg
we have
0 qC(Cp,’O) + 0"1(0(8’%21115) + 0’2(1((0(17,211)”52) :_Vn,
0.0 “(Cpgpe) + "UCp2n (Ve = vere)) = e,
(Cpg)(ves — veve2)) + 2(Clp2g) (Ver — veeve2)) = e — vyl
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Then we multiply the second equation on the right by %4 (ugj(z/gs — Velg2)) in the sense
of (0, ¢)-convolute multiplying and subtract it from the third equation. As a result we
get following equations

Cipo) + " UClrgve) + "2 U(Clpagver) = vy, (12)
CUCpge) + 7*U(Clpaq)(Ves — verve)) = finge, (13)
O2(Clp g (ver — veve — Y1 (v — veve)ug ) (Ve — vever)))) =

= Ve — vyee =0 (Mg ) (Ves — vevez)). (14)

Now from equation (14) get the expression for Ci, 29):

Clp2q) = **(Bipq) A(_2}1,2q))7 (15)
where
Bpag) = Vg2 — Vg2 —0 <O’q<ﬂnfﬂg_21)<yf3 — Velg2)), (16)
Afagaq) = (Ver — veve — (% ((ves — veeve) g ) (ves — vevez))), (17)
in which A(_Q;Qq) is a matrix, (0,2¢)-inverse to matrix A a). From equation (13) we

get the expression for C, ¢

Cing) = "1 ((pne =% (Clpy2g) (ves — VEQVE)))HE_;)' (18)

Finally, from equation (12) we find the expression for C, o:

Clpoy = vn — *U(Cpagre) — **(Clpagrer). (19)

Substituting (19) in (11), we get the following expression the best multidimensional-
matrix quadratic regression:

y= o) =v,+ O’q(c(nq)(x — ) — O’Qq(c’(pﬂq)(x2 — vg2)). (20)

We bring the sequence of actions required for calculation of the best
multidimensional-matrix quadratic regression:

1) calculate By 24 by formula (16);

2) calculate Aaq2q) by formula (17);

3) calculate C(y 9 by formula (15);

4) find C, 4) by formula (18);

5) get y by formula (20).
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