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Ðàññìîòðèì çàäà÷ó òèïà Êîøè

(
Dα

0+,tu
)
(x, t) = λ2∆xu(x, t) (x ∈ Rm, t > 0, λ > 0), (1)

(
Dα−k

0+,tu
)

(x, 0+) = fk(x) (k = 1, . . . , n = −[−α], x ∈ Rm). (2)

Çäåñü
(
Dα

0+,tu
)
(x, t) � ÷àñòíàÿ ïðîèçâîäíàÿ Ðèìàíà�Ëèóâèëëÿ ïîðÿäêà α > 0 ôóíêöèè u(x, t)

ïî âòîðîé ïåðåìåííîé [1, ñ.342]

(
Dα

0+,tu
)
(x, t) =

(
∂

∂t

)n 1
Γ(n− α)

t∫

0

u(x, τ)dτ

(t− τ)α−n+1
(n = −[−α], x ∈ Rm, t > 0), (3)

(
Dα−k

0+,tu
)

(x, t) îïðåäåëÿåòñÿ (3) ïðè k = 1, . . . , n−1, è

(
Dα−n

0+,t u
)

(x, t) =
(
In−α
0+,t u

)
(x, t) =

1
Γ(n− α)

t∫

0

u(x, τ)dτ

(t− τ)α−n+1
,

âûðàæåíèå
(
Dα−k

0+,t

)
(x, 0+) ïîíèìàåòñÿ êàê ïðåäåë
(
Dα−k

0+,t

)
(x, 0+) = lim

t→0+

(
Dα−k

0+,tu
)

(x, t) (k = 1, . . . , n), (4)

à ∆x � îïåðàòîð Ëàïëàñà îòíîñèòåëüíî x = (x1, x2, . . . , xm) ∈ Rm: ∆x =
m∑

j=1

∂2u
∂x2

j
.

Â ïîñëåäíåå âðåìÿ ïîÿâèëîñü áîëüøîå êîëè÷åñòâî ïóáëèêàöèé, ïîñâÿùåííûõ èññëåäîâàíèþ
óðàâíåíèé âèäà (1), îáîáùàþùèõ êëàññè÷åñêèå óðàâíåíèå òåïëîïðîâîäíîñòè è âîëíîâîå óðàâ-
íåíèå. Ýòî îáóñëîâëåíî èõ îáøèðíûìè ïðèìåíåíèÿìè â çàäà÷àõ ôèçèêè, ìåõàíèêè, õèìèè è
äðóãèõ ïðèêëàäíûõ íàóê, â ÷àñòíîñòè, ïðèëîæåíèÿìè ê ïðîöåññàì ñóáäèôôóçèè è ñóïåðäèô-
ôóçèè. Ïðèâåäåì êðàòêèé îáçîð îñíîâíûõ èññëåäîâàíèé â ýòîì íàïðàâëåíèè.

À.Í. Êî÷óáåé [2] ðàññìîòðåë çàäà÷ó Êîøè
(
D

(α)
0+,tu

)
(x, t) = Lu(x, t) (0 < α < 1; x ∈ Rm, 0 < t ≤ T ), (5)

u(x, 0) = f(x) (x ∈ Rm), (6)

ãäå
(
D

(α)
0+,tu

)
(x, t) � "ðåãóëÿðèçîâàííàÿ" äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà�Ëèóâèëëÿ ïî ïåðåìåí-

íîé t
(
D

(α)
0+,tu

)
(x, t) =

1
Γ(1− α)


 ∂

∂t

t∫

0

u(x, s)ds

(t− s)α
− u(x, 0)

tα


 , (7)

à L � ýëëèïòè÷åñêèé äèôôåðåíöèàëüíûé îïåðàòîð n ïåðåìåííûõ âòîðîãî ïîðÿäêà

L =
∑

i,j

aij
∂i+j

∂xi∂xj
+

∑

i

ai
∂i

∂xi
+ a.
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À.Í. Êî÷óáåé äîêàçàë, ÷òî çàäà÷à Êîøè (5)-(6) èìååò åäèíñòâåííîå ðåøåíèå u(x, t) ïðè ñîîò-
âåòñòâóþùèõ óñëîâèÿõ íà ôóíêöèþ f(x) è êîýôôèöèåíòû aij , ai è a îïåðàòîðà L, à òàêæå
óêàçàë óñëîâèÿ, ïðè êîòîðûõ ýòà çàäà÷à ñ f(x) = 0 èìååò íåíóëåâîå ðåøåíèå. Â ñëó÷àå, êîãäà
L = ∆x åñòü Ëàïëàñèàí, îí ïîëó÷èë â ÿâíîì âèäå ôóíäàìåíòàëüíîå ðåøåíèå u(x, t) â òåðìèíàõ
òàê íàçûâàåìîé H-ôóíêöèè [3].

È. Ïîäëþáíûé [4, ï.4.1.2] ïðèìåíèë òåõíèêó èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ôóðüå è Ëàïëà-
ñà äëÿ ïîëó÷åíèÿ ðåøåíèÿ çàäà÷è òèïà Êîøè äëÿ óðàâíåíèÿ

(
Dα

0+,tu
)
(x, t) = λ2 ∂2u(x, t)

∂x2
(x ∈ R, t > 0, 0 < α < 1) (8)

ñ íà÷àëüíûìè óñëîâèÿìè
(
Dα−1

0+,tu
)

(x, t)
∣∣∣
t=0

= f(x), lim
|x|→∞

u(x, t) = 0, (9)

è äëÿ óðàâíåíèÿ òèïà Øíàéäåðà-Âàéñà

u(x, t) = f(x) + λ2 1
Γ(α)

∂2

∂x2

t∫

0

u(x, s)ds

(t− s)1−α
(x ∈ R; 0 < α ≤ 1) (10)

ñ íà÷àëüíûìè óñëîâèÿìè

u(x, 0) = f(x) (x ∈ R), lim
x→±∞u(x, t) = 0 (t > 0) (11)

â âèäå

u(x, t) =

∞∫

−∞
Gα(x− τ, t)f(τ)dτ, (12)

ãäå
Gα(x, t) =

1
2λ

t(α−2)/2ϕ

(
−|x|

λ
t−α/2;−α

2
,
α

2

)
. (13)

Ð. Õèëôåð [5] ïîëó÷èë ôóíäàìåíòàëüíîå ðåøåíèå ìíîãîìåðíîãî óðàâíåíèÿ âèäà (1) ïîðÿäêà
0 < α < 1 ñ êðàåâûì óñëîâèåì (9), ãäå f(x) = δ(x) åñòü äåëüòà-ôóíêöèÿ Äèðàêà, â òåðìèíàõ
H2,0

1,2 -ôóíêöèè.
À.Â. Ïñõó [6] ðàññìîòðåë óðàâíåíèå

uxx(x, y)−Dα
0+,yu(x, y) = f(x, y) (14)

â îáëàñòè D, öåëèêîì ëåæàùåé â âåðõíåé ïîëóïëîñêîñòè è îáëàäàþùåé òåì ñâîéñòâîì, ÷òî
âìåñòå ñ òî÷êîé (x, y) ∈ D îíà ñîäåðæèò èíòåðâàë ñ êîíöàìè â òî÷êàõ (x, y) è (x, 0). Ìåòîäîì
ðåäóêöèè ê ñèñòåìå óðàâíåíèé ìåíüøåãî ïîðÿäêà ïîñòðîåíî ðåøåíèå u(x, y) çàäà÷è Êîøè äëÿ
óðàâíåíèÿ (14) ñ 0 < α ≤ 1 â îáëàñòè D = {(x, y) : x ∈ R, 0 < y < T}, óäîâëåòâîðÿþùåå óñëîâèþ

lim
y→0

Dα−1
0+,yu(x, y) = τ(x), x ∈ R, (15)

â òåðìèíàõ ôóíêöèè òèïà Ðàéòà. Â [7] À.Â. Ïñõó ïîñòðîåíî îáùåå ïðåäñòàâëåíèå ðåøåíèÿ
äèôôóçèîííî-âîëíîâîãî óðàâíåíèÿ (14) (0 < α < 2) â ïðÿìîóãîëüíîé îáëàñòè, è ïîëó÷åíû
ôóíêöèè Ãðèíà îñíîâíûõ êðàåâûõ çàäà÷.

Îáçîð äðóãèõ ðàáîò, ïîñâÿùåííûõ èññëåäîâàíèþ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ (1) è åãî
àíàëîãîâ ñ ÷àñòíîé ïðîèçâîäíîé Êàïóòî, ïðèâåäåí â [8, ãëàâà 6.1].

Ðåøåíèå çàäà÷è (1)-(2) ïðè 0 < α ≤ 1 è 1 < α < 2 ïîëó÷åíî â [9] ñîîòâåòñòâåííî â âèäå

u(x, t) =
∫

Rm

Gα
1 (x− τ, t)f1(τ)dτ (0 < α ≤ 1), (16)
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u(x, t) =
∫

Rm

[Gα
1 (x− τ, t)f1(τ) + Gα

2 (x− τ, t)f2(τ)] dτ (1 < α < 2), (17)

ãäå

Gα
k (x, t) =

2−m|x| 2−m
2

λ1+m
2 π

m−1
2

t−k−α(m−2)
4 H2,0

2,2

[
|x|
λ

t−
α
2

∣∣∣∣∣
(

m
4 , 1

2

)
,
(
1− k − α(m−2)

4 , α
2

)
(

m
2 − 1, 1

)
,
(

1
2 − m

4 , 1
2

)
]

(k = 1, 2). (18)

Ñ ïîìîùüþ ñâîéñòâ H-ôóíêöèè [3, (2.1.5)]

zσHr,n
p,q

[
z

∣∣∣∣
(ai, αi)1,p

(bj , βj)1,q

]
= Hr,n

p,q

[
z

∣∣∣∣
(ai + σαi, αi)1,p

(bj + σβj , βj)1,q

]
(σ ∈ C),

ôóíêöèè Gα
1 (x, t) è Gα

2 (x, t) ïðèâîäÿòñÿ ê áîëåå ïðîñòîìó âèäó:

Gα
k (x, t) = π−

m
2 |x|−mtα−kH2,0

1,2

[ |x|2
4λ2tα

∣∣∣∣
(α− k + 1, α)(

m
2 , 1

)
, (1, 1)

]
(k = 1, 2). (19)

Ôóíêöèþ u(x, t) (x ∈ Rm, t > 0), â ñîîòâåòñòâèè ñ [2], áóäåì íàçûâàåòü êëàññè÷åñêèì
ðåøåíèåì çàäà÷è òèïà Êîøè (1), (2), åñëè: 1) u(x, t) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà
ïî x ïðè êàæäîì t > 0; 2) ïðè êàæäîì x ∈ Rm u(x, t) íåïðåðûâíà ïî t è èìååò íåïðåðûâíóþ
÷àñòíóþ ïðîèçâîäíóþ ïîðÿäêà α ïî t; 3) âûïîëíåíû ðàâåíñòâà (1), (2).

Èññëåäóåì ðåøåíèÿ (16) (0 < α ≤ 1) è (17) (1 < α < 2). Äëÿ ýòîãî îöåíèì ôóíêöèè Gα
k (x, t)

(k = 1, 2) è èõ ïðîèçâîäíûå ïî x.
Íàéäåì àñèìïòîòè÷åñêóþ îöåíêó H2,0

1,2 -ôóíêöèé â (19).
Ë åììà 1. Ïóñòü m ∈ N, 0 < α < 2; k = 1 ïðè 0 < α ≤ 1 è k = 1, 2 ïðè 1 < α < 2. Òîãäà

ñïðàâåäëèâû ñëåäóþùèå àñèìïòîòè÷åñêèå îöåíêè:

H2,0
1,2

[ |x|2
4λ2tα

∣∣∣∣
(α− k + 1, α) ,(

m
2 , 1

)
, (1, 1)

]
= Ak exp

[
−(2− α)α

α
2−α

( |x|2
4λ2 tα

) 1
2−α

]
×

×
( |x|2

4λ2tα

) 1
2−α(m

2
−α+k) [

1 + O

(
tα

|x|2
) 1

2−α

]
(|x|2t−α →∞, k = 1, 2), (20)

ãäå Ak (k = 1, 2) - íåêîòîðûå ïîñòîÿííûå.
Äîê à ç à ò å ë ü ñ ò â î. Â ñîîòâåòñòâèè ñ òåîðåìîé [3, Ò. 1.10], H-ôóíêöèÿ Hq,0

p,q (z) èìååò ïðè
∆ > 0 è a∗ > 0 ýêñïîíåíöèàëüíîå ïîâåäåíèå íà áåñêîíå÷íîñòè:

Hq,0
p,q (z) = C1e

D1z1/∆
z(µ+1/2)/∆

[
1 + O

(
1
z

)1/∆
]

(z →∞), (21)

ãäå C1 è D1 � êîíñòàíòû, âûðàæàþùèåñÿ ÷åðåç ïàðàìåòðû ∆, a∗, a∗1, µ è δ H-ôóíêöèè Hq,0
p,q (z).

Â ñîîòâåòñòâèè ñ îïðåäåëåíèÿìè [3, (1.1.7)�(1.1.11)], äëÿ Hr,n
p,q

[
z

∣∣∣∣
(a1, α1), . . . , (ap, αp)
(b1, β1), . . . , (bq, βq)

]
èìååì

a∗ =
n∑

i=1

αi −
p∑

i=n+1

αi +
r∑

j=1

βj −
q∑

j=r+1

βj , ∆ =
q∑

j=1

βj −
p∑

i=1

αi,

δ =
p∏

i=1

α−αi
i

q∏

j=1

β
βj

j , µ =
q∑

j=1

bj −
p∑

i=1

ai +
p− q

2
, a∗1 =

r∑

j=1

βj −
p∑

i=n+1

αi.

Íàéäåì çíà÷åíèÿ ýòèõ ïàðàìåòðîâ äëÿ ôóíêöèè H2,0
1,2

[
|x|2

4λ2tα

∣∣∣∣
(α− k + 1, α)(

m
2 , 1

)
, (1, 1)

]
:

∆ = a∗ = a∗1 = 2− α > 0 ïðè 0 < α < 2, (22)
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δ = α−α, µ =
m− 1

2
− α + k. (23)

Ôîðìóëà äëÿ êîíñòàíòû D1 èìååò âèä [3, (1.7.2)]:

D1 = ∆
(

eia∗1π

δ

)1/∆

. (24)

Èç ðàâåíñòâ (22), (23) ïîëó÷èì
D1 = −(2− α)α

α
2−α . (25)

Ïîäñòàâëÿÿ ïàðàìåòðû (22), (23) è (25) â ôîðìóëó (21), ïîëó÷èì îöåíêó (20), ÷òî äîêàçûâàåò
ëåììó.

Èç îöåíêè (20) âûâåäåì àñèìïòîòè÷åñêèå ñîîòíîøåíèÿ äëÿ ôóíêöèé Gα
1 (x, t) è Gα

2 (x, t) ïðè
|x|2t−α →∞:

Gα
k (x, t) = Bk exp

[
−(2− α)α

α
2−α

( |x|2
4λ2 tα

) 1
2−α

]
×

×|x|−mtα−k

( |x|2
4λ2tα

) 1
2−α(m

2
−α+k) [

1 + O

(
tα

|x|2
) 1

2−α

]
, (26)

ãäå k = 1 ïðè 0 < α ≤ 1 è k = 1, 2 ïðè 1 < α < 2.
Èç ñîîòíîøåíèÿ (26) ñëåäóåò, ÷òî ôóíêöèè Gα

1 (x, t) è Gα
2 (x, t) äëÿ ëþáîãî ôèêñèðîâàííîãî

t > 0 ñòðåìÿòñÿ ê íóëþ ïðè |x| → ∞,

lim
|x|→∞

Gα
1 (x, t) = lim

|x|→∞
Gα

2 (x, t) = 0 (x ∈ Rm). (27)

Ë åììà 2. Ïóñòü m ∈ N, 0 < α < 2; k = 1 ïðè 0 < α ≤ 1 è k = 1, 2 ïðè 1 < α < 2. Òîãäà
Gα

k (x, t0) ∈ L(Rm) ïðè ëþáîì t0 > 0.
Äîê à ç à ò å ë ü ñ ò â î.
Âûâåäåì àñèìïòîòè÷åñêèå îöåíêè äëÿ ôóíêöèé Gα

k (x, t) ïðè |x|2t−α → 0. Íàéäåì àñèìïòî-
òè÷åñêîå ðàçëîæåíèå â íóëå H-ôóíêöèè

H2,0
1,2

[
z

∣∣∣∣
(α− k + 1, α)(

m
2 , 1

)
, (1, 1)

]
. (28)

Â ñîîòâåòñòâèè ñ òåîðåìîé [3, Ò.1.12],

Hr,n
p,q (z) ≡ Hr,n

p,q

[
z

∣∣∣∣
(a1, α1), . . . , (ap, αp)
(b1, β1), . . . , (bq, βq)

]
=

=
∑

j

′ [
h∗jz

bj/βj + o
(
zbj/βj

)]
+

∑

j

′′ [
H∗

j zbj/βj [ln z]N
∗
j −1 + o

(
zbj/βj [ln z]N

∗
j −1

)]
(z → 0), (29)

ãäå ai, bh ∈ C; αi, βh ∈ R+ = (0,∞) (i = 1, 2, . . . , p; h = 1, 2, . . . , q), à
∑′ è

∑′′� ñóììèðîâàíèå
ïî òàêèì j (j = 1, . . . , r), ÷òî ãàììà-ôóíêöèè Γ(bj + βjs) èìåþò ïðîñòûå ïîëþñû è ïîëþñû
ïîðÿäêà N∗

j â òî÷êàõ bj0 ñîîòâåòñòâåííî, bjl = −bj−l
βj

(j = 1, . . . , r; l = 0, 1, 2, . . . )
Ãàììà-ôóíêöèè Γ

(
m
2 + s

)
è Γ(1 + s) èìåþò ïîëþñû â òî÷êàõ b1l = −m

2 − l è b2l = −1 − l
(l = 0, 1, 2, . . . ).

Åñëè m íå÷åòíî, òî ïîëþñû b10 = −m
2 è b20 = −1 èìåþò ïåðâûé ïîðÿäîê è, â ñîîòâåòñòâèè

ñ ôîðìóëîé (29),

H2,0
1,2

[
z

∣∣∣∣
(α− k + 1, α)(

m
2 , 1

)
, (1, 1)

]
= h∗1z

m
2 + o

(
z

m
2

)
+ h∗2z + o (z) (z → 0), (30)
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ãäå h∗1 è h∗2 � íåêîòîðûå êîíñòàíòû.
Åñëè m = 2, òî ïîëþñ b10 = −1 = b20 èìååò ïîðÿäîê 2, è ñïðàâåäëèâî ñîîòíîøåíèå

H2,0
1,2

[
z

∣∣∣∣
(α− k + 1, α)(

m
2 , 1

)
, (1, 1)

]
= H∗

1z ln z + o (z ln z) (z → 0), (31)

ãäå H∗
1 � êîíñòàíòà.

Åñëè m � ÷åòíîå ÷èñëî áîëüøå 2, òî ïîëþñ b10 = −m
2 èìååò ïîðÿäîê 2, à ïîëþñ b20 = −1 �

ïðîñòîé. Ïîýòîìó, â ñîîòâåòñòâèè ñ (29),

H2,0
1,2

[
z

∣∣∣∣
(α− k + 1, α)(

m
2 , 1

)
, (1, 1)

]
= H∗

1z
m
2 ln z + o

(
z

m
2 ln z

)
+ h∗2z + o(z) (z → 0), (32)

ãäå H∗
1 è h∗2 � êîíñòàíòû.

Èç ñîîòíîøåíèé (30) � (32) ïîëó÷èì îöåíêó ôóíêöèé Gα
k (x, t) ïðè |x|2t−α < 1, x 6= 0:

|Gα
k (x, t)| ≤ Ct−k|x|−m+2 (k = 1, 2, x ∈ Rm, m > 2), (33)

|Gα
k (x, t)| ≤ Ct−k

[∣∣ln (|x|2t−α
)∣∣ + 1

]
(k = 1, 2, x ∈ R2), (34)

|Gα
k (x, t)| ≤ Ct

α
2
−k (k = 1, 2, x ∈ R). (35)

Èç íåðàâåíñòâ (33) � (35) ñëåäóåò, ÷òî ôóíêöèè |Gα
1 (x, t)| è |Gα

2 (x, t)| èíòåãðèðóåìû ïî x â
íóëå â Rm ïðè ëþáîì t > 0.

Ó÷èòûâàÿ àñèìïòîòèêó (26) ýòèõ ôóíêöèé íà áåñêîíå÷íîñòè, ïîëó÷èì, ÷òî
Gα

k (x, t0) ∈ L(Rm) äëÿ ëþáîãî t0 > 0.

Ç àì å ÷ à í è å. Ïðàâàÿ ÷àñòü ôîðìóëû (29) äëÿ ôóíêöèè H2,0
1,2

[
z

∣∣∣∣
(α− k + 1, α)
(m/2, 1), (1, 1)

]
ìîæåò

áûòü çàïèñàíà êàê ñóììà âû÷åòîâ ôóíêöèè Γ(1+s)Γ(s+m/2)
Γ(α−k+1+αs) z−s. Ýòà ôóíêöèÿ íå èìååò îñîáåííî-

ñòè â òî÷êå s = −1 (k = 1, 2), çà èñêëþ÷åíèåì ñëó÷àÿ m = 2. À ïðè m = 2 â òî÷êå s = −1 îíà
èìååò ïîëþñ ïåðâîãî ïîðÿäêà. Ïîýòîìó àñèìïòîòè÷åñêèå ôîðìóëû (30)�(32) ìîãóò áûòü óëó÷-
øåíû. Íàïðèìåð, â ôîðìóëå (30) âìåñòî . . .+h∗2z +o(z) ìîæåò áûòü çàïèñàíî . . .+h∗2z

2 +o(z2).
Îäíàêî äëÿ íàøåãî ñëó÷àÿ äîñòàòî÷íî îöåíîê (33)�(35), âûòåêàþùèõ èç (30)�(32).

Èç ëåìì 1 è 2 ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò.
Ò å î ð åì à 1. Ïóñòü 0 < α < 2, m ∈ N è λ > 0.
(a) Åñëè 0 < α ≤ 1 è f1(x) ∈ L(Rm), òî ðåøåíèå (16) çàäà÷è òèïà Êîøè (1), (2) ïðèíàä-

ëåæèò L(Rm) äëÿ ëþáîãî ôèêñèðîâàííîãî t > 0. Åñëè äîïîëíèòåëüíî lim
|x|→∞

f1(x) = 0, òî äëÿ
ëþáîãî ôèêñèðîâàííîãî t > 0

lim
|x|→∞

u(x, t) = 0. (36)

(b) Åñëè 1 < α < 2, f1(x) ∈ L(Rm) è f2(x) ∈ L(Rm), òî ðåøåíèå (17) çàäà÷è òèïà Êîøè (1),
(2) ïðèíàäëåæèò L(Rm) äëÿ ëþáîãî ôèêñèðîâàííîãî t > 0. Åñëè äîïîëíèòåëüíî lim

|x|→∞
f1(x) =

lim
|x|→∞

f2(x) = 0, òî äëÿ ëþáîãî ôèêñèðîâàííîãî t > 0

lim
|x|→∞

u(x, t) = 0 (x ∈ Rm). (37)

Ä î ê à ç à ò å ë ü ñ ò â î.
Äîêàæåì ñíà÷àëà óòâåðæäåíèå (a). Ðåøåíèå (16) çàäà÷è òèïà Êîøè (1), (2) ïðåäñòàâëÿåò

ñîáîé ñâåðòêó Ôóðüå ôóíêöèé Gα
1 (x, t) è f1(x) ïî ïåðåìåííîé x.

Òàê êàê ïî ëåììå 2 ôóíêöèÿ Gα
1 (x, t) ∈ L(Rm) äëÿ ëþáîãî ôèêñèðîâàííîãî t > 0, à f1(x) ∈

L(Rm) ïî óñëîâèþ, òî ñâåðòêà (16) ñóùåñòâóåò è ïðèíàäëåæèò L(Rm) â ñèëó èçâåñòíîé òåîðåìû
î ñâåðòêå; ñì., íàïðèìåð, [10, Òåîðåìà 1.3].
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Åñëè lim
|x|→∞

f1(x) = 0, òî, ó÷èòûâàÿ àñèìïòîòèêó Gα
1 (x, t) íà áåñêîíå÷íîñòè, ∀ε > 0 ∃A > 0

òàêîå, ÷òî ïðè |x| > A |Gα
1 (x, t)| < ε è |f1(x)| < ε.

Òîãäà äëÿ |x| > 2A èìååì

|u(x, t)| =
∣∣∣∣∣∣

∫

Rm

Gα
1 (x− τ, t)f1(τ)dτ

∣∣∣∣∣∣
≤

∫

|τ |≤A

|Gα
1 (x− τ, t)| |f1(τ)|dτ +

∫

|τ |>A

|Gα
1 (x− τ, t)| |f1(τ)|dτ ≤

≤ ε

∫

|τ |≤A

|f1(τ)|dτ + ε

∫

|τ |>A

|Gα
1 (x− τ, t)| dτ ≤ ε(I1 + I2), (38)

ãäå
I1 =

∫

Rm

|f1(τ)|dτ, I2 =
∫

Rm

|Gα
1 (τ, t)| dτ.

Èç íåðàâåíñòâà (38) ñëåäóåò, ÷òî ôóíêöèÿ u(x, t) ñòðåìèòñÿ ê íóëþ ïðè |x| → ∞, ÷òî äîêàçûâàåò
ñëó÷àé (a).

Â ñëó÷àå (b) äîêàçàòåëüñòâî òåîðåìû àíàëîãè÷íî ñëó÷àþ (a).

Íàéäåì àñèìïòîòèêó ïðîèçâîäíûõ ôóíêöèé Gα
k (x, t) ïðè |x|2t−α → ∞ è |x|2t−α → 0. Òàê

êàê ôóíêöèè Gα
k (x, t) çàâèñÿò îò |x|, îáîçíà÷èì ρ = |x| è, â ñîîòâåòñòâèè ñ ôîðìóëîé äëÿ

ïðîèçâîäíûõ H-ôóíêöèè [3, (2.2.2)]
(

d

dz

)k {
zωHr,n

p,q

[
czσ

∣∣∣∣
(ai, αi)1,p

(bj , βj)1,q

]}
= (−1)kzω−kHr+1,n

p+1,q+1

[
czσ

∣∣∣∣
(ai, αi)1,p, (−ω, σ)

(k − ω, σ), (bj , βj)1,q

]
(39)

(ω, c ∈ C, σ > 0) ,

ïîëó÷èì

∂nGα
k (x, t)

∂ρn
=

(
∂

∂ρ

)n (
π−

m
2 ρ−mtα−kH2,0

1,2

[
ρ2

4λ2tα

∣∣∣∣
(α− k + 1, α)(

m
2 , 1

)
, (1, 1)

])
=

= (−1)nπ−
m
2 ρ−m−ntα−kH3,0

2,3

[
ρ2

4λ2tα

∣∣∣∣
(α− k + 1, α), (m, 2)

(m + n, 2),
(

m
2 , 1

)
, (1, 1)

]
; (40)

(ρ > 0, t > 0, n ∈ N, k = 1, 2).

H-ôóíêöèÿ â âûðàæåíèè (40) èìååò íà áåñêîíå÷íîñòè ýêñïîíåíöèàëüíîå ïîâåäåíèå (21).
Â ñîîòâåòñòâèè ñ îïðåäåëåíèÿìè [3, (1.1.7)�(1.1.11)] è (24), íàéäåì äëÿ ôóíêöèè
H3,0

2,3

[
ρ2

4λ2tα

∣∣∣∣
(α− k + 1, α) , (m, 2)

(m + n, 2),
(

m
2 , 1

)
, (1, 1)

]
çíà÷åíèÿ ïàðàìåòðîâ

∆ = a∗ = a∗1 = 2− α > 0 ïðè 0 < α < 2, (41)

δ = α−α, µ =
m− 1

2
− α + k + n, (42)

D1 = −(2− α)α
α

2−α . (43)
Ó÷èòûâàÿ íåðàâåíñòâà

∣∣∣∣
∂Gα

k (x, t)
∂xi

∣∣∣∣ =
∣∣∣∣
∂Gα

k (x, t)
∂ρ

· xi

ρ

∣∣∣∣ ≤
∣∣∣∣
∂Gα

k (x, t)
∂ρ

∣∣∣∣ , (44)

∣∣∣∣
∂2Gα

k (x, t)
∂x2

i

∣∣∣∣ =
∣∣∣∣
∂2Gα

k (x, t)
∂ρ2

· x2
i

ρ2
+

∂Gα
k (x, t)
∂ρ

(
1
ρ
− x2

i

ρ3

)∣∣∣∣ ≤
∣∣∣∣
∂2Gα

k (x, t)
∂ρ2

∣∣∣∣ +
2
ρ

∣∣∣∣
∂Gα

k (x, t)
∂ρ

∣∣∣∣ , (45)
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c ïîìîùüþ ñîîòíîøåíèÿ (21) ïîëó÷èì îöåíêó äëÿ ïðîèçâîäíûõ:
∣∣∣∣
∂nGα

k (x, t)
∂xn

i

∣∣∣∣ ≤ Bk exp

[
−(2− α)α

α
2−α

( |x|2
4λ2 tα

) 1
2−α

]
×

×|x|−m−ntα−k

( |x|2
4λ2tα

) 1
2−α(m

2
−α+k+n)

(|x|2t−α > 1, k = 1, 2). (46)

Íàéäåì àñèìïòîòèêó ïðîèçâîäíûõ ∂nGα
k (x,t)

∂xn
i

ïðè |x|2t−α → 0. Â ñîîòâåòñòâèè ñ îöåíêîé (29),
ôîðìóëîé äëÿ ïðîèçâîäíîé (40) è íåðàâåíñòâàìè (44)-(45), ïðè |x|2t−α < 1, x 6= 0

∣∣∣∣
∂nGα

k (x, t)
∂xn

i

∣∣∣∣ ≤ Ct−k|x|−m−n+2 (k = 1, 2, x ∈ Rm,m ≥ 2). (47)

Äëÿ ïîëó÷åíèÿ îöåíêè ïðè m=1 âîñïîëüçóåìñÿ ïðåäñòàâëåíèåì Gα
k (x, t) ÷åðåç

H1,0
1,1 -ôóíêöèþ, êîòîðîå ïîëó÷àåòñÿ èç ôîðìóëû (19) ñ ïîìîùüþ ñâîéñòâ H-ôóíêöèè:

Gα
k (x, t) =

1
2λ

t
α
2
−kH1,0

1,1

[ |x|
λtα/2

∣∣∣∣
(

α
2 − k + 1, α

2

)
(0, 1)

]
.

Ïî ôîðìóëå äèôôåðåíöèðîâàíèÿ H-ôóíêöèè (39),

∂nGα
k (x, t)

∂xn
=

(−1)n

2λ
t

α
2
−k|x|−nH2,0

2,2

[ |x|
λtα/2

∣∣∣∣
(

α
2 − k + 1, α

2

)
, (0, 1)

(n, 1), (0, 1)

]
=

=
(−1)n

2λ
t

α
2
−k|x|−nH1,0

1,1

[ |x|
λtα/2

∣∣∣∣
(

α
2 − k + 1, α

2

)
(n, 1)

]
.

Ñ ïîìîùüþ ñîîòíîøåíèÿ (29) ïîëó÷èì ïðè |x|2t−α < 1, x 6= 0
∣∣∣∣
∂nGα

k (x, t)
∂xn

∣∣∣∣ ≤ Ct
α(1−n)

2
−k (k = 1, 2, x ∈ R). (48)

Ë åììà 3.Ôóíêöèè Gα
1 (x, t) è Gα

2 (x, t) â (19) óäîâëåòâîðÿþò äèôôóçèîííî-âîëíîâîìó óðàâ-
íåíèþ (1) ïðè 0 < α < 1 è 0 < α < 2, ñîîòâåòñòâåííî.

Äîê à ç à ò å ë ü ñ ò â î. Óòâåðæäåíèå ëåììû íåïîñðåäñòâåííî ïðîâåðÿåòñÿ ñ èñïîëüçîâàíè-
åì ôîðìóëû äèôôåðåíöèðîâàíèÿ H-ôóíêöèè (39) è ôîðìóëû äðîáíîé ïðîèçâîäíîé Ðèìàíà�
Ëèóâèëëÿ H-ôóíêöèè [3, 2.7.22]:

(
Dα

0+tωHr,n
p,q

[
tσ

∣∣∣∣
(ai, αi)1,p

(bj , βj)1,q

])
= tω−αHr,n+1

p+1,q+1

[
tσ

∣∣∣∣
(−ω, σ), (ai, αi)1,p

(bj , βj)1,q, (−ω + α, σ)

]
. (49)

Ââåäåì ïðîñòðàíñòâî Cγ [0,∞) = {g : g(t) ∈ C(0,∞), lim
t→+0

tγg(t) < +∞}.

Ò å î ð åì à 2. (a) Ïóñòü ôóíêöèÿ f1(x) íåïðåðûâíà íà Rm, èìååò íå áîëåå ÷åì ýêñïîíåí-
öèàëüíûé ðîñò íà áåñêîíå÷íîñòè

|f1(x)| ≤ C exp(h|x|µ)
(

C, h > 0, µ <
2

2− α

)
(50)

è ëîêàëüíî ãåëüäåðîâà, åñëè m > 1. È ïóñòü Gα
1 (x, t) îïðåäåëÿåòñÿ (19). Òîãäà ôóíêöèÿ (16)

ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1), (2), ïðè ýòîì u(x, t) ∈ C 1−α[0,∞) äëÿ ëþáîãî
x ∈ Rm.
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(b) Ïóñòü äëÿ ôóíêöèè f1(x) âûïîëíåíû óñëîâèÿ ïóíêòà (a), ôóíêöèÿ f2(x) óäîâëåòâîðÿ-
åò îöåíêå (50) è ïðèíàäëåæèò êëàññó H1+µ ñ µ > 2−α

α , ò.å. f2(x) ∈ C1(Rm) è åå ÷àñòíûå
ïðîèçâîäíûå ïåðâîãî ïîðÿäêà ëîêàëüíî ãåëüäåðîâû ñ ïîêàçàòåëåì µ. È ïóñòü Gα

1 (x, t), Gα
2 (x, t)

îïðåäåëÿþòñÿ (19). Òîãäà ôóíêöèÿ (17) ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1), (2), ïðè
ýòîì u(x, t)∈C 2−α[0,∞) äëÿ ëþáîãî x ∈ Rm.

Äîê à ç à ò å ë ü ñ ò â î.
Èñïîëüçóåì ñõåìó, ïðåäëîæåííóþ À.Í. Êî÷óáååì [2] äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ

êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ (5).
Ðàññìîòðèì ñëó÷àé (a).
Çàôèêñèðóåì t > 0. Ðàññìîòðèì èíòåãðàë

I =
∫

Rm

Gα
1 (τ, t)f1(x− τ)dτ (x ∈ Rm, t > 0). (51)

è ïðåäñòàâèì åãî â âèäå ñóììû

I = I1 + I2 =
∫

|τ |≤tα/2

Gα
1 (τ, t)f1(x− τ)dτ +

∫

|τ |>tα/2

Gα
1 (τ, t)f1(x− τ)dτ. (52)

Çàôèêñèðóåì ïðîèçâîëüíîå A > 0 è èññëåäóåì ñõîäèìîñòü ýòèõ èíòåãðàëîâ íà ìíîæåñòâå
Ω = {x : |x| ≤ A}.

Ôóíêöèÿ f1(x − τ) íåïðåðûâíà íà Rm, ïîýòîìó îíà îãðàíè÷åíà ïðè |τ | ≤ tα/2 è |x| ≤ A.
À ôóíêöèÿ Gα

1 (τ, t), â ñîîòâåòñòâèè ñ ëåììîé 2, èíòåãðèðóåìà ïî τ â íóëå. Òàêèì îáðàçîì,
ïîäûíòåãðàëüíàÿ ôóíêöèÿ â èíòåãðàëå I1 (52) ìàæîðèðóåòñÿ èíòåãðèðóåìîé ôóíêöèåé, íå
çàâèñÿùåé îò x, â ñèëó ÷åãî ýòîò èíòåãðàë ñõîäèòñÿ ðàâíîìåðíî ïî x íà Ω.

Ïîëüçóÿñü îöåíêîé (50), ïîëó÷èì

|f1(x− τ)| ≤ C exp (h(|τ |+ A)µ) (53)

ïðè x ∈ Ω. Ïðèíèìàÿ âî âíèìàíèå àñèìïòîòèêó (26) ôóíêöèè Gα
1 íà áåñêîíå÷íîñòè, ïîëó÷èì

íåðàâåíñòâî

|Gα
1 (τ, t)f1(x− τ)| ≤ C exp

[
h(|τ |+ A)µ − (2− α)α

α
2−α (4λ2tα)−

1
2−α |τ | 2

2−α

]
×

×|τ |−mtα−1

( |τ |2
4λ2tα

) 1
2−α(m

2
−α+1)

. (54)

Òàê êàê µ < 2
2−α , òî ôóíêöèÿ (54) èíòåãðèðóåìà íà áåñêîíå÷íîñòè. Òàêèì îáðàçîì, ïîäûí-

òåãðàëüíàÿ ôóíêöèÿ â èíòåãðàëå I2 (52) òàêæå ìàæîðèðóåòñÿ èíòåãðèðóåìîé ôóíêöèåé, íå
çàâèñÿùåé îò x. Ñëåäîâàòåëüíî, ýòîò èíòåãðàë ñõîäèòñÿ ðàâíîìåðíî ïî x íà Ω.

Èç íåïðåðûâíîñòè ïîäûíòåãðàëüíûõ ôóíêöèé â I1 è I2 â îáëàñòè èíòåãðèðîâàíèÿ è ðàâíî-
ìåðíîé ñõîäèìîñòè ýòèõ èíòåãðàëîâ ïî x íà Ω ñëåäóåò, ÷òî ôóíêöèÿ (51) ñóùåñòâóåò è íåïðå-
ðûâíà ïî x ïðè |x| ≤ A. Ââèäó ïðîèçâîëüíîñòè âûáîðà A ïîëó÷àåì, ÷òî îíà íåïðåðûâíà ïî x
íà Rm.

Òîãäà, ïî ñâîéñòâó ñèììåòðè÷íîñòè ñâåðòêè, ôóíêöèÿ (16) òàêæå îïðåäåëåíà è íåïðåðûâíà
ïî x.

Äîêàæåì, ÷òî ôóíêöèÿ (16) íåïðåðûâíî äèôôåðåíöèðóåìà ïî x. Ðàññìîòðèì èíòåãðàë
∫

Rm

∂Gα
1 (x− τ, t)

∂xi
f1(τ)dτ, (55)

ïîëó÷åííûé äèôôåðåíöèðîâàíèåì ïî xi (1 ≤ i ≤ m) ïîäûíòåãðàëüíîé ôóíêöèè â (16). Ñðàâíè-
âàÿ àñèìïòîòèêó (26) è (33)�(35) ôóíêöèè Gα

1 è åå ïðîèçâîäíîé (46)�(48), âèäèì, ÷òî äîêàçà-
òåëüñòâî ñóùåñòâîâàíèÿ è íåïðåðûâíîñòè ôóíêöèè (55) àíàëîãè÷íî ïðîâåäåííîìó äëÿ ñâåðòêè
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(16). Òàêèì îáðàçîì, ôóíêöèÿ (16) íåïðåðûâíî äèôôåðåíöèðóåìà ïî x è ñïðàâåäëèâà ôîðìóëà

∂u(x, t)
∂xi

=
∫

Rm

∂Gα
1 (x− τ, t)

∂xi
f1(τ)dτ. (56)

Äëÿ âòîðîé ïðîèçâîäíîé ôóíêöèè Gα
1 ïðè m ≥ 2 îöåíêà (47) èìååò âèä

∣∣∣∣
∂2

∂x2
i

Gα
1 (x, t)

∣∣∣∣ ≤ Ct−1|x|−m (x ∈ Rm, m ≥ 2), (57)

è íå ÿâëÿåòñÿ äîñòàòî÷íîé äëÿ èíòåãðèðóåìîñòè ýòîé ôóíêöèè â íóëå â Rm. Ïîýòîìó äîêà-
çàòåëüñòâî, ïðîâåäåííîå äëÿ ôóíêöèè u(x, t) è åå ïåðâîé ïðîèçâîäíîé, íåïîñðåäñòâåííî íå
ïåðåíîñèòñÿ íà ýòîò ñëó÷àé.

Â ñîîòâåòñòâèè ñ ëåììîé 2, ôóíêöèÿ Gα
1 (x, t) èíòåãðèðóåìà íà Rm. Çàôèêñèðóåì t > 0 è

îáîçíà÷èì
G =

∫

Rm

Gα
1 (x, t)dx.

Òîãäà äëÿ ëþáîãî x0 ∈ Rm ìîæíî çàïèñàòü ðåøåíèå (16) â âèäå

u(x, t) =
∫

Rm

Gα
1 (x− τ, t)[f1(τ)− f1(x0)]dτ + Gf(x0) (x ∈ Rm, t > 0), (58)

à åãî ïðîèçâîäíóþ

∂u(x, t)
∂xi

=
∫

Rm

∂Gα
1 (x− τ, t)

∂xi
[f1(τ)− f1(x0)]dτ (x ∈ Rm, t > 0). (59)

Âû÷èñëèì ∂2u(x0,t)
∂x2

i
ïðè x0 ∈ Rm, m ≥ 2. Ðàçîáüåì îáëàñòü èíòåãðèðîâàíèÿ â (59) íà äâà

ìíîæåñòâà: Ω1 =
{
τ ∈ Rm : |τ − x0|2 ≥ tα

}
, Ω2 = Rm\Ω1. Ñîîòâåòñòâåííî èíòåãðàë ðàñïàäàåòñÿ

íà ñóììó äâóõ ñëàãàåìûõ v1(x, t) + v2(x, t).
Åñëè x ëåæèò â ìàëîé îêðåñòíîñòè x0, à τ ∈ Ω1, òî âåëè÷èíà |x − τ | îòäåëåíà îò íóëÿ.

Ïîýòîìó
∂v1(x0, t)

∂xi
=

∫

Ω1

∂2Gα
1 (x0 − τ, t)

∂x2
i

[f1(τ)− f1(x0)]dτ. (60)

Ïóñòü d > 0, ~d = (0, . . . , d, . . . , 0) (d íà i-îì ìåñòå). Òîãäà

1
d

[
v2(x0 + ~d, t)− v2(x0, t)

]
−

∫

Ω2

∂2Gα
1 (x0 − τ, t)

∂x2
i

[f1(τ)− f1(x0)]dτ =

=
1
d

∫

|x0−τ |≤2d

∂Gα
1 (x0 + ~d− τ, t)

∂xi
[f1(τ)− f1(x0)]dτ − 1

d

∫

|x0−τ |≤2d

∂Gα
1 (x0 − τ, t)

∂xi
[f1(τ)− f1(x0)]dτ−

−
∫

|x0−τ |≤2d

∂2Gα
1 (x0 − τ, t)

∂x2
i

[f1(τ)− f1(x0)]dτ+

+
∫

2d≤|x0−τ |≤tα/2

{
1
d

[
∂Gα

1 (x0 + ~d− τ, t)
∂xi

− ∂Gα
1 (x0 − τ, t)

∂xi

]
− ∂2Gα

1 (x0 − τ, t)
∂x2

i

}
[f1(τ)− f1(x0)]dτ.

(61)
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Èíòåãðàëû â (61) ñõîäÿòñÿ ââèäó ëîêàëüíîé ãåëüäåðîâîñòè f . Êàæäûé èç èíòåãðàëîâ â
ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà ñòðåìèòñÿ ê íóëþ ïðè d → 0. Ýòî ñëåäóåò èç îöåíîê (47) ñ
ó÷åòîì ëîêàëüíîé ãåëüäåðîâîñòè f , à äëÿ ïîñëåäíåãî èíòåãðàëà ïðèìåíèì ôîðìóëó Òåéëîðà

1
d

[
∂Gα

1 (x0 + ~d− τ, t)
∂xi

− ∂Gα
1 (x0 − τ, t)

∂xi

]
− ∂2Gα

1 (x0 − τ, t)
∂x2

i

=

=
d

2
∂3Gα

1 (x′ − τ, t)
∂x3

i

, x′ = x0 + θ~d, 0 < θ < 1,

ó÷èòûâàÿ, ÷òî ïðè |x0 − τ | ≥ 2d

|x′ − τ | ≥ |τ − x0| − |x′ − x0| ≥ |τ − x0| − d ≥ 1
2
|τ − x0|.

Òàêèì îáðàçîì,
∂v2(x0, t)

∂xi
=

∫

Ω2

∂2Gα
1 (x0 − τ, t)

∂x2
i

[f1(τ)− f1(x0)]dτ. (62)

Âìåñòå ñ (60) ýòî äàåò

∂2u(x0, t)
∂x2

i

=
∫

Rm

∂2Gα
1 (x0 − τ, t)

∂x2
i

[f1(τ)− f1(x0)]dτ. (63)

Â ñëó÷àå m = 1 ýòà ôîðìóëà ïîëó÷àåòñÿ íåïîñðåäñòâåííûì äèôôåðåíöèðîâàíèåì ïîä çíà-
êîì èíòåãðàëà.

Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî ôóíêöèÿ (16) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà ïî
x.

Äàëåå, ïîêàæåì, ÷òî u(x0, t) ∈ C(0, +∞) äëÿ ëþáîãî x0 ∈ Rm. Ðàçîáüåì èíòåãðàë â (16) íà
äâà ñëàãàåìûõ:

I = I1 + I2 =
∫

|x0−τ |≤tα/2

Gα
1 (x0 − τ, t)f1(τ)dτ +

∫

|x0−τ |>tα/2

Gα
1 (x0 − τ, t)f1(τ)dτ. (64)

Èññëåäóåì ñõîäèìîñòü ýòèõ èíòåãðàëîâ íà t ∈ [b,B] (0 < b < B < ∞). Èç îöåíîê (26) è (33)�(35)
ñëåäóåò, ÷òî ïðè t ∈ [b,B] ïîäûíòåãðàëüíûå ôóíêöèè â (64) ìàæîðèðóþòñÿ èíòåãðèðóåìûìè
ôóíêöèÿìè, íå çàâèñÿùèìè îò t, ñëåäîâàòåëüíî, ýòè èíòåãðàëû ñõîäÿòñÿ ðàâíîìåðíî ïî t íà
[b,B]. Òîãäà èç íåïðåðûâíîñòè ïîäûíòåãðàëüíûõ ôóíêöèé ñëåäóåò íåïðåðûâíîñòü u(x0, t) ïî t
íà [b,B]. Ââèäó ïðîèçâîëüíîñòè âûáîðà b > 0 è B ïîëó÷àåì, ÷òî u(x0, t) ∈ C(0,+∞).

Äîêàæåì, ÷òî u(x0, t) ∈ C1−α[0,∞). Íåïðåðûâíîñòü ýòîé ôóíêöèè ïðè t > 0 ñëåäóåò èç
íåïðåðûâíîñòè u(x0, t) íà (0, +∞). Ïîêàæåì, ÷òî ñóùåñòâóåò êîíå÷íûé ïðåäåë lim

t→+0
t1−αu(x0, t).

Â ñîîòâåòñòâèè ñ (16),
t1−αu(x0, t) =

∫

Rm

G′
1(x0 − τ, t)f1(τ)dτ, (65)

ãäå
G′

1(x, t) = t1−αGα
1 (x, t) = |x|−mπ−

m
2 H2,0

1,2

[ |x|2
4λ2tα

∣∣∣∣
(α, α)(

m
2 , 1

)
, (1, 1)

]
. (66)

Ñ ïîìîùüþ ëåììû 2 ïîëó÷èì, ÷òî ôóíêöèÿ G′
1(x0 − τ, t) èíòåãðèðóåìà íà Rm ïðè êàæäîì

ôèêñèðîâàííîì t. Îáîçíà÷èì
A =

∫

Rm

G′
1(x0 − τ, t)dτ,
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òîãäà ôóíêöèþ (65) ìîæíî çàïèñàòü â âèäå

t1−αu(x0, t) =
∫

Rm

G′
1(x0 − τ, t)[f1(τ)− f1(x0)]dτ + Af(x0). (67)

Èç ôîðìóëû (66) íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî

G′
1(xt

α
2 , t) = t−

αm
2 G′

1(x, 1), (68)

îòêóäà ñ ïîìîùüþ çàìåíû ïåðåìåííûõ ïîëó÷àåì

t1−αu(x0, t) =
∫

Rm

G′
1(θ, 1)[f1(x0 − θt

α
2 )− f1(x0)]dθ + Af(x0) (69)

è èç íåðàâåíñòâ (26) è (33)�(35) è òåîðåìû Ëåáåãà ñëåäóåò, ÷òî t1−αu(x0, t) → Af(x0), åñëè
t → +0 ïðè êàæäîì x0 ∈ Rm.

Ïîêàæåì, ÷òî ôóíêöèÿ u(x, t) èìååò íåïðåðûâíóþ ïðîèçâîäíóþ ïîðÿäêà α ïî t. Ïî îïðå-
äåëåíèþ (3) ÷àñòíîé ïðîèçâîäíîé Ëèóâèëëÿ,

(
Dα

0+,tu
)
(x, t) =

1
Γ(1− α)

d

dt

t∫

0

u(x, θ)dθ

(t− θ)α
.

Ïî ôîðìóëå [3, (2.7.9)] äðîáíîãî èíòåãðàëà îò H-ôóíêöèè è ñâîéñòâàì H-ôóíêöèè [3,
(2.1.3),(2.1.1)], ïîëó÷èì

(
Dα−h

0+,tG
α
k

)
(x, t) = π−

m
2 |x|−mth−kH2,0

1,2

[ |x|2
4λ2tα

∣∣∣∣
(1− k + h, α)(

m
2 , 1

)
, (1, 1)

]
(k = 1, 2;h = 0, 1, 2). (70)

Â ñîîòâåòñòâèè ñ îöåíêàìè [3, Ò. 1.10] è [3, Ò. 1.12],
∣∣∣
(
Dα−h

0+,tG
α
k

)
(x, t)

∣∣∣ ≤ C|x|−mth−k exp
[
−(2− α)α

α
2−α

( |x|2
4λ2tα

) 1
2−α

]( |x|2
4λ2tα

)m+2k−2h
2(2−α)

(|x|2t−α > 1),

(71)

∣∣∣
(
Dα−h

0+,tG
α
k

)
(x, t)

∣∣∣ ≤ Cth−k−α|x|−m+2 (|x|2t−α < 1, x ∈ Rm, m > 2, x 6= 0), (72)

∣∣∣
(
Dα−h

0+,tG
α
k

)
(x, t)

∣∣∣ ≤ Cth−k−α
[∣∣ln (|x|2t−α

)∣∣ + 1
]

(|x|2t−α < 1, x ∈ R2, x 6= 0),
(73)

∣∣∣
(
Dα−h

0+,tG
α
k

)
(x, t)

∣∣∣ ≤ Cth−k−α
2 (|x|2t−α < 1, x ∈ R, x 6= 0), (74)

îòêóäà ïðè h = 0, k = 1 ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü èíòåãðàëà
∫

Rm

(
Dα

0+,tG
α
1

)
(x− τ, t)f1(τ)dτ (x ∈ Rm, t > 0) (75)

ïî x.
Òàêèì îáðàçîì, äîêàçàíî ñóùåñòâîâàíèå íåïðåðûâíîé ÷àñòíîé ïðîèçâîäíîé Ëèóâèëëÿ ïî-

ðÿäêà α ïî t ôóíêöèè (16).
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Ïîêàæåì òåïåðü, ÷òî ðàññìàòðèâàåìàÿ ôóíêöèÿ (16) ÿâëÿåòñÿ ðåøåíèåì äèôôóçèîííî-
âîëíîâîãî óðàâíåíèÿ (1) è óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì (2).

Èç äîêàçàííîé ðàâíîìåðíîé ñõîäèìîñòè èíòåãðàëà (75) ñëåäóåò, ÷òî

(
Dα

0+,tu
)
(x, t) =

∫

Rm

(
Dα

0+,tG
α
1

)
(x− τ, t)f1(τ)dτ. (76)

Èç ôîðìóë (76) è (63) äëÿ ëþáîãî x ∈ Rm èìååì
(
Dα

0+,tu
)
(x, t)− λ2∆xu(x, t) =

=
∫
Rm

[(
Dα

0+,tG
α
1

)
(x− τ, t)− λ2∆xGα

1 (x− τ, t)
]
[f1(τ)− f1(x)] dτ + f1(x)

∫
Rm

(
Dα

0+,tG
α
1

)
(x− τ, t)dτ.

(77)
Èç ëåììû 3 ñëåäóåò, ÷òî ôóíêöèÿ Gα

1 (x, t) óäîâëåòâîðÿåò óðàâíåíèþ (1), ïîýòîìó ïåðâûé èí-
òåãðàë â ôîðìóëå (77) ðàâåí íóëþ. Ïîêàæåì, ÷òî

J =
∫

Rm

(
Dα

0+,tG
α
1

)
(x− τ, t)dτ = 0. (78)

Â ñîîòâåòñòâèè ñ ôîðìóëîé (70) ñ h = 0 è k = 1,

J = π−
m
2 t−1

∫

Rm

|τ |−mH2,0
1,2

[ |τ |2
4λ2tα

∣∣∣∣
(0, α)(

m
2 , 1

)
, (1, 1)

]
dτ. (79)

Èñïîëüçÿ çàìåíó
τ = ρθ, dτ = ρm−1dρ dθ, (80)

ãäå ρ = |τ |, à θ = τ
ρ ïðèíàäëåæèò åäèíè÷íîé ñôåðå Sm−1 â Rm, ïîëó÷èì

J = π−
m
2 t−1

∞∫

0

ρ−mH2,0
1,2

[
ρ2

4λ2tα

∣∣∣∣
(0, α)(

m
2 , 1

)
, (1, 1)

]
ρm−1dρ

∫

Sm−1

dθ =

= π−
m
2 t−1

∞∫

0

ρ−1H2,0
1,2

[
ρ2

4λ2tα

∣∣∣∣
(0, α)(

m
2 , 1

)
, (1, 1)

]
dρ · 2π

m
2

Γ(m
2 )

=

=
2t−1

Γ(m
2 )

∞∫

0

ρ−1H2,0
1,2

[
ρ2

4λ2tα

∣∣∣∣
(0, α)(

m
2 , 1

)
, (1, 1)

]
dρ. (81)

Äëÿ âû÷èñëåíèÿ ïîñëåäíåãî èíòåãðàëà âîñïîëüçóåìñÿ ñëåäñòâèåì [3, Corollary 2.2.1], äàþùèì
ôîðìóëó [3, (2.5.12)] ïðåîáðàçîâàíèÿ Ìåëëèíà H-ôóíöêöèè:

(
MxwHm,n

p,q

[
axσ

∣∣∣∣
(ai, αi)1,p

(bj , βj)1,q

])
(s) =

a−(s+w)/σ

σ
Hm,n

p,q

[
(ai, αi)1,p

(bj , βj)1,q

∣∣∣∣
s + w

σ

]
. (82)

ïðè âûïîëíåíèè óñëîâèÿ a∗ ≥ 0 è

−σ min
1≤j≤m

[
Re(bj)

βj

]
< Re(s + w) < σ min

1≤i≤n

[
1− Re(ai)

αj

]
. (83)

Â íàøåì ñëó÷àå

J =
2t−1

Γ(m
2 )

M

(
H2,0

1,2

[
ρ2

4λ2tα

∣∣∣∣
(0, α)

(m
2 , 1), (1, 1)

])
(0), (84)
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a∗ = 2 − α ≥ 0 è óñëîâèå (83), ïðèíèìàþùåå âèä −2min[m2 , 1] < 0, âûïîëíÿåòñÿ, ïîýòîìó,
ïðèìåíÿÿ ôîðìóëó (82) ñ ïàðàìåòðàìè

w = 0, a =
1

4λ2tα
, σ = 2, s = 0,

ïîëó÷èì

J =
2t−1

Γ(m
2 )

(
1

4λ2tα

)0

2
H

2,0
1,2

[
(0, α)

(m
2 , 1), (1, 1)

∣∣∣∣ 0
]

=
t−1

Γ(m
2 )

Γ(m
2 + 1 · 0)Γ(1 + 1 · 0)

Γ(0 + α · 0)
=

t−1

Γ(0)
= 0. (85)

Ñëåäîâàòåëüíî, ïðàâàÿ ÷àñòü ôîðìóëû (77) ðàâíà íóëþ, ò.å. ôóíêöèÿ (16) ÿâëÿåòñÿ ðåøå-
íèåì äèôôóçèîííî-âîëíîâîãî óðàâíåíèÿ (1).

Ïîêàæåì, ÷òî ôóíêöèÿ (16) óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ (2). Èìååì

lim
t→0+

Dα−1
0+,t

∫

Rm

Gα
1 (x− τ, t)f1(τ)dτ = lim

t→0+

∫

Rm

(
Dα−1

0+,tG
α
1

)
(x− τ, t)f1(τ)dτ. (86)

Ïî ôîðìóëå (70) ñ h = 1, k = 1 íàõîäèì
(
Dα−1

0+,tG
α
1

)
(x, t) = π−

m
2 |x|−mH2,0

1,2

[ |x|2
4λ2tα

∣∣∣∣
(1, α)(

m
2 , 1

)
, (1, 1)

]
. (87)

Èñïîëüçóÿ çàìåíó (80) è ôîðìóëó (82), âû÷èñëèì èíòåãðàë
∫

Rm

(
Dα−1

0+,tG
α
1

)
(τ, t)dτ = π−

m
2

∫

Rm

|τ |−mH2,0
1,2

[ |τ |2
4λ2tα

∣∣∣∣
(1, α)(

m
2 , 1

)
, (1, 1)

]
dτ =

=
2

Γ(m
2 )

∞∫

0

ρ−1H2,0
1,2

[
ρ2

4λ2tα

∣∣∣∣
(1, α)(

m
2 , 1

)
, (1, 1)

]
dρ =

2
Γ(m

2 )
Γ(m

2 + 1 · 0)Γ(1 + 1 · 0)
2Γ(1 + α · 0)

= 1, (88)

÷òî ïîçâîëÿåò íàì ïðåäñòàâèòü èíòåãðàë èç (85) â âèäå
∫

Rm

(
Dα−1

0+,tG
α
1

)
(x− τ, t)f1(τ)dτ =

=
∫

Rm

(
Dα−1

0+,tG
α
1

)
(x− τ, t)[f1(τ)− f1(x)]dτ + f1(x)

∫

Rm

(
Dα−1

0+,tG
α
1

)
(x− τ, t)dτ =

=
∫

Rm

(
Dα−1

0+,tG
α
1

)
(x− τ, t)[f1(τ)− f1(x)]dτ + f1(x), (89)

îòêóäà ñ ïîìîùüþ çàìåíû
τ = x− θt

α
2 (90)

çàïèøåì
∫

Rm

(
Dα−1

0+,tG
α
1

)
(x− τ, t)f1(τ)dτ =

∫

Rm

(
Dα−1

0+,tG
α
1

)
(θ, 1)[f1(x− θt

α
2 )− f1(x)]dτ + f1(x). (91)

Èñïîëüçóÿ îöåíêè (71) � (74) ñ h = k = 1 è ïðèìåíÿÿ òåîðåìó Ëåáåãà, èç ôîðìóëû (91)
ïîëó÷àåì

lim
t→0+

∫

Rm

(
Dα−1

0+,tG
α
1

)
(x− τ, t)f1(τ)dτ = f1(x),

÷òî ñ ó÷åòîì ðàâåíñòâà (85) äîêàçûâàåò âûïîëíåíèå íà÷àëüíîãî óñëîâèÿ (2) äëÿ ôóíêöèè (16).
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Ýòî çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 2 â ñëó÷àå (a).
Â ñëó÷àå (b) ðåøåíèå ïðåäñòàâëÿåò ñîáîé ñóììó äâóõ ñâåðòîê, ñîäåðæàùèõ ôóíêöèè

Gα
1 (x, t) è Gα

2 (x, t). Â ñîîòâåòñòâèè ñ îöåíêàìè ýòèõ ôóíêöèé è èõ ïðîèçâîäíûõ (26), (33)�
(35) è (46)�(48) ïîëó÷èì, ÷òî äîêàçàòåëüñòâî íåïðåðûâíîñòè è äèôôåðåíöèðóåìîñòè êàæäîé
ñâåðòêè àíàëîãè÷íî äîêàçàòåëüñòâó, ïðîâåäåííîìó äëÿ ñëó÷àÿ (a).

Äîêàæåì, ÷òî ôóíêöèÿ (17) ÿâëÿåòñÿ ðåøåíèåì äèôôóçèîííî-âîëíîâîãî óðàâíåíèÿ (1) ïðè
1 < α < 2 è óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì (2).

Ïî ôîðìóëå (70) ñ h = 0 è k = 2,

(
Dα

0+,tG
α
2

)
(x, t) = π−

m
2 |x|−mt−2H2,0

1,2

[ |x|2
4λ2tα

∣∣∣∣
(−1, α)(

m
2 , 1

)
, (1, 1)

]
. (92)

Â ñîîòâåòñòâèè ñ îöåíêàìè (71) � (74) ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü èíòåãðàëà
∫

Rm

(
Dα

0+,tG
α
2

)
(x− τ, t)f1(τ)dτ (x ∈ Rm, t > 0) (93)

ïî x. Îòñþäà ñ ó÷åòîì ðåçóëüòàòîâ ïðåäûäóùåãî ïóíêòà èìååì

(
Dα

0+,tu
)
(x, t) =

∫

Rm

(
Dα

0+,tG
α
1

)
(x− τ, t)f1(τ)dτ +

∫

Rm

(
Dα

0+,tG
α
2

)
(x− τ, t)f2(τ)dτ. (94)

Àíàëîãè÷íî (63) ïîëó÷àåì ôîðìóëó

∂2u(x0, t)
∂x2

i

=
∫

Rm

∂2Gα
1 (x0 − τ, t)

∂x2
i

[f1(τ)− f1(x0)]dτ +
∫

Rm

∂2Gα
2 (x0 − τ, t)

∂x2
i

[f2(τ)− f2(x0)]dτ. (95)

Èç ôîðìóë (94) è (95) äëÿ ëþáîãî x ∈ Rm èìååì
(
Dα

0+,tu
)
(x, t)− λ2∆xu(x, t) =

=
∫
Rm

[(
Dα

0+,tG
α
1

)
(x− τ, t)− λ2∆xGα

1 (x− τ, t)
]
[f1(τ)− f1(x)] dτ + f1(x)

∫
Rm

(
Dα

0+,tG
α
1

)
(x− τ, t)dτ+

+
∫
Rm

[(
Dα

0+,tG
α
2

)
(x− τ, t)− λ2∆xGα

2 (x− τ, t)
]
[f2(τ)− f2(x)] dτ + f2(x)

∫
Rm

(
Dα

0+,tG
α
2

)
(x− τ, t)dτ.

(96)
Ñ ïîìîùüþ ëåììû 3 ôîðìóëà (96) ïðèìåò âèä
(
Dα

0+,tu
)
(x, t)− λ2∆xu(x, t) = f1(x)

∫

Rm

(
Dα

0+,tG
α
1

)
(x− τ, t)dτ + f2(x)

∫

Rm

(
Dα

0+,tG
α
2

)
(x− τ, t)dτ.

(97)
Èñïîëüçóÿ çàìåíó (80) è ôîðìóëó (82), âû÷èñëèì âòîðîé èíòåãðàë

∫

Rm

(
Dα

0+,tG
α
2

)
(τ, t)dτ = π−

m
2 t−2

∫

Rm

|τ |−mH2,0
1,2

[ |τ |2
4λ2tα

∣∣∣∣
(−1, α)(

m
2 , 1

)
, (1, 1)

]
dτ =

=
2t−2

Γ(m
2 )

∞∫

0

ρ−1H2,0
1,2

[
ρ2

4λ2tα

∣∣∣∣
(−1, α)(

m
2 , 1

)
, (1, 1)

]
dρ =

2t−2

Γ(m
2 )

Γ(m
2 + 1 · 0)Γ(1 + 1 · 0)
2Γ(−1 + α · 0)

= 0, (98)

÷òî âìåñòå ñ ôîðìóëîé (85) äàåò
(
Dα

0+,tu
)
(x, t)− λ2∆xu(x, t) = 0, (99)

ò.å. ôóíêöèÿ (17) ÿâëÿåòñÿ ðåøåíèåì äèôôóçèîííî-âîëíîâîãî óðàâíåíèÿ (1).
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Ïîêàæåì, ÷òî ôóíêöèÿ (17) óäîâëåòâîðÿåò íà÷àëüíûì óñëîâèÿì (2). Èìååì

lim
t→0+

Dα−1
0+,tu(x, t) = lim

t→0+

∫

Rm

(
Dα−1

0+,tG
α
1

)
(x− τ, t)f1(τ)dτ + lim

t→0+

∫

Rm

(
Dα−1

0+,tG
α
2

)
(x− τ, t)f2(τ)dτ,

(100)
lim

t→0+
Dα−2

0+,tu(x, t) = lim
t→0+

∫

Rm

(
Dα−2

0+,tG
α
1

)
(x− τ, t)f1(τ)dτ + lim

t→0+

∫

Rm

(
Dα−2

0+,tG
α
2

)
(x− τ, t)f2(τ)dτ.

(101)
Èññëåäóåì èíòåãðàëû, ñòîÿùèå â ïðàâûõ ÷àñòÿõ ôîðìóë (100) è (101). Ïî äîêàçàííîìó

ðàíåå,
lim

t→0+

∫

Rm

(
Dα−1

0+,tG
α
1

)
(x− τ, t)f1(τ)dτ = f1(x), (102)

êðîìå òîãî, èç ôîðìóëû (70) âûòåêàåò ðàâåíñòâî
(
Dα−1

0+,tG
α
1

)
(x, t) =

(
Dα−2

0+,tG
α
2

)
(x, t), ïîýòîìó

lim
t→0+

∫

Rm

(
Dα−2

0+,tG
α
2

)
(x− τ, t)f2(τ)dτ = f2(x). (103)

Äàëåå, â ïóíêòå à) áûëî äîêàçàíî ðàâåíñòâî (78). Òàê êàê, â ñîîòâåòñòâèè ñ (70),(
Dα−1

0+,tG
α
2

)
(x, t) =

(
Dα

0+,tG
α
1

)
(x, t), òî ñïðàâåäëèâà ôîðìóëà

∫

Rm

(
Dα−1

0+,tG
α
2

)
(x− τ, t)dτ = 0. (104)

Ýòî ïîçâîëÿåò ïðåäñòàâèòü âòîðîé èíòåãðàë èç ðàâåíñòâà (100) â âèäå
∫

Rm

(
Dα−1

0+,tG
α
2

)
(x− τ, t)f2(τ)dτ =

=
∫

Rm

(
Dα−1

0+,tG
α
2

)
(x− τ, t)[f2(τ)− f2(x)]dτ + f2(x)

∫

Rm

(
Dα−1

0+,tG
α
2

)
(x− τ, t)dτ =

=
∫

Rm

(
Dα−1

0+,tG
α
1

)
(x− τ, t)[f2(τ)− f2(x)]dτ, (105)

îòêóäà ñ ïîìîùüþ çàìåíû (90) íàõîäèì
∫

Rm

(
Dα−1

0+,tG
α
2

)
(x− τ, t)f2(τ)dτ = t−1

∫

Rm

(
Dα−1

0+,tG
α
2

)
(θ, 1)[f2(x− θt

α
2 )− f2(x)]dθ. (106)

Ïðèìåíÿÿ ê f2(x) ôîðìóëó Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàíæà, ïîëó÷èì

f2(x− θt
α
2 )− f2(x) = −

m∑

i=1

θit
α
2 (∂if2) (x− ξθt

α
2 ) (0 < ξ < 1), (107)

ôîðìóëà (106) ïðèíèìàåò âèä
∫

Rm

(
Dα−1

0+,tG
α
2

)
(x−τ, t)f2(τ)dτ = −t

α
2
−1

m∑

i=1

∫

Rm

(
Dα−1

0+,tG
α
2

)
(θ, 1)θi (∂if2) (x−ξθt

α
2 )dθ (0 < ξ < 1).

(108)
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Ïðèíèìàÿ âî âíèìàíèå ñîîòíîøåíèå (104), ïîëó÷èì
∫

Rm

(
Dα−1

0+,tG
α
2

)
(x− τ, t)f2(τ)dτ =

= −t
α
2
−1

m∑

i=1

∫

Rm

(
Dα−1

0+,tG
α
2

)
(θ, 1)θi

[
(∂if2) (x− ξθt

α
2 )− (∂if2) (x)

]
dθ (0 < ξ < 1), (109)

îòêóäà ñ ó÷åòîì ãåëüäåðîâîñòè ôóíêöèé (∂if2) (x)

∣∣∣∣∣∣

∫

Rm

(
Dα−1

0+,tG
α
2

)
(x− τ, t)f2(τ)dτ

∣∣∣∣∣∣
≤ t

µα
2

+α
2
−1ξµ

m∑

i=1

∫

Rm

∣∣∣
(
Dα−1

0+,tG
α
2

)
(θ, 1)θi

∣∣∣ |θ|µdθ. (110)

Òàê êàê ïîêàçàòåëü Ãåëüäåðà µ > 2−α
α , òî µα

2 + α
2 − 1 > 0. Ó÷èòûâàÿ îöåíêè (71) � (74) ñ h = 1

è k = 2, èç ñîîòíîøåíèÿ (110) çàêëþ÷àåì

lim
t→0+

∫

Rm

(
Dα−1

0+,tG
α
2

)
(x− τ, t)f2(τ)dτ = 0. (111)

Äëÿ èññëåäîâàíèÿ ïåðâîãî èíòåãðàëà èç ðàâåíñòâà (101) ðàññìîòðèì ñíà÷àëà åãî ÷àñòíûé
ñëó÷àé f1(τ) = 1, è ñîãëàñíî ôîðìóë (70), (80) è (82), èìååì

∫

Rm

(
Dα−2

0+,tG
α
1

)
(τ, t)dτ = π−

m
2 t

∫

Rm

|τ |−mH2,0
1,2

[ |τ |2
4λ2tα

∣∣∣∣
(2, α)(

m
2 , 1

)
, (1, 1)

]
dτ =

=
2 t

Γ(m
2 )

∞∫

0

ρ−1H2,0
1,2

[
ρ2

4λ2tα

∣∣∣∣
(2, α)(

m
2 , 1

)
, (1, 1)

]
dρ =

2t

Γ(m
2 )

Γ(m
2 + 1 · 0)Γ(1 + 1 · 0)

2Γ(2 + α · 0)
= t, (112)

íà îñíîâàíèè ýòîãî
∫

Rm

(
Dα−2

0+,tG
α
1

)
(x− τ, t)f1(τ)dτ =

=
∫

Rm

(
Dα−2

0+,tG
α
1

)
(x− τ, t)[f1(τ)− f1(x)]dτ + f1(x)

∫

Rm

(
Dα−2

0+,tG
α
1

)
(x− τ, t)dτ =

=
∫

Rm

(
Dα−1

0+,tG
α
1

)
(x− τ, t)[f1(τ)− f1(x)]dτ + f1(x) t, (113)

îòêóäà ñ ïîìîùüþ çàìåíû (90) ñëåäóåò ïðåäñòàâëåíèå
∫

Rm

(
Dα−2

0+,tG
α
1

)
(x− τ, t)f1(τ)dτ =

∫

Rm

(
Dα−2

0+,tG
α
1

)
(θ, 1)[f1(x− θt

α
2 )− f1(x)]dτ + f1(x) t. (114)

Èñïîëüçóÿ îöåíêè (71) � (74) ñ h = 2, k = 1 è ïðèìåíÿÿ òåîðåìó Ëåáåãà, èç ôîðìóëû (114)
ïîëó÷àåì

lim
t→0+

∫

Rm

(
Dα−2

0+,tG
α
1

)
(x− τ, t)f1(τ)dτ = 0. (115)

Òàêèì îáðàçîì, ñ ïîìîùüþ ôîðìóë (102) è (111) ñîîòíîøåíèå (100) ïðèíèìàåò âèä
lim

t→0+
Dα−1

0+,tu(x, t) = f1(x), à ñîîòíîøåíèå (101) ñ ó÷åòîì ôîðìóë (103) è (115) çàïèøåòñÿ
lim

t→0+
Dα−2

0+,tu(x, t) = f2(x), ÷òî çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 2 â ñëó÷àå á).
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Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Áåëîðóññêîãî ðåñïóáëèêàíñêîãî ôîíäà ôóíäàìåíòàëüíûõ
èññëåäîâàíèé (ïðîåêò Ô05ÌÑ-050).

Summary

Cauchy-type problem for the di�erential equation with Riemann�Liouville partial fractional derivative of order
0 < α < 2 is investigated. Conditions when a solution of the problem tends to zero as |x| → ∞ obtained. The
existence theorem of a classical solution for the Cauchy-type problem is proved, and it is shown that the solution has
a singularity of order 1− α for 0 < α ≤ 1 and of order 2− α for 1 < α < 2, as t → 0.
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ÓÄÊ 517.955

Â î ð îøèë î â À.À., Êèë á à ñ À.À.Óñëîâèÿ ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è òèïà Êîøè
äëÿ óðàâíåíèÿ äèôôóçèè ñ ÷àñòíîé ïðîèçâîäíîé Ðèìàíà�Ëèóâèëëÿ

Èññëåäóåòñÿ çàäà÷à òèïà Êîøè äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ÷àñòíîé äðîáíîé ïðîèçâîäíîé
Ðèìàíà�Ëèóâèëëÿ ïîðÿäêà 0 < α < 2. Ïîëó÷åíû óñëîâèÿ, ïðè êîòîðûõ ðåøåíèå çàäà÷è ñòðåìèòñÿ ê íóëþ
ïðè |x| → ∞. Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è òèïà Êîøè è ïîêàçàíî, ÷òî ðå-
øåíèå èìååò ïðè t → 0 îñîáåííîñòü ïîðÿäêà 1− α äëÿ 0 < α ≤ 1 è ïîðÿäêà 2−α äëÿ 1 < α < 2 ñîîòâåòñòâåííî.

Áèáëèîãð. � 10 íàçâ.
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