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Abstract—We study a nonautonomous equation with generalized coefficients in an algebra
of generalized functions. The solutions of the equation can be rather different depending on
the interpretation of the equation. We show that all these solutions can be obtained from the
solution of this equation in the algebra of generalized functions.
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1. INTRODUCTION

The distribution theory developed by Schwartz [1] is one of the main tools for the analysis
of solutions of differential equations. However, this theory has an essential drawback, which has
been noticed almost from the very beginning. Namely, it is impossible to introduce the product
of distributions in a well-defined manner. Therefore, that theory cannot be used in general when
analyzing nonlinear differential equations or differential equations with generalized coefficients.
Nevertheless, numerous authors suggested various ways of interpreting the solutions of some classes
of differential equations with generalized coefficients. Unfortunately, various interpretations of
a same equation lead to different solutions, and one can single out a preferred interpretation only
with the help of some considerations used when modeling the considered practical problem by that
equation.

In the present paper, we consider the differential equation

ẋ(t) = f(t, x(t))L̇(t), (1)

where L̇(t) is the generalized derivative of a function of bounded variation. Consider the main
approaches to the interpretation of solutions of this equation. The first approach is related to at-
tempts to analyze this problem in the framework of the theory of generalized functions. The study
is focused on the problem of multiplication of discontinuous functions by generalized functions; this
problem arises in the expression f(t, x(t))L̇(t). The definition of the product of a discontinuous
function by a generalized function was introduced in [2; 3, p. 41; 4], and then a solution of the
differential equation was constructed. The solutions understood in the sense of various interpreta-
tions occurring in these papers do not coincide in general. The second approach involves the formal
passage to the integral equation

x(t) = x0 +

t∫

t0

f(ξ, x(ξ)) dL(ξ),

where the integral is treated in some sense [5, 6]. However, with this interpretation, the values of
jumps in the solution depend on the definition of the integrand at the points of discontinuity of L(t),
which is a disadvantage of this approach. The third approach goes back to the paper [7] and is
based on the idea of approximating the desired solution of Eq. (1) by classical solutions induced
by smooth approximations to the function L(t). Note that the solutions obtained in [3] with the
use of the first and last approaches coincide.
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NONAUTONOMOUS DIFFERENTIAL EQUATIONS 7

Yet another approach, which is related to the study of Eq. (1) in the algebra of new generalized
functions, is being comprehensively developed nowadays. Some constructions of such algebras
were suggested, for example, in [8, 9], and a general method for constructing similar algebras was
described in [10], where the term “mnemofunction” was used to refer to a new generalized function.
The algebra of new generalized random processes, or mnemoprocesses, was constructed in [11] on
the basis of the above-mentioned algebras; moreover, the definition of a generalized differential was
given there, which proved to be very useful in the analysis of both stochastic differential equations
and ordinary differential equations with generalized coefficients from a unified viewpoint (e.g., see
[12–14]). In the present paper, we treat Eq. (1) as an equation in differentials in the algebra of
mnemofunctions and show that, under some conditions, the mnemofunction solution is associated
with an ordinary function, which we can naturally call a solution of Eq. (1). In addition, we show
that the solution of Eq. (1) in the sense of each of the above-described approaches can be obtained
as an associated solution of the equation in differentials in the algebra of mnemofunctions.

2. MAIN RESULTS

Suppose that a function f : T × R → R, where T = [a, b], satisfies the Lipschitz condition

|f(t1, x1) − f(t2, x2)| < C1|t1 − t2| + C2|x1 − x2| (2)

and has bounded growth with respect to x, i.e., satisfies the inequality

|f(t, x)| < C3(1 + |x|) (3)

for all t ∈ T , where C1, C2, and C3 are constants independent of t and x. Let L : T → R be a right
continuous function of bounded variation satisfying the condition L(a) = 0.

We assume that L(t) = L(b) for t ≥ b and L(t) = L(a) for t ≤ a. To Eq. (1) we assign the
following equation in differentials in the algebra of mnemofunctions (for details, see [11, 13, 14]) :

xn(t + hn) − xn(t) = fn(t, xn(t))[Ln(t + hn) − Ln(t)], xn(t)|[a,a+hn) = x0
n(t), (4)

where hn > 0; Ln(t) = (L ∗ �n)(t) =
∫ 1/n

0
L(t + s)�n(s) ds with �n ∈ C∞(R), �n ≥ 0, supp �n ⊆

[0, 1/n], and
∫ 1/n

0
�n(s)ds = 1; fn(t, x) = (f ∗ �̃n)(t, x) =

∫
[0,1/n]2

f(t + u, x + v)�̃n(u, v) du dv with
�̃n ∈ C∞(R2), �̃n ≥ 0, supp �̃n ⊆ [0, 1/n]2, and

∫
[0,1/n]2

�̃n(u, v) du dv = 1. The initial condition
satisfies x0

n(t) ∈ C∞([a, a + hn]).
For each t, we have the representation t = τt + mthn, where τt ∈ [a, a + hn) and mt ∈ N. Then

the solution of problem (4) can be represented in the form

xn(t) = xn(τt) +
mt−1∑
k=0

fn(tk, xn(tk))[Ln(tk+1) − Ln(tk)], (5)

where tk = τt + khn. Note that the tk depend on t ∈ T.
In the present paper, we consider the limit behavior of the solution xn of problem (4) as n → ∞

and hn → 0. To describe the limit of the sequence xn, consider the integral equation

x(t) = x0 +

t∫

a

f(s, x(s)) dLc(s) +
∑

a<s≤t

(ϕ(∆L(s)f(s, ·), x(s−), 1) − x(s−)), (6)

where Lc is the continuous part of the function L, ∆L(s) = L(s+)−L(s−) is the value of the jump
at a point s, and ϕ is the solution of the following integral equation with parameters z, x, and u :

ϕ(z, x, u) = x +
∫

[0,u)

z(ϕ(z, x, v))µ(dv), (7)
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where z : R → R is some function, µ(dv) is a probability measure defined on the Borel subsets
of the interval [0, 1], and the integral is treated in the Lebesgue sense. Throughout the following,
we assume that the functions z satisfy the Lipschitz condition; therefore, as shown in [13], Eqs. (7)
and (6) have a unique solution.

In what follows, we consider only measures µ generated by functions σ : [0, 1] → [0, 1] of special
form. We say that a function σ belongs to the class G if there exists an at most countable set of
pairwise disjoint intervals (ai, bi] ⊂ [0, 1], i ∈ I, such that

σ(u) =
{

bi for u ∈ (ai, bi]
u for u /∈

⋃
i∈I(ai, bi].

In particular, the set I can be empty.
We introduce a function Fn : [−∞,+∞] → [0, 1] by the rule

Fn(x) =

1/n∫

x

�n(s) ds

and the inverse function F−1
n : [0, 1] → [−∞,+∞] by the relation

F−1
n (u) = sup{x : Fn(x) = u}.

Note that, by definition, F−1
n (0) = +∞.

Theorem 1. Let the function f satisfy conditions (2) and (3), let L be a right continuous
function of bounded variation, and let L(a) = 0. Let σ : [0, 1] → [0, 1] be a nondecreasing function
such that

Fn(F−1
n (u) − δhn) → σ(u)

for all points u ∈ [0, 1] of continuity of σ and all δ ∈ (0, 1) as n → ∞ and hn → 0. Then σ ∈ G
and ∫

T

|xn(t) − x(t)| dt → 0

as n → ∞ and hn → 0, where xn is the solution of problem (4) and x is the solution of Eq. (6)
with measure µ generated by σ, provided that∫

T

|x0
n(τt) − x0| dt → 0.

Here τt is given by (5).

Remark 1. Thus, by choosing various sequences of “hats” �n, we obtain various measures µ,
depending on which we arrive at various solutions of Eq. (1). In particular, for an appropriate
choice of the sequence �n, one can obtain the solutions of Eq. (1) in the sense of all approaches
described in Section 1.

3. AUXILIARY ASSERTIONS

In what follows, we denote the variation of a function g on the closed interval [c, d] by V d
c g and

the variation of g on the half-open interval (c, d] by V d
c+g = limε→0+ V d

c+εg.

Assertion 1. The following assertions hold for the functions fn and Ln occurring in the ex-
pression (4).

(i) If f satisfies conditions (2) and (3), then the function fn satisfies the same conditions as
well with the same constants.

(ii) V t
s Ln = V t+1/n

s L and V b
a Ln = V b

a L for all t, s ∈ T, t > s.
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Proof. The assertion readily follows from the form of the functions fn and Ln and the properties
of �n.

The following lemma provides a generalization of the Gronwall inequality.

Lemma 1 [15]. Let v be a locally bounded measure on R, and let Y (t) be a function of bounded
variation on any bounded interval such that

0 ≤ Y (t) ≤ A + B

∫

[0,t)

Y (s)v (ds)

for any t ≥ 0, where A and B are nonnegative constants. Then

Y (t) ≤ A exp(Bv([0, t)))
∏
s<t

(1 + Bv({s})) exp(−Bv({s})) ≤ A exp(Bv([0, t)))

for any t ≥ 0.

By using Lemma 1, one can readily obtain the following estimates for the solution of Eq. (7)
(see also [13]).

Assertion 2. Let ϕ(z, x, u) be the solution of Eq. (7) with a function z such that |z(x)−z(y)| ≤
K1|x − y| and |z(x)| ≤ K2(1 + |x|) for any x, y ∈ R. Then

|ϕ(z, x, u) − x| ≤ K2(|x| + 1) exp(K2), (8)
|ϕ(z, x, u) − x − ϕ(z, y, u) + y| ≤ |x − y|K1 exp(K1) (9)

for any x, y ∈ R and u, v ∈ [0, 1], u > v.

Assertion 3. Let the function f satisfy conditions (2) and (3), and let x and xn be the solutions
of problem (6) and (4), respectively. Then the inequalities

|x(t)| ≤ C(1 + |x0|), (10)
|xn(t)| ≤ C(1 + |x0

n(τt)|), (11)

where C is a constant depending only on C1, C2, C3, and V b
a L, and

|x(t) − x(s)| ≤ C3(1 + C(1 + |x0|))V t
s+L(1 + exp(V t

s+LC3)), (12)

|xn(t + lhn) − x(t)| ≤ C3(2 + C(|x0
n(τt)| + 1))V t+lhn+1/n

t L (13)

hold for any t, s ∈ T, t > s, and l, n ∈ N.

Proof. The proof is an obvious modification of that of Lemma 4.5 in [13].
Let us introduce some notation. Since L is a right continuous function of bounded variation,

we see that it can be represented in the form L = Lc + Ld, where Lc is a continuous function and
Ld is a piecewise constant right continuous function.

By ζi, i ∈ N, we denote the points of jump discontinuity of the function L. Obviously,

Ld(t) =
∑
ζi≤t

∆L(ζi).

Moreover, V v
u L = V v

u Lc + V v
u Ld for any a ≤ u < v ≤ b, and V v

u Ld =
∑

u≤ζi≤v |∆L(ζi)|.
Take an arbitrary ε > 0. Since V b

a L < ∞, we have V b
a Ld =

∑∞
i=1 |∆L(ζi)| < ∞. Therefore, there

exists an N ∈ N such that
∑∞

i=N+1 |∆L(ζi)| ≤ ε, and Ld can be represented in the form

Ld = L≤N + L>N , (14)
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where

L≤N(t) =
N∑

i=1

I{ζi≤t}∆L(ζi), L>N(t) =
∞∑

i=N+1

I{ζi≤t}∆L(ζi).

Then, obviously, V v
u L>N ≤ ε and V v

u L≤N ≤ V v
u Ld ≤ ∞ for any a ≤ u < v ≤ b.

By setting Lc
n = Lc ∗ �n, Ld

n = Ld ∗ �n, L≤N
n = L≤N ∗ �n, and L>N

n = L>N ∗ �n, we obtain the
relations Ln = Lc

n + Ld
n and Ld

n = L≤N
n + L>N

n . Moreover, obviously,

|Lc
n(t) − Lc(t)| ≤ V

t+1/n
t Lc. (15)

Throughout the following, by C we denote a constant that depends only on C1, C2, C3, V b
a L,

and |T|, where |T| = b − a. This constant can be different in different formulas.

Lemma 2. Let x and xn be the solutions of problem (6) and (4), respectively ; then

∣∣∣∣∣
mt−1∑
k=0

fn(tk, xn(tk))[Lc
n(tk+1) − Lc

n(tk)] −
t∫

a

f(s, x(s)) dLc(s)

∣∣∣∣∣
≤ C

n
+ C(1 + |x0

n(τt)| + |x0|) sup
|u−v|≤hn+1/n

V v
u Lc

+ C

mt−1∑
k=0

|xn(tk) − x(tk)| |Lc(tk+1) − Lc(tk)|. (16)

Proof. Let us rewrite the expression under the sign of absolute value in inequality (16) in the
form

mt−1∑
k=0

(fn(tk, xn(tk)) − f(tk, x(tk)))[Lc(tk+1) − Lc(tk)]

+
mt−1∑
k=0

fn(tk, xn(tk))[(Lc
n(tk+1) − Lc

n(tk)) − (Lc(tk+1) − Lc(tk))]

+
mt−1∑
k=0

tk+1∫

tk

(f(tk, x(tk)) − f(s, x(s))) dLc(s) −
t0∫

a

f(s, x(s)) dLc(s) = I1 + I2 + I3 − I4.

The definition of fn and the Lipschitz property of f imply the inequality

|I1| ≤
C

n
+ C

mt−1∑
k=0

|xn(tk) − x(tk)| |Lc(tk+1) − Lc(tk)|.

By using summation by parts and by taking into account (11), (13), (15), and the Lipschitz
property and bounded growth of fn, we obtain the inequality

|I2| ≤ |fn(tmt−1, xn(tmt−1))(Lc
n(tmt

) − Lc(tmt
)) − fn(t0, xn(t0))[Lc

n(t0) − Lc(t0)]|

+
mt−1∑
k=1

|fn(tk−1, xn(tk−1)) − fn(tk, xn(tk))| |Lc
n(tk) − Lc(tk)|

≤ C(1 + |x0
n(τt)|) sup

|v−u|<1/n

V v
u Lc.
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The Lipschitz property of f and inequality (12) imply the estimate

|I3| ≤ C(1 + |x0|) sup
|u−v|<hn

V v
u Lc.

It follows from (3) and (10) that

|I4| =

∣∣∣∣∣
t0∫

a

f(s, x(s)) dLc(s)

∣∣∣∣∣ ≤
t0∫

a

C3(1 + |x(s)|) dLc(s) ≤ C(1 + |x0|) sup
|u−v|≤hn

V v
u Lc.

By combining the estimates for I1–I4, we obtain inequality (16). The proof of the lemma is
complete.

Let ji, i = 1, 2, . . . , be indices such that tji
≤ ζi − 1/n < tji+1; we set ξn,i

k (t) = Fn(ζi − tji+k) for
i = 1, 2, . . . , t ∈ T, n ∈ N, k = 0, . . . , p + 2, and p = [1/(nhn)]. Here the brackets stand for the
integer part of a number. Note that ξn,i

k (t) depends on t, since so do ji and tji+k. One can readily
see that 0 = ξn,i

0 (t) ≤ ξn,i
1 (t) ≤ · · · ≤ ξn,i

p+2(t) = 1; i.e., the ξn,i
k (t), k = 0, . . . , p + 2, define a partition

of the interval [0, 1].
For all n ∈ N, x ∈ R, i = 1, 2, . . . , and Lipschitz functions z : R → R, we introduce a sequence

of functions ϕn,i
k (z, x, t), t ∈ T, k = 0, . . . , p + 2, as follows:

ϕn,i
k+1(t) = ϕn,i

k (t) + z(ϕn,i
k (t))(ξn,i

k+1(t) − ξn,i
k (t)), ϕn,i

0 (t) = x. (17)

For all t ∈ T and n = 1, 2, . . . , we define functions of the variable u ∈ [0, 1] by the relations

σn
i (u, t) =

{
ξn,i

k (t) if ξn,i
k−1(t) < u ≤ ξn,i

k (t)
0 if u = 0,

φn,i(u, t) =
{

ϕn,i
k (t) if ξn,i

k−1(t) < u ≤ ξn,i
k (t)

x if u = 0.

(18)

Then, in view of the above-introduced notation, we have the identity

φn,i(u, t) = x +
∫

[0,u)

z(φn,i(s, t))σn
i (ds, t).

The limit behavior of the sequence φn,i was considered in [13, Lemma 5.3]. In view of the
conditions described in [16, Lemma 6], one can state this result as follows.

Lemma 3. Let Fn(F−1
n (u)− δhn) → σ(u) as n → ∞ and hn → 0 for all δ ∈ (0, 1) and for each

point u ∈ [0, 1] of continuity of the function σ. Then σ belongs to the class G, and

∫

T

|φn,i(u, t) − φ(u)| dt → 0

as n → ∞ for all i = 1, 2, . . . and for any point u of continuity of φ, where φ(u) is the solution of
the equation

φ(u) = x +
∫

[0,u)

z(φ(s)) dσ(s).
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Lemma 4. For each ε > 0, there exists a set Tε ⊆ T and an index n0 ∈ N such that |Tε| ≤ ε
and the inequality

∣∣∣∣
mt−1∑
k=0

fn(tk, xn(tk))[Ld
n(tk+1) − Ld

n(tk)] −
∑
ζi≤t

[ϕn,i
p+2(∆L(ζi)f(tji

, ·), xn(tji
), t) − xn(tji

)]
∣∣∣∣

≤ C(1 + |x0
n(τt)|)

(
sup

|u−v|<1/n+2hn

V v
u Lc + ε + 1/n

)
(19)

holds for all n > n0 and t ∈ T\Tε.

Proof. Take an arbitrary ε > 0 and find the corresponding N ∈ N in the same way as before
formula (14). Then there exists an n0 ∈ N such that hn + 1/n ≤ min0≤k<j≤N |ζk − ζj| for all n > n0

and N/n0 ≤ ε. Set Tε =
⋃N

i=1(ζi − 1/n0, ζi]; then |Tε| ≤ ε. It follows from the form of L≤N
n that

L≤N
n (t) = L≤N(t) for all t /∈

⋃N

i=1(ζi − 1/n, ζi]; moreover, ζi is the unique point of discontinuity of
L≥N on the interval (ζi − 1/n, ζi], and, in addition, (tji

, tji+p+2]
⋂

(tjr
, tjr+p+2] = ∅ if i 	= r. By the

definition of L≤N
n , we have

L≤N
n (tji+l+1) − L≤N

n (tji+l) = ∆L(ζi)[Fn(ζi − tji+l+1) − Fn(ζi − tji+l)]

= ∆L(ζi)[ξ
n,i
l+1(t) − ξn,i

l (t)]

for all l = 0, . . . , p + 2 and all i = 1, 2, . . . , N .
By using this representation for t ∈ Tε\T and n > n0, we obtain the relation

mt−1∑
k=0

fn(tk, xn(tk))[Ld
n(tk+1) − Ld

n(tk)] =
mt−1∑
k=0

fn(tk, xn(tk))[L>N
n (tk+1) − L>N

n (tk)]

+
∑
ζi≤t

p+1∑
l=0

fn(tji+l, xn(tji+l))∆L≤N(ζi)[ξ
n,i
l+1(t) − ξn,i

l (t)].

By considering the difference under the sign of absolute value in inequality (19), we obtain

∣∣∣∣
mt−1∑
k=0

fn(tk, xn(tk))[Ld
n(tk+1) − Ld

n(tk)] −
∑
ζi≤t

[ϕn,i
p+2(∆L(ζi)f(tji

, ·), xn(tji
), t) − xn(tji

)]
∣∣∣∣

≤
∣∣∣∣

mt−1∑
k=0

fn(tk, xn(tk))[L>N
n (tk+1) − L>N

n (tk)]
∣∣∣∣

+
∣∣∣∣
∑
ζi≤t

[ϕn,i
p+2(∆L>N(ζi)f(tji

, ·), xn(tji
), t) − xn(tji

)]
∣∣∣∣

+
∣∣∣∣
∑
ζi≤t

p+1∑
l=0

fn(tji+l, xn(tji+l))∆L≤N(ζi)[ξ
n,i
l+1(t) − ξn,i

l (t)]

−
∑
ζi≤t

[ϕn,i
p+2(∆L≤N(ζi)f(tji

, ·), xn(tji
), t) − xn(tji

)]
∣∣∣∣

= I1 + I2 + I3.

Inequalities (3) and (11) and the definition of L>N imply the estimate

I1 ≤ C(|x0
n(τt)| + 1)ε.
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By taking into account (8) and (11), we obtain

I2 ≤ εC(1 + |x0
n(τt)|).

By the definition of ϕn,i
l , we obtain the inequality

I3 ≤
∑
ζi≤t

∣∣∣∣
p+1∑
l=0

[f(tji
, ϕn,i

l (∆L≤N(ζi)f(tji
, ·), xn(tji

), t))

− fn(tji+l, xn(tji+l))]∆L≤N(ζi)[ξ
n,i
l+1(t) − ξn,i

l (t)]
∣∣∣∣. (20)

For all i = 1, . . . , N , t ∈ Tε\T, and l = 1, . . . , p + 2, consider the difference

|xn(tji+l) − ϕn,i
l (∆L≤N(ζi)f(tji

, ·), xn(tji
), t)|

≤
∣∣∣∣

l−1∑
k=0

fn(tji+k, xn(tji+k))[Lc
n(tji+k+1) − Lc

n(tji+k)]
∣∣∣∣

+
∣∣∣∣

l−1∑
k=0

fn(tji+k, xn(tji+k))[L>N
n (tji+k+1) − L>N

n (tji+k)]
∣∣∣∣

+ |∆L≤N(ζi)|
l−1∑
k=0

|fn(tji+k, xn(tji+k)) − f(tji
, ϕn,i

k (∆L≤N(ζi)f(tji
, ·), xn(tji

), t))|

× [ξn,i
k+1(t) − ξn,i

k (t)].

By taking into account the form of the functions fn, Lc
n, and L>N

n , the Lipschitz property and
bounded growth of the function f , inequality (11), and the definition of tji

and ξn,i
k (t) in the last

expression, we obtain

|xn(tji+l) − ϕn,i
l (∆L≤N(ζi)f(tji

, ·), xn(tji
), t)|

≤ C(1 + |x0
n(τt)|)

(
sup

|u−v|<1/n+2hn

V v
u Lc

n + ε + 1/n
)

+ |∆L(ζi)|
l−1∑
k=0

|xn(tji+k) − ϕn,i
k (∆L≤N(ζi)f(tji

, ·), xn(tji
), t)|[ξn,i

k+1(t) − ξn,i
k (t)].

An application of the discrete version of the Gronwall inequality yields

|xn(tji+k) − ϕn,i
k (∆L≤N(ζi)f(tji

, ·), xn(tji
), t)|

≤ C(1 + |x0
n(τt)|)

(
sup

|u−v|<1/n+2hn

V v
u Lc + ε + 1/n

)
.

It follows from the last inequality, the estimate (20), the form of fn, and the Lipschitz property
of the function f that

I3 ≤ C(1 + |x0
n(τt)|)

(
sup

|u−v|<1/n+2hn

V v
u Lc + ε + 1/n

)
.

By combining the estimates for I1, I2, and I3, we obtain the desired inequality (19). The proof of
the lemma is complete.
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4. PROOF OF THE MAIN THEOREM

Recall that the function f satisfies conditions (2) and (3), L is a right continuous function of
bounded variation, and L(a) = 0. In addition,

∫

t∈T

|x0
n(τt) − x0(t)| dt → 0

and Fn(F−1
n (u)− δhn) → σ(u) as n → ∞ and hn → 0 for all δ ∈ (0, 1) and for each point u ∈ [0, 1]

of continuity of the monotone function σ. By xn we denote the solution of problem (4), and by x
we denote the solution of problem (6) with measure µ(du) generated by the function σ(u).

To prove the theorem, we should show that xn tends to x in L1(T). Take an arbitrary ε > 0.
For this ε, we find N ∈ N and represent L in the form L = Lc + L≤N + L>N , as defined in (14).

By using the explicit expressions for xn and x, we obtain

xn(t) − x(t) = (x0
n(τt) − x0) +

(
mt−1∑
k=0

fn(tk, xn(tk))(Lc(tk+1) − Lc(tk))

−
t∫

a

f(s, x(s)) dLc(s)

)
+

(
mt−1∑
k=0

fn(tk, xn(tk))(Ld(tk+1) − Ld(tk))

−
∑

a<s≤t

[ϕ(∆L(s)f(s, ·), x(s−), 1) − x(s−)]

)
= (x0

n(τt) − x0) + H1 + H2.

By taking into account the estimate (16), we obtain the inequality

|H1| ≤ C/n + C(1 + |x0
n(τt)| + |x0|) sup

|u−v|≤hn+1/n

V v
u Lc

+ C

mt−1∑
k=0

|xn(tk) − x(tk)||Lc(tk+1) − Lc(tk)|.

By using the notation ϕn,i
k and ji introduced in (17), we arrive at the inequality

|H2| ≤
∣∣∣∣

mt−1∑
k=0

fn(tk, xn(tk))(Ld(tk+1) − Ld(tk))

−
∑
ζi≤t

[ϕn,i
p+2(∆L(ζi)f(tji

, ·), xn(tji
), t) − xn(tji

)]
∣∣∣∣

+
∣∣∣∣
∑
ζi≤t

[ϕn,i
p+2(∆L>N(ζi)f(tji

, ·), xn(tji
), t) − xn(tji

)]
∣∣∣∣

+
∣∣∣∣
∑
ζi≤t

[(ϕn,i
p+2(∆L≤N(ζi)f(tji

, ·), xn(tji
), t)) − xn(tji

))

− (ϕn,i
p+2(∆L≤N(ζi)f(tji

, ·), x(tji
), t) − x(tji

))]
∣∣∣∣

+
∣∣∣∣
∑
ζi≤t

[(ϕn,i
p+2(∆L≤N(ζi)f(tji

, ·), x(tji
), t) − x(tji

))

− (ϕn,i
p+2(∆L≤N(ζi)f(ζi, ·), x(ζi−), t) − x(ζi−))]

∣∣∣∣
DIFFERENTIAL EQUATIONS Vol. 45 No. 1 2009
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+
∣∣∣∣
∑
ζi≤t

[(ϕn,i
p+2(∆L≤N(ζi)f(ζi−, ·), x(ζi−), t)

− x(ζi−)) − (ϕ(∆L≤N(ζi)f(ζi−, ·), x(ζi−), t) − x(ζi−))]
∣∣∣∣

+
∣∣∣∣

∑
a<s≤t

(ϕ(∆L>N (s)f(s, ·), x(s−), t) − x(s−))
∣∣∣∣

= S1 + S2 + S3 + S4 + S5 + S6. (21)

Let us estimate each term. Just as above, we assume that C is a constant depending only on |T|,
V b

a L, C1, C2, and C3. Then, by Lemma 4, we find a set Tε and an index n0 such that

|S1| ≤ C(1 + |x0
n(τt)|))

(
sup

|u−v|<1/n+2hn

V v
u Lc + ε + 1/n

)

for all n > n0 and t ∈ T\Tε.
Just as for the term I2 in Lemma 4, we have

|S2| ≤ Cε(1 + |x0
n(τt)|).

It follows from (8) and (10) that

|S6| ≤ Cε(1 + |x0|).

By applying the estimate (9) to S3, we obtain

|S3| ≤ C

N∑
i=1

|∆L(ζi)| |xn(tji
) − x(tji

)|.

By proceeding in a similar way and by using inequality (12), we obtain the estimate

|S4| ≤ C
N∑

i=1

|∆L(ζi)| |x(tji
) − x(ζi−)| ≤ C(1 + |x0|)V ζi−

tji
L.

By the definition of tji
and n0, we have V ζi−

tji
L ≤ V ζi

tji
Lc + ε for all i = 1, . . . , N . Consequently,

|S4| ≤ C(1 + |x0|)
(

sup
|u−v|<1/n+hn

V v
u Lc + ε

)
.

Consider the term S5 :

|S5| ≤
N∑

i=1

|ϕn,i
p+2(∆L≤N(ζi)f(ζi, ·), x(ζi−), t) − ϕ(∆L≤N (ζi)f(ζi, ·), x(ζi−), t)| =

N∑
i=1

zi,N
n (t).

By substituting the resulting estimates into (21), we obtain

|H2| ≤ C(1 + |x0| + |x0
n(τt)|)

[
sup

|u−v|<2/n

V v
u Lc + ε +

1
n

]

+ C

N∑
i=1

|∆L(ζi)| |xn(tji
) − x(tji

)| +
N∑

i=1

zi,N
n (t).

DIFFERENTIAL EQUATIONS Vol. 45 No. 1 2009
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By using the estimates for H1 and H2, we obtain the inequality

|xn(t) − x(t)| ≤ |x0
n(τt) − x0| + C

mt−1∑
k=0

|xn(tk) − x(tk)| |Lc(tk+1) − Lc(tk)| +
N∑

i=1

zi,N
n (t)

+ C(1 + |x0| + |x0
n(τt)|)

[
sup

|u−v|<2hn+2/n

V v
u Lc + ε +

1
n

]

+ C
N∑

i=1

|∆L(ζi)| |xn(tji
) − x(tji

)|.

By applying the discrete Gronwall inequality to the last inequality, we obtain

|xn(t) − x(t)| ≤ C|x0
n(τt) − x0| + C(1 + |x0

n(τt)| + |x0|)
[

sup
|u−v|<2hn+2/n

V v
u Lc + ε +

1
n

]

+ C
N∑

i=1

zi,N
n (t) (22)

for all n > n0 and t ∈ T\Tε.
By integrating both sides of inequality (22) over T\Tε and by taking into account the inequalities

|Tε| ≤ ε, (10), and (11), we obtain

∫

T

|xn(t) − x(t)| dt ≤ C

∫

T

|x0
n(τt) − x0|dt + C

N∑
i=1

∫

T

zi,N
n (t) dt

+ C

(
1 + |x0| +

∫

T

|x0
n(τt)| dt

) [
sup

|u−v|≤hn+1/n

V v
u Lc + ε +

1
n

]
. (23)

By the assumption of the theorem,
∫
T
|x0

n(τt) − x0| dt → 0. Therefore,
∫
T
|x0

n(τt)| dt ≤ C for any
n ∈ N. Since V t

a Lc is a continuous function on the closed interval T, we find that it is equicontinuous
on it. Therefore,

sup
|u−v|≤2hn+2/n

V v
u Lc → 0 as n → ∞, hn → 0.

Recall that ϕn,i
k (z, x, t) is given by (17) and the functions σn

i (u, t) are defined in (18). By the
assumption of the theorem, Fn(F−1

n (u) − δhn) → σ(u) as n → ∞ and hn → 0 for all δ ∈ (0, 1)
and for each point u ∈ [0, 1] of continuity of the function σ. Then it follows from Lemma 3 that σ
belongs to the class G and

∫
T

zi,N
n (t) dt → 0 as n → ∞ and hn → 0 for all 1 ≤ i ≤ N .

By letting n tend to infinity and hn to zero in (23), we obtain

lim sup
n→∞, hn→0

∫

T

|xn(t) − x(t)| dt ≤ Cε,

which, together with the arbitrary choice of ε, implies that
∫

T

|xn(t) − x(t)| dt → 0 as n → ∞, hn → 0.

The proof of the theorem is complete.
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