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Investigation of the probabilistic model of incomes change in the banking network is
presented. The closed Markov queueing network applies as model. Income ratings depend
on time.
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1. INTRODUCTION

Let’s examine closed exponential queueing network (QN), which consists of peripheral
queueing systems (QS) $¢,52....,5,- and central QS §,, all QS are single-line {1]. The
state of network is described by the vector k(¥) = (k,£) = (k1, ko, - - ., k. £), where &; — the
count of requests in the system S;, i = T.n Let u; — service rate of request by system
Si, i = 1,n, pm ~ the probability of entering of requests from system §, into system S,

n-1
i=1ln-1, % pu=1 7
i=1

2. ANALYSIS OF CENTRAL QUEUEING SYSTEM’S INCOMES

Through v,(k, r) let us designate the complete expected income, which the system §,
obtains in time ¢, if at the initial moment of time network was in state k. Let’s assume that
the system S, earns r,(k) conventional units for the unit of time during entire period of its
stay in the state &. When QN accomplishes passage from state (k, £) to state (k—1;+1,, £+ At),
it brings income to QS §, in the size r(k—I; + I,), and when QN accomplishes passage from
state (k, 1) to state (k+[;—1I,, t+Ar), then brings income in the size (—R(k+1,—1,, 1)), where [; -
n-vector with zero components except i-th component equals to 1. Let’s notice that r,(k),
rik,t) and R(k,t) has different dimensions. During period Ar QN can stay in state (k,¢) or
can transfer to state (k—1; +1,,, 1+ At) or state (k+1;—1I,, 1+ Ar). If it is remaining in state (%, £)
than income of QS §, will be r,(k)At plus expected income v,(k, £} which QN will earn in

remaining ¢ units of time. The probability of such event is 1 — 2, wulkpAtr, where u(k;) =
1, k>0 )

- 0, k,‘ = 0 )
the probability equals w;u(k;)At then income of QS S, will be r(k — I; + I, t) plus expected
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If network transfers into state (k — I, + I, f + Ar) during period Ar with



income v,{k — I, + I, 1), which QS will earn in remaining time, if at the initial moment of
time network was in state (k- 1, +1,). If network transfers into state (k+ I, — I,,, t + At) during
period At with the probability equals g, p,u(k,)At then income will be —R(k + I, — I, t) plus
expected income of QN for remaining time, if at the initial moment network was in state
(k+1,—1,),i=1,n—1. Then it is possible to get a set of difference equations

vk, t+ Ay = [l - Z p.,u(k,)&z] [rn(K)AL + v, (k, )] +

=1
n-1

+ O WAL [0k = I, + by, 1)+ vk = L, + L, D)+
=t
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Hutn)AL 3" Py [=ROE+ I, = 1, 1) 4 vyl + 1, = L, O]
=1

for incomes of central QS §S,,. From it follows a set of difference-differential equations

dv,(k, 1) 2 =
—— = k) - Zl, ek )valk, £) + Z; Wtk yr(k — I, + I,)-

n-1 n-1
~punttln) D" PR+ 1= 1)+ D paalle)vak = I + Iy, D+
=1 1=l

n=1
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which can be transformed to

dvuk, 1) =
= (k) - Zl attle)valk, 1) +
n-1
+ [“’lu(kl)r(k e It + Im t) - “‘nu(kn)PmR(k + I{ h Im I)]"l‘ (1)

1

n-1
3 [t vatk = 1, + I, 1) + ey ) Pyl + I, = L, D).
=1
In particular case if r,(k), r(k,1), R(k,1) are independent of state of the network and
equal r,, r(¢) and R(z) accordingly then

dv,(k, a-l n
v ;, D = RO + 70 3 k) = 3 sl ) +
i=l i=1
n-1
+ Z [k vk ~ I, + 1, £) + poull) puvalk + I, — 1, 0)]. (2)
=l
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3. ANALYSIS OF PERIPHERAL SYSTEMS AND NETWORK’S
INCOMES

Let’s examine incomes of peripheral systems S,, i = 1,n—1. Through vi(k,¢) let’s
designate the complete expected income, which the peripheral system S; obtains in time ¢
if at the initial moment of time network was in state k, i = 1,n — 1. It is clear that when the
network transfers from state (k, 1) to state (k — I + I,,, ¢t + Ag) it earns (—r(k — I, + I, 1)) for
QS S, and when transfers from state (&, 1) to state (kK + [, — I, t + Ar) it earns R(k+ I; - I,,,1).
Let’s assume that QS earns r;(k) for QS §; during a conventional unit of time for all time
that QN was in state &, i = 1,n — 1. Then we will get

vilk,t + At) = [1 - Z ik j)At] [r:()AL + vi(k, D] +

=1

n-1 n—1
+ Z uju(kj)étv,(k - IJ‘ +1,0+ unu(kn)At Z pﬂjv,'(k + Ij -IL,.n=
j=1 j=1
J#Fi J#Ei

= [1 - Z n;u(k j)At] [rik)At + vi(k, )] — pulkrk — I; + LYAH+

J=1
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+ati(ko) AL Z pagvitk +1; = I, 1),
1

j=
from it follows

dvl'(k$ t)_ ] _ L . N
dt = ri(k) J‘_Z]!J«,;lft(k,.)v,(:‘c,r)-|-

+ [I-Lnu(kn)pﬂfR(k + Ii - Ir:) - pr‘u(ki)r(k - Is’ + In)] + (3)

n-1
+ > [wjullewilk = I + Ly, £) + woteknpuvith + I = I, 1)), i =T = 1.
J=1

If ri(k), rk, 1), R(k, t) are independent of the network state then

dvilk, 1) :
! o = T+ [tk )puR — pauko)r] - Z wjulk ik, O+

=1
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n—1
# > [wutepie = 1+ L.6) + o) puyik + 1 = 1, 9], i = T = 1. @)
=t
From (3) follows that total income for peripheral QS satisfies a set of equations

ri(k) — Z wu(kv(k, O+

i=1 j=1

dv(k t) <

—

R—

+ ) [nttlkn)puiR(K + 1; = L, 1) — piteCk)r(k ~ I; + 1, D]+ (5)

g

]
,_.._

+ Z [tk = 1 + L, £) + wotslhapuyvik + 1; = 1, 1),
j=1
and total income of all systems of the network @(k, 1) = w(k, £) + v,(k, 1), as it follows from
(1), (5), satisfies a set

dok,n
LB WICE Zu,u(k )0k D+

i=1

n—1
+ 3 [tak)O = I + L, 1) + watt)pu®k + I = 1, 1)), ©)

Let us note that the total income of network ®(k, 1) does not depend ou r(k, 1), Rk, 1). Tt
was to be expected this from the law of conservation of money mass in the closed network
(if Central QS rece¢ives incomes then peripheral QS suffer losses and vice versa), entire
money mass in the closed network grows only due to an increase in the percentages of the

n
money mass, which is stored in the systems of network, which is reflected by value 3 ri(k).

i=1]

4. ABOUT RESOLVING A SET OF EQUATIONS FOR INCOMES

After numbering states of the queueing network 1,2, .. ., I consecutively, set of equations
for incomes (2), (4), (6) can be presented in matrix form

d Vi{(£)
dt

where VI () = (v(L,1),...,v{l,1)) - QS S, incomes vector at the moment of time ¢ depend-
ing on states of QN at the initial moment, i = 1,n, VIL0 =@(L,1,...,0(,1) - QN total
incomes vector. For its solution it is possible to use operating method ~ we need to assign a
vector of initial conditions Vi(0). Let U.(s) — vector of Laplace transformations of incomes
v, j= 1,1, G(S) - Laplace transformations of @,(f). Then sU;(5)=V(0) = Gi(s)+AULs)
or {sI — A)Ui(5) = Gi(s) + Vi(0), where I — identity matrix. So we can find U(s):

= Q1) + AVi(D), )

Ui(s) = (s = AY'Gi(s) + (s = A)Vi(0). (8
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Vector of incomes Vi(f) can be find with the help of inverse transformation of (8). If H(r)
is inverse Laplace transformation of (s — A)™! then inverse transformation from (8) makes

Vi) = HO) » Q) + HOVHO), i=1,n+1, 9

where H(r) »* Qi(r) - convolution of functions H(#) and Oi(r), H(r) = Oi{t) = f H{u)x
h)

xQ;(r — w)du. Tn that way we can produce a relation for estimation of incomes of cen-
tral and peripheral QS and whole QN at any moment of time ¢.
Case when r(k, ) and R(k, ) don’t depend on on time examined in paper [1].

Notes. Calculations of different examples showed that it is possible to find solution of
equations sets of type (1), (5), (7) by operating method successfully when queueing net-
works has relatively small number of states. It is because, in particular case, the calculation
of inverse matrices (sI - A)~!, its decomposition and inverse Laplace transformation finding
with the aid of Mathematica. Therefore it is expected to use this method for the investi-
gation of banking network models which consist of Central bank with small number of its
branches.
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