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py. For anisotropic plates, the difference might be more pronounced. For the first-

order theory, Ambartsumyan’s and Huber’s equations coincide. 

Conclusion. The first-order consistent theories of Kirchhoff and Huber for 

isotropic and anisotropic plate materials, respectively, cannot be improved by add-

ing in an unsystematic way single terms in the displacement ansatz or by assuming 

specific stress distributions in thickness directions. A consistent refined theory 

without a-priori assumptions results from the uniform-approximation technique in 

combination with the pseudo-reduction method. 
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Three-dimensional (3D) static analysis of functionally graded and laminated 

piezoelectric plates has received considerable attention during past twenty years. 

There are at least three approaches to 3D exact solutions of electroelasticity for 

functionally graded and laminated piezoelectric plates, namely, the Pagano ap-

proach, the state space approach and the asymptotic approach (see, e.g. [1]). These 

approaches were applied efficiently to 3D exact solutions for piezoelectric plates in 
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many contributions. However, the 3D exact analysis for laminated piezoelectric 

plates of general lay-up configurations can not be found in the current literature; on-

ly developments for cross-ply and angle-ply composite structures in the framework 

of 3D anisotropic elasticity are available. 

To solve such a problem, we invoke a new efficient method of sampling sur-

faces (SaS) proposed recently by the authors [24] for homogeneous and laminated 

plates and shells. As SaS      1 2
Ω , Ω ,..., Ω nn n n I

, we choose outer surfaces and any 

inner surfaces inside the nth layer and introduce displacement vectors 

     1 2
, ,..., nn n n I

u u u  of these surfaces as basic plate variables, where nI  is the total 

number of SaS chosen for each layer ( 3nI  ). Such choice of displacements with 

the consequent use of Lagrange polynomials of degree 1nI   in the thickness direc-

tion for each layer permits the representation of governing equations of the piezoe-

lectric laminated plate formulation in a very compact form. It is necessary to note 

that the term SaS should not be confused with such terms as fictitious interfaces or 

virtual interfaces, which are extensively used in layer-wise theories. The main dif-

ference consists in the lack of possibility to employ the polynomials of high degree 

in the thickness direction because in conventional layer-wise theories only the third 

and fourth order polynomial interpolations are admissible [5, 6]. This restricts the 

use of the fictitious/virtual interfaces technique for derivation of 3D exact elasticity 

solutions. On the contrary, the SaS method permits the use of polynomials of high 

degree. This fact gives in turn the opportunity to derive 3D exact solutions for lami-

nated composite plates and shells with a prescribed accuracy employing a sufficient 

number of not equally spaced SaS. 

It is important to mention that the developed approach with equally spaced 

SaS does not work properly with Lagrange polynomials of high degree because the 

Runge's phenomenon can occur, which yields the wild oscillation at the edges of the 

interval when the user deals with any specific functions. If the number of equally 

spaced nodes is increased then the oscillations become even larger. Fortunately, the 

use of Chebyshev polynomial nodes can help to improve significantly the behavior 

of Lagrange polynomials of high degree for which the error will go to zero as 

nI  . 
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The vibroprotection of thin-walled structures experiencing an external vibra-

tional load is a subject of great practical interest for mechanical engineers which de-

sign and model similar structures. The appearance of the group of new composite ma-

terials with active and adaptive properties, called smart materials, opens new possibil-

ities for solving these problems [1]. Some of these composites are magnetorheologi-

cal (MR) ones and, particularly, magnetorheological elastomers (MRE). They belong 

to the group of active materials which physical properties such as viscosity and shear 

modulus can vary when subjected to different magnetic field levels [2]. 

Laminated cylindrical shells and beams like «sandwich» formed by embed-

ding MRE in between elastic layers are the subject of this study. Similar composite 

structures are very popular in aerospace and in many other industries due to their 

light weight and high- energy absorption properties of the MR layers. 

The MRE are magnetizable particles molded in either rubbery polymers or de-

formed inorganic polymer matrices. The optimum weight/density ratio of magnetic 

particles, carrier viscous liquid and polymer determine shear modulus, viscosity and 

response time being the integral characteristics of a smart material. Physical proper-

ties of the MR layers are assumed to be functions of the magnetic field induction 

[3]. Because the influence of the magnetic field on all areas of the MR lamina is dif-

ferent [4], it is assumed inhomogeneity of physical properties of MRE. 

In general case, the shell structure may be non-circular and not closed in the 

circumferential direction (cylindrical panel). A system of differential equations with 

complex variable coefficients depending upon the magnetic field [4], and based on 

both the assumptions of the generalized kinematic hypothesis for the whole «sand-

wich» [5] and experimental data for MRE [6], is utilized as governing one. 

To analyze damping capabilities of adaptive materials, free vibrations of a 

three-layered beam [6] and circular cylinder containing interlayer MRE are studied 

at different levels of the magnetic field. Then the case when applied magnetic field 

results in nonuniformity of MRE is considered. Using the asymptotic approach [7], 

eigenmodes of free vibrations of the laminated noncircular cylindrical shell with 

variable physical characteristics of MRE are constructed in the form of functions 

decaying far from the weakest plot on the shell structure. It has been shown that ap-

plying constant magnetic field may result in strong localization of eigenmodes cor-
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