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NPEOUCNOBUE

CripaBoYHMK BKIIOYAeT CNEANYIOUIHE pa3[eib! BHICIIEH MATEMAaTHKH:
aHATHTHIECKas T€OMETPHA (Ha IUIOCKOCTH M B NPOCTPAHCTBE), anrebpa (Mat-
PULEEL M ONpENeNUTENH, NHHEHHbIC NPOCTPAHCTBA, JMHEHHBIE ONEPaTOpHI,
KBanpaTAiHeie (opMel, rpynmei), auddepeHIManEHOE MCUMCIEHHE M HHTe-
TpaibHOe McuHcinenue (GyHxumit onHOlM nepemeHHOM H DYHKIMY HECKOILKHX .
OEPEMEHHBIX), PAMbI (YHCIOBLE H (QyHKIHOHATLHEIE, B TOM YHCIE panel Dy-
* pse), maddepeHIMaNBHbIe ypaBHeHHs (OGBIKHOBEHHbIE M ¢ YACTHBIME Npom3-
BOJIHEIMH), YHC/ICHHBIE METOMB! (DEIEeHUA anre6paudeckuX, TPAHCHEHICHTHbIX
H 1mupdepeHUmansHEIX ypaBHEHHH; . HHTETPHPOBAHHS M HMHTEPNOIHPOBAHUA
¢GbyHKUmiA), NEMEHTEL TEOPHH BEPOSTHOCTEN M MaTeMaTHIECKOH CTATHCTUKY (c
MaTeMaTHIeckol o6pabGoTkoli pesynnTaToB M3MEpeHMH), 3NEMEHTHl TEOpHH
(yHKuMl KOMILIEKCHO# NEPEMEHHON M ONEPALMOHHOTO HCUMCIEHNS (c npuio-
HCHHEM NOCEIHETO K peieHi0 audypepeHINANLHBIX YPaBHEHMH H X CHC-
T€M), Ha4aNa BEKTOPHOrO M TEH30PHOTO aHATH3a.

CrpaBovHMK COHEPKHT TeopeTHYEeCKHH Matepuan 6e3 AOKa3aTENLCTB:
ONpENCACHUA COOTBETCTBYIOMIMX MOHATHH, Gopmynsl, ypaHeHus; Qopmymu-
POBKH TEOPEM, OCHOBHBIX 3a/1a4, NIPH3HAKOB; H3JI0KECHAE MATEMATHYECKHX Me-
TOZOB; CBONCTBA MaTEMaTHUECKHIt NOHATHI, MX CMBICH H TIPHIOIKECHMS.

Bo MHOrux ciygasx ykasaHo, KTO H KOTJia IPeUIOKHA COOTBETCTBYIO-
Iyl TEPMHH, CUMBOJ U €10 0603HaY€HHA, OTMEYEHO NPOHCXOKICHHE MATE-
MaTH9ECKOro TEpMHHA.

B xaxpom naparpae uMeroTcs MPHUMEPE! NIPUMECHEHHA TEOPHH K pelie-
HHIO NPakTHIeCKuX 3aiad. Hamvdue MHOrouncnenssIx nprimepos ¢ nompo6-
HEIMH PCINCHUAMM MOXKET OKa3arh CYMIECTBEHHYIO NOMOIIb CTY/IEHTaM, 3aHH-
MarouMces no 3a09Hol Gpopme 06yueHus, Ipy caMOCTOATENBHOM BBITIOHEHHH
MMH KOHTPONBHBIX paGoT, a Takke CTYNCHTaM JHEBHBIX OTHENCHHH IpH Bbl-
NOJIHEHNH IOMAIHHX 3aJaHHI M NOATOTOBKE K 3a9€TaM H SK3aMEHAM.

CnpaBoYHHK CHaGKEH WILTIOCTPATHBHLIM MAaTEPHATIOM; B HEM MMEIOTCS
PHCYHKH, NOACHAIOUINE MATEMATHYECKHE MOHATHS, MACH METOMIOB, (OPMYIbI,
YPaBHCHHUS, YCIIOBHA 3a1a4 H NPHMEPOB, a TakKe YEPTEKH KPHBHIX H NOBEPX-
Hocrell, rpaduku ¢yHKIm, TabIAEL. S

CrIpaBoYHHK BIUIOY2ET B TIPAJIOKCHHUA: HEKOTOPBIE OPHUTHHANG M HX
H306paXeHHs, HEKOTOPEIE MATEMaTHUECKHE 3HAKH M JATHl MX BO3HMKHOBEHHN

IIpunoxen Tarke GHorpaduaeckmit croeaps, comepxammit XpaTKue
CBEACHHUSA O KU3HM U [IEATENHHOCTH MaTEMaTHKOB, HMEHa KOTOPBIX BCTPEYaloT-
Cs B CIIPaBOYHHKE.

ABTOpEI
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AHAJIMTUYECKAA TEOMETPUA

[naea 1

KOOPOUHATDI HA NMPSMOW,
HA NNOCKOCTW, B NPOCTPAHCTBE

1.1. KoopauHaTtbl Ha NpPAMON

Ha npsimoit 3admkcHpyeM OHO M3 JBYX ONpeieseMBIX €10 HANpaBieHuH U Ha30BEM
€r0 IOJIOKHMTENBHEIM, JPYroe — oTpuuarensHeM. IIpsMyro, Ha KoTopoit ykazaHo no-
JIOXMTEEHOE HAIPaBJICHHUE, Ha3bIBAIOT OCKIO.

Ortpe3ok, orpaHUueHHEIH TOUKaMU A U B, Ha3LIBAIOT HANIPABJICHHEIM OTPE3KOM HIIH
BEKTOPOM, €CIIH YKa3aHO, KaKas U3 JAHHBIX TOYEK SBJISETCSA HAYATIOM, KaKad — KOHLOM.
HanpasneHHHIi OTpe30k ¢ Ha4anoM B Touke A U KOHILIOM B Touke B o6o3nauator AB.

BenvunHOH HanpapneHHOro orpeska AB HEKOTOPOH OCH Ha3bIBAIOT €r0 JUIMHY, B3s-
TYIO CO 3HAKOM ILTIOC, KOIZIa HAIIPaBJieHHe 3TOr0 OTPe3Ka COBMARAET C NOJIOXKHTENBHBIM
HaIpaBJICHHCM I[aHHOﬁ OCH, H CO 3HAKOM MHHYC, KOIrZla OHO COBIIARacT € omnua'fenb-
HBIM HalIpaBJIEeHHEM OCH. BennyuHy HanpasneHHOro oTpeska AB obo3nayator 4B.

KoopauuarHo# OCBIO HA3BIBAIOT IPSMYIO, Ha KOTOpo#H 3adMKCHpOBaHE! Ha4Yalo OT-
cyeTa, MOJIOKHTEIHHOE HANpaBieHHe M BRIOpaH MaciuTab Jiis M3MEpeHus JUIMH.

Koopaunaroit Touku M xoopaunatHoit ocu (puc. 1.1) HaseBator ey OM Ha-
npapnennoro orpeska OM, e O — nayano xoopausHal. EciM 0603Ha4quTh KO-
OpMHATY TO4YKH M yepes x, To 1o onpenenenmio x = OM.

»
O E M x
Puc. 1.1
3ammucs M(x) o3HagacT, 4To TouKa M MMEET KOOPIHHATY X.
Ecnu pausl nse To4kH Mi(x;) B M,(x,), TO BeIMYMHA HANPABICHHOIO OTPE3KA
MM, Bermcnsercs no ¢opmyie

MM, =x, ~x, L (1.1)
a pacCTOsHUE MEXIY HUMH — IO (hopMyne

P My, My) =|M My|=]x, — x| 12



IpocteiM OTHOIIEHMEM Tpex pa3iM¥HBIX TOYeK M, M,, M, nexammx Ha ojiHOH
[IpAMOM M B3ATHIX B YKA3aHHOM NOPSAIKE, HA3HIBAIOT YHCIIO
= MM ,
MM,
e MiM n MM, — BenMYHHBI HaNPaABNEHHEIX OTPeskoB MM u MM,

(1.3)

Ecim Touka M npuHaanexkur otpesky M;M,, NpOCTOE OTHOMIEHHE TONOKHUTENLHO
({>0), Tak KaKk YHCIMTENs M 3HAMEHATENH B TOCHenHel ¢opMyne oHoro 3muaxa. B
3TOM cllyqae FOBOPAT, 4TO To4Ka M nenut orpesok MM, BHyTpeHHHM 06pa3oM. Eciu

-To4Ka M nexuT BHe otpeska MM, To /<0 (anciurens ¥ 3HaMeHaTens B GopMyne

HMEIOT POTHBOIOJIOXKHbIE 3HAKH); TOYKa M fenut orpesok MM, BHewHuM o6pazom.
Ecnntouxku M, u M coenazator, to = 0.
Oycrs M;(x,), M,(x,), M(x) — Touxku koopauHaTHOM ocH Ox, Toraa

j= MM _x-x (1.4)
. MM, x,—x
OTKyza
g=Xithn (1.5)
1+17

3ra popmyna onpenensieT KOOPAMHATY TOYKA M, Jensiueil HANpaBleH R OTPE3OK
MM, B laHHOM OTHOIIEHNH L.
Ecim Touka M coBnazaer ¢ cepeiMHoii 0Tpeska MM,, to /=1, nosromy ee Ko-
opaunara onpenensercs Gopmynoi
+x
x=211%
2.
IHpumep 1.1. Hausl nee Touku M;(4), M,(—3). Haittn senmunny nanpapnento-

(1.6)

ro oTpeska M;M, H pacCTosiHMe MEXY TOYKAMH.
B naunoM cmywae x =4,x,=-3; no ¢opmynam (1.1) u (1.2) Haxommm
MM, =-3-4=-17, p(M,, M,)=|-3-4|=7.

1.2. KoopanHaTtbl Ha NNOCKOCTH

IIpsAMOYyronpHEIMHA hexap'ronmmn KOOPJAMHATAMH TOYKM M HasplBalOT HMCIa, OMnpe-
Aemiemsie dopmynamu
x=0M,_,y= OMy,
rie OM, - BenuumHa otpeska OM, ocu O, OM, — BenMYMHA HAIIPaBAEHHOTO
otpeska OM, ocu Oy (puc. 1.2).
IMonspuas cucremMa KOOPAMHAT HA IUIOCKOCTH ONpEJENseTcs Touykod O

(nomoc), ucxonsmuM K3 Hee yuoM OP (nonspuas ocs), MaciTabHEIM OTPE3KOM
€ ¥ HampaBJIeHHeM OTcuera yrinos (puc. 1.3).



TToNsSpHEIMM KOOPAMHATAMM TOYKH M, He COBIAJAIOMIEH C IOJIOCOM, HA3BIBAIOT
paccTosHUE P = 'OM ' (nonspHEil panuyc) ot Touku M no nonioca O Y BEIMYUHY YIiia
¢ (moynspHELt yrom) mMexay nossipHod ockio OP u imydom OM. Jlnsg momoca cHMTaroT
p=0 (¢ He onpenenen). IonspHeHt yron MMeeT GeCKOHEYHOE MHOXECTBO 3HAYCHMI,
FJIABHEIM 3HAYEHMEM €T0 Ha3BRIBAIOT 3HAYCHHE, YAOBJIETBOPAIOMEE yCIOBHIO 0 < @ < 27t.

Hpu coorBercTByONEM BHGOpE IPAMOYrolbHOM NekapToBol M MOSpHOM CHCTEM
koopauHar (puc. 1.4) cBssh MexIy 1eKApTORBIMH KOOPJIMHATAMH X M y TOUKH M 1 ee
TIOJHIPHBIMH KOOPIIMHATaMH P H ¢ BRIpakaeTcs dopMynamu

X=pcosQ, y=psing; (1.7)
p=«\lx2+y2, cos(p:.—x———, sin(p:————z—. (1.8)
,xz+y2 ,x2+y2
y A
y A M} ------ r M
e 1
— M o/
]
My ------- :M p :
¥ 1
; ? ‘ PP
1 > & > ' >
(9] M, x (o] PO M, x
Puc. 1.2 Puc. 1.3 Puc. 1.4

Mpumep 1.2. Haltu npsMOyronsHeIe J€KapTOBBI KOOPAMHATH Todek A (2, 1f4),
B (4, f{4) B cucreMe, R KOTOPO# MOJMIOC COBNANACT € HAYAIOM KOOPIHMHAT, NONsp-
Has OCh — C MONOXKHUTENHHOH NMoIyockio Ox.

TTpumensis opmyisi (1.7), Haiomm KOOPJIHATHI TOYKH A:
x= 2cos—§-= 2%= 1/5, y= 25in%= 2%: s/f, A(w/i,w/i).

AHaNOrH4YHO HAXOAHM KOOPAMHATEI TOUKH B: x = 2\/5 Y= 21/5 .



1.3. PaccrosiHue mexay OABYMSA TOHYKaMu
Ha NIOCKOCTH

B npssMOYTOIIbHO#M JEKAPTOBOH CHCTEME KOOP/IMHAT PACCTOAHHME MEXILY IBYMS TOY-
kamu M,(x;, »1), My(x;, y,) onpenensercs Gopmynoi

p(M,, M2)='\l(x2_xl)2+(}’2_J’|)2~ (1.9)

B yacTHOM ciy4ae, KOIZia ONHa U3 TOUEK, HAPUMEP M;, COBMajacT C HAYAIOM KO-
opnuHart, hopmyna (1.9) npuHAMaeT BHI

P(O, My)=xZ+y2. (1.10)

Mpumep 1.3. BeMHCIHTD paccTosHIe MEXAY TOYKAMH M,(6,-— 3, M,09.-7)

¥ PACCTOSIHHE OT TOHKH M, 1o Havyana KOOPAWHAT.
o ¢opmynam (1.9) u (1.10) nonyyaem

P (M;, My) =49 6) +((=T)~(-3))? =5, p(O, My)=J9? +(-7)* =+130.

MMpuMep 1.4. BeMCIMTE NEPUMETP TPEYroNBHUKA C BEPHIMHAMH B TOYKAX -
A (—ls - 3): B (2, - 3)) C (2, 1)'
ITo ¢popmyne (1.9) naxomum

a=pB.C=2-2) +(1-(-3)) =4,

b=p (A Q=yJ2-(-DP +(1-(=3)* =5,

c=p (A, B)={Q~(-D) +(-3-(-3)* =3
Cnenosarensio, P=a+b+c=12.

1.4. [leneHmne oTpe3ka B JaHHOM OTHOLLUEHUMU

OrtHOLIEHMEM, B KOTOPOM TOYKa M, Nexalliad Ha NPSMOH, Npoxozsmel Yepe3 TOYKH
M, u M,, nenvt otpesoxk M;M,, HaskiBaroT HCIIO /, onpesesnsiemoe Gopmyinoit (1.3).

Ecmm manel Touku M, (x,, v), My(x,, y;), TO KOOpAMHaTH ToukA M(x, y), Je-
ssmed orpesok MM, B oTHolueHNH [, onpenensiorcs dopMynamu

x=xl+b‘2 _nth,
1+’ 1+1
Korna Touka M smBrisercsa cepenuHol orpeska MM, , TO ee KOOPAMHATH BHIYHC-

J10T 1o opmynam

(1.11)

x=(x+x)/2, y=(3 +»)/2. - (1.12)



Mpumep 1.5 laun e TouKH M(-1,=2), M,(3,4). Ha npsimoii M, M, Haii-
TH TOYKY M, xotopas B TpH pasa Gmxe k M,, yem xk M,, B HaxomuTcs BHE OTpe3ka
M,M,. HaiiTi cepeanty 31010 OTpe3Ka.

Hcxomas touka M nennt otpesok MM, B otHouenun I=—1/3. ITo ¢opmynam
€1.11), cauras B uux x, =—L y, =-2, x,=3, y, =4, Haxonum

Y3 24 (Y34
*= t+(=1/3) >y 1+(=1/3) S M=

€ nomonteio ¢opmyn (1.12) naxonum touky N =(1,1) — cepenmuny otpeska M M,.
ITpumep 1.6. Halltu xoopaMHaTH TOYKHM NMEpECEYEHHs MEIXMAH TPEYroJBHHKA C
BEpHIMHAMH B Toukax A (x;, y), Bsz, ¥2), C(x3, y3)-

y*/{/’- c "x y A c \

Puc. 1.5

Hycts S (x, y) — Touka mepecedenus meaman AK, BL, CM tpeyronsuvka ABC

- (puc. 1.5, a). Tak kax Touka L — cepenuna orpeska AC, TO OHA HMEET KOODJAMHATHI
xp=0x +x3)/2, y;=(n+y3)/2. Otpesox BL Toukoil S memurcs B OTHOLIEHHH

1 =2/1=2. Cunras Touxy B nepso, Touxy L Bropoii, no ¢gopmynam (1.11) naxonum

_ X 20+ X3)/2 _ x+x;+X Y2 +2n +13)f2 _ ity tys

1+2 3 1+2 3

CrnenoBarensHO, KOOPAMHATE TOUKH NEPECEYSHUA MEJMaH TPEeyroNLHUKA 10 KOOp-
JIMHATaM €re BEepILMH onpesessuorcs Gopmynamu

x=(x +X%, +%3)f3, y=( + 3, +13)/3. (1.13)



1.5. LleHTp TsAXecTu cucremMbl Macc

Hana cucrema macc my,my,---,m,, TOMEMICHHBIX COOTBETCTBEHHO B TOYKAaX
Mi(x1, 1) My(x3, 2), -+, M,(x,,, ¥,,) HeKOTOpOH MIOCKOCTH. POPMyYIILL, BEIPAKAIO-
LIME KOOPIHHATEI IIEHTPA TAKECTH ITOH CHCTEMBI MACC, UIMEIOT BHI

x___xlml+x2'n2+'"+xnmn’ =J’1ml+J’2mz+"'+J’nmn',
my+m, + -+ m, m+m +---+m,
UM
n n
Zkak zykmk
x =45 Y= —— (1.14)

n
Sm 0 3m
k=1 k=1
rjie 3HaKoM X 0603Hau€eHa CyMMa OTHOTHMITHBIX CIIATaEMBIX.
Mpumep L7.Bsepumnax A(x, ), B(xz,y,), C (%3, y3) Tpeyromsuuka ABC
COCpENOTOUEHB! PaBHBIE MAcchl m. HalfT eHTp TSDKECTH 3TO# MaTepHaNLHON CHCTEMBI,
@opmymmi (1.14) npu n=3 npuHUMAIOT BUA
x = 2 XMy + X3 L y= At Yot s,
mtm,+m my +my +m
Hcnonesys ycnoBue my = m, = m,, nofy4qaem

oo Simtxamt xym m(x; +x, +x3) _ XX +x,

>

m+m+m 3m 3

mrymtysm mnty,ty) ity +ys
m+m+m 3m 3 '

3aMeuanue. U3 nocnennero npumepa u gopmyn (1.13) cnenyer, uro uentp ts-
WECTH NAHHOHN CHCTEMBI HAXOIMTCA B TOUKE NEPECEHEHHA MEJIMAH TPEYTrOILHHKA.

1.6. Mnowaab TpeyronbHuka

Kaxoesl Obl HM ObuTH TpH TOUKHM A (X, 1), B(x,,¥,), C(x3, y3), miomams S
TpeyronsHuka ABC Beraucnserca no gopmyne a

£8 =210 =5 (05 = )= = 5) O = ) (1.15)

IIpasas wacts ¢opmynsl paBHa +S B TOM Clyyae, KOIjia Kpardaiinnit OBOPOT OT-
pe3ka AB k orpesky AC monoxwreneH (puc. 1.5, a), ¥ —S, KOrJja yKa3aHHslH NOBOPOT
orpuuareneH (puc. 1.5, 6).

B dopmyne (1.15) GepyT 3HaK IUIOC, KOrAA BRIPAKEHHE B KBAAPATHLIX CKOOKAX IO-
JIOXMTENILHO, H MHHYC, KOIZI2 OHO OTPHMUATENHHO. ’






