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Abstract

We present formulas and inequalities for the mean and the variance of the
number of subfunctions of a random Boolean function such that their Hamming
distances to the set of affine Boolean functions do not exceed a given value.
The critical values of the number of variables of subfunctions having good affine
approximations are obtained.
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Let V,, = (GF(2))". Denote by Fy* the set of all Boolean functions and by A, the
set of all affine functions of n Boolean variables. Let Fy*(r) C Fy" be the set of all
Boolean functions with Hamming distance to A,, not exceeding r.

Let f = f(x1,...,7,) € Fy*. For the partition {1,...,n} = I3 U J"* I =
{i1,...,is}, J"* ={j1,. .., Jn_s} and for the collection of constants C,,_s = {c1,...,¢,_s €
Fy} we define the subfunction g(J"=* Cp_s;v1,--.,ys) € Fy* of f as the function ob-
tained from f(x1,...,x,) by the following change of variables: z; =c¢; (k=1,...,n —s),
and z;, =yn(m=1,...,s).

Let v(f,s,r) be the number of subfunctions g(J"~*, Cp_s;y1,...,ys) € Fy* with
distance from A; not exceeding r, i.e. the number of pairs (J!~*, C,_s) such that
g(Jy=*, Cumy) € By (7).

Theorem 1. If p(xy,...,x,) is a random Boolean function with the uniform dis-
tribution on Fy" then for r < 2572

Ev(p,s,r)=Cs2m 2+ Z C,

=0
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2"_25+1Cfl b S Ev(p,s,r) < ontl cy (%)

Remark 1. Note that the left hand side of the inequality tends to infinity if s <
log,n, n — oo, and the right hand side tends to 0 if s > logon + 3, n — oo, thus a
“threshold” value of s belongs to the range from log,n to log,n + 3 when n — oo.

State 1. a) The values of s mazimizing Ev(f,s,257% — 1) for the sufficiently large
n belongs to the interval

[log, Inn + 2,5, log, Inn + 3, 5].
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b) The inequality Ev(f,s,2°2 — 1) < 1 holds for s > logan +4 (n > 1) and for
s = logyn+3 (n > 70).

State 2. If f be a random Boolean function with the uniform distribution on IF;/”
then for r < 2573

Dv(f,s,r) < (1 — st icjs> Ev(f,s,r)+

=0
3 5. (8.2 F5s—5 exp —3-2%73 —dr(r+1) + 25 1(4r + 3)
4 T/ 252282 25 42 .

Theorem 2. If f is a random Boolean function with the uniform distribution on
FY" then for r < 252

Ev(f,s,m) =
s—1
_ 21’1,780378(277,750’2,75 . 1) o C:Llfs Z 2nfdcf7cllir7slf2sc§fd «
d=max{0,2s—n}
T 2 Cn—s s—1
P (Z st) =D DI e et
=0

d=max{0,2s—n}

x (22N (1 Z0(1, )| + 1 Z2 (1, 1) | = 2| Z5 (1, 1)) + 22| Z4(1y L))

where
min{2¢,r} r—ki 2
Zi(l, ) = > Oy (Zc;? 2d>,
k1=0 ko=0
min{2d,r} r—kq T‘f2d+k1
Zo(lub) = Y Oy O Y Oyl
k1=max{2¢—r,0} ka=0 k4=0
min{2¢-1 r}
|Zs(l, o) = Y Oyt
mo=0
min{29~", r—mo} —(mo+m1) r—(mo+29"1—my)
Y Y Y
mi=max{0, mo+24-1—r} ko=0 k4=0
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