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Abstract. The paper deals with the problem of a statistical analysis of time series connected
with the estimation of mutual variogram, a measure of spatial correlation. G. Matheron has
coined the term variogram, although earlier appearances of this function can be found in the
scientific literature. We present the limiting expressions of the first two moments and the higher
order camulants of the classical mutual variogram estimate of the second-order-stationary sto-
chastic process with discrete time. These expressions are then used to prove the theorem con-
cerning the asymptotic distribution of the mutual variogram estimate.

1. Introduction
Consider a random process ¥’ (s)={Ya(s),a=I,_r}, seZ ={0, 1, £ 2, ...}. Sup-

pose further that Y" (s),seZ is a zero-mean second-order-stationary stochastic process
with unknown mutual variogram is given in G. Matheron [2],

2y g (51 — 82 ) = covl(Y,(51) — Y (2. (¥p(sy) ~ Yy (s2 ))]’

51y 52 EZ, a,b=f;.
It is easy to see that y u(=5)=ras(s), Yap(8)=7pa($); 7ap(0)=0, s€Z
a,b=1,_r,and

.
D catrrap(s) 20,
a,b=1

seZ,cael,a=kLr, rzl.

The mutual variogram estimate 27 ,5(h) in terms of sequence of observations,
YA1),YA2),....Yu(n), is defined as

n—-h
Fap )= —— 3 (ol + B - Yoo (s + M- 1)), M
s=1

with 75 (~h) = 75 (h), h=0,n—1 and ¥, () =0 for }hl2n, a,b=1r.

It is the purpose of this paper to derive the asymptotic distribution of the mutual
variogram estimate 27 5 (h), h = 0,n—1. The approach is similar to the approach taken in
the time series literature, and the reader is referred to Brillinger [1], Troush 3], Tsek-

hovaya [4], for theorems regarding the asymptotic distribution of the spectral density esti-
mate, covariance estimate and variogram estimate of a time series.
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2. First-, second-order moments

In order to state and prove the thecorem concerning the asympitotic distribution of
the mutual variogram estimate 2¥,,(h), h=0,n—1, it is first necessary to calculate the

first two moments of the examined estimate (1).
The classical mutual variogram estimate 2¥ 5 (4) is unbiased for 2y,s(%).

Theorem 1 Let the mutual spectral densities fop(x), x & 1 =[x, 7], and cumulants
spectral densities f4 p q,b, (¥1,X2%3), x; €I, i= 1.3, of the stationary stochastic proc-

esses Y7 (5) are continuous on 11, P, respectively. Then the asymptotic expressions for
the covariance of the mutual variogram estimate given by (1) are

lim (n—h")cov(27, 5 (1).2F 5, (2 )=

>0
=22(GP "2 )+ G 2 (), @)
where
('r'l'l'l —h (x)= cos—~———(hl -zhz)x Gi(x), G;‘ ~h (x) = cos—-——-——~-——(h1 ‘2"2 )x Gy (x),
Gl (x) = ijalblale (x “yaysz)q(x9ynz)dydz’
HZ
Gy ()= [(Jaray 5= 9oy, O+ fu, (6= 90 Fbya, O3, ),
I1
x(h, —h)
gxy.y=e 2 (1 XU =y} _ iCuhy +2hy) _ ity —hy)=izhy | ixh, _

__“elx(hi "—hz)"‘f}’hl +el'(x—y)hl +ihzz +ef(x-—y)(h] —hz)_ij?hz —“fhzz _ei(x'*y)h‘ _

_ Dy b vitz | ik —ix+ 2y _ ik | =ik _ il _e—ihz(x+z)),

;X2 —h)
g(x.y)=e 2 (1 + e —hy) _ iy —(x=))hy _ jixhy-yhy | vy _
e W - My =Ry ) | =y Yy - by

+e’3”'l"f(x—)‘)hz .,_ef}’(h:—hz) _e')’hl +e—ﬁ'h2 _e“f(x”y)hz _e‘f"'zJ’)’

B =min{hy, by}, by by =001, ay,by,ag,by =1r.

Corollary Under the assumptions of Theorem 1.
lim covl27, p (1).274,5, ()]=0  and  Yim DRF,(W]=0.  hhy.hy=0n-1,
I H—D

aab’alablsaz')bz =G'
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3. ngller order cumulants
In order to found the asymptotic distribution of the mutual variogram estimate

(), h=0,n- -1, it is necessary to investigate an asymptotic behavior of the cumulant
cum{27 o )20 b, (hp)fs by =0n~1,a;,b; =1r,j=Lp .

Theorem 2 Let processes Y (s), s€Z, be a stochastic process with continuous cu-

mulants spectral densities up to order s, s= 53 for any p, p>2. Further, let the mu-
tual variogram estimate 2y 45, (h), given by (1). Then
lim cum{27 5 (B), 274 5 (hp)}=0,

N—»0

h =0,n—1 La;b; —lrj—lp h=0,n—1, n=123,.

4. Asymptotic distribution

Theorem 3 Ler all the assumptions of Theorem 2 be satisfied. Then the mutual
variogram estimate 27 ,5(h), h=0,n—1, is asymptotically normally distributed with
mean 2y (W), he Z, and asymptotic covariance structure (2).
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