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I. INTRODUCTION

The quantum and semiclassical theory of Dirac particles in the gravitational field was
studied in the numerous papers (see Refs. [1] to mention but a few). The main attention
was usually paid to the dynamics of fermions in the weak gravitational fields when the com-
ponents of the spacetime metric tensor do not significantly deviate from the flat Minkowski
metric. The analysis of the strong gravitational fields is of interest for the investigation
of the processes near black holes and massive compact astrophysical objects. They may be
also applied to describe the spaces of variable geometry and dimension discussed recently |2
4]. Yet another application corresponds to the fermions (quarks) motion in rotating media
which may be realized [3] in heavy-ion collisions.

In this paper, we apply the methods of the Foldy-Wouthuysen (FW) transformation pre-
viously used for the analysis of the spin dynamics in weak static and stationary gravitational
fields [6-9] for the case of arbitrary strong gravitational fields. We use the isotropic spa-
tial coordinates and systematically investigate, in particular, the spin dynamics of Dirac
fermions. Specifically, we derive the general result for the angular velocity of spin precession
and compare this quantum mechanical result with classical predictions.

The paper is organized as follows. In Sec. [Il we derive the general Hermitian Dirac
Hamiltonian for a charged particle in an arbitrary curved spacetime interacting with the
electromagnetic fields. In this general framework, we further specialize to the dynamics of
the spin and momentum of the particle in a spatially isotropic metric. Sec. [IIl presents the
FW Hamiltonian and operator equations of motion. The equations describing the dynamics
of a classical spin are obtained in Sec. [Vl and we compare them with the corresponding
quantum equations, testing the equivalence principle. The validity of the latter as well as
the similarity of the spin interactions with the gravitational and with the electromagnetic
fields is also manifested in the analysis of squared covariant Dirac equation performed in
Sec. VIl The evolution of the helicity in the strong fields is discussed in Sec. [Vl The results

obtained are summarized in Sec. [VIIl

We denote world indices by Latin letters 7,7, k,... = 0,1,2,3 and reserve first Greek
letters for tetrad indices, «, §,... = 0,1,2,3. Spatial indices are denoted by Latin letters
from the beginning of the alphabet, a,b,¢,... = 1,2,3. The separate tetrad indices are

distinguished by hats. Asusual, A and * denote the exterior product and the Hodge operator,



respectively.

II. SPINNING PARTICLE IN CURVED SPACETIME

A. General spacetime metric

A classical spinning particle is characterized by its position in spacetime, z’(7) which
is a function of the proper time 7, and by the 4-vector of spin S%. The 4-velocity of
a particle U* = efdz’/dr is normalized by the condition g,zUU” = ¢ where go5 =
diag(c?, —1, —1, —1) is the flat Minkowski metric. To describe spinning particles in flat and
curved spacetimes (as well as in arbitrary curvilinear coordinates), we use the tetrad ey
When the gravitational field is absent, one can choose the Cartesian coordinates and apply
the coincidence of the holonomic orthonormal frame with the natural one (ef = ¢;'). For an
arbitrary spacetime metric, gage?ef = g;;. Let ¢ be the time and 2 (a = 1,2, 3) be spatial
local coordinates. The general form of the line element of an arbitrary gravitational field

can be given by
ds® = V2Adt® — 55We Wy (da® — Kedt) (da® — Kcd). (2.1)

The functions V and K¢, as well as the components of the 3 x 3 matrix W%, may depend
arbitrarily on ¢,2%. The total number 1 + 3 + 9 = 13 of these functions is larger than the
number of components of the spacetime metric. However, it is obvious that the structure of
(1)) allows for a redefinition W, — L2%W?¢ with the help of an arbitrary local rotation
L%(t, x) € SO(3). Taking this freedom into account, we end up with exactly 10 independent
variables that describe the general spacetime metric.

The off-diagonal metric components g, are related to the effects of rotation, as is well
known. They arise when the functions K are nontrivial. For example, the ezact metric of
the flat spacetime seen by an accelerating and rotating observer is obtained for the special
case [10]

1

= W, =62, K* = - (wx7)s, (2.2)

a-r

V=1+

where a describes acceleration of the observer and w is an angular velocity of a noninertial
reference system. Both are independent of the spatial coordinates, but may depend arbitrar-

ily on time ¢. The slowly rotating massive body produces the gravitational field of similar



form; far from the source the Lense-Thirring [11] metric is described by

_ 1
V=V(z), Wy = o, W(x), K= Ee“bcwb(x)xc. (2.3)

The functions V(z), W(2), w(2®) can be recovered from the Kerr metric in the isotropic

coordinates in the limit of r — oo:

(M w\t pa® —3p(a - n)? 2 4

V = (1 2r> <1 + 2r> 573 + O(a"r %), (2.4)
B w2 pa® —3p(a-n)? 2 4

W= (1+ 2r> + 5 + O(a?rY), (2.5)

and K® is given by the same equation (2.3)) with

2 3 212
w="14 <1 Sl > + O(a’r™). (2.6)
T

Here r := v/z - © and n = r/r. The constant vector a = (0,0, a) is the rotation parameter
of the Kerr solution and a - n = az/r. Also, u = GM/c*; the total mass M and the total
angular momentum J = Mca define the Kerr black hole uniquely. These equations are
obtained from the Arnowitt-Deser-Misner form [12] of the Kerr solution performed earlier
by Hergt and Schéfer [13] after dropping the terms violating the isotropy.

In the weak field approximation, we have studied the dynamics of quantum and classical

spin for the cases ([2.2)) and (2.3)) in Ref. [9].

B. Dirac fermions

In order to discuss the Dirac spinors, we need the orthonormal frames. The preferable

choice [9] is the Schwinger gauge:
ei6 =V, ed =we, (67 — cK*5)), a=1,2,3. (2.7)

Tetrad (2.7) is characterized by the condition ea6 =0,a = 1,2,3. The same is automatically
true for the inverse tetrad:
) 1 ) . ) )
e = v (6 + 6%cK?), ek = 5w, a=1,2,3, (2.8)
where the inverse 3 x 3 matrix, W W?¢, = §2, is introduced.
The covariant Dirac equation for spin-1/2 particles in gravitational and electromagnetic
fields has the form

(thy*Dy — me)¥ = 0, a=0,1,2,3. (2.9)
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The Dirac matrices v* are defined in local Lorentz (tetrad) frames. The spinor covariant

derivatives are given by

Da = €ZD1', D, = 81 + h_qc A, + Zo'aﬁriaﬁ- (210)
Here I;*? = —T';°® are the Lorentz connection coefficients, 0@’ = ! (’ya’yﬂ — 7’370‘). The

2
Dirac particle is characterised by the electric charge ¢, and A; is the 4-potential of the

electromagnetic field.

Egs. (239),[2I0) show that the gravitational and inertial effects are encoded in coframe
and connection (see the relevant discussion in Refs. [14, 15] and references therein). For the
general metric (21 with the tetrad (2.7) we find explicitly

2

I = CV Wes 0V e — % Qe € (2.11)
Ui = % Qrap e+ (Caze + Cacy + Caza) e (2.12)
Here
Qi = 9aelW'% (%Wd + KOW 4y + WiadKe> : (2.13)
C” = WSWe oW = —Ci., Cate = 9zd Cazg- (2.14)

The dot " denotes the derivative with respect to the time ¢. As one notices, Caga is nothing
but the anholonomity object for the spatial triad W?,. The indices (that all run from 1
to 3) are raised and lowered with the help of the spatial part of the flat Minkowski metric,
G5 = — 0ap = diag(—1, -1, -1).

Dirac equation can be derived from the action

I:/d4a:£, L=+—gL (2.15)

with the Lagrangian
o B B
L= % (T1° Dy ¥ — D, U7 ) — mc V. (2.16)
As it is well known, the naive Hamiltonian form the Schrodinger form of the Dirac equation
is not Hermitian. The most straightforward way to derive a Hermitian Hamiltonian is to

redefine the wave function. Substituting the tetrad and connection into the Lagrangian



density, we find explicitly
I = / dtd*z [%\/—_ge% (U100 — 0,9TW) — qAg\/—ged UV — mc?\/—g ¥tV
+ %\/—_ge% (vio, v — 0,v"y) — % V—get AUt
+ %\/—_ge% (@Taaa,,\p — ab\IfToﬂ\Il) — q/—get A Uia W
- Z\/—_gfazc RN B %\/—_gfaffaagllﬁ%‘l’ : (2.17)

A direct check shows that the Schrodinger equation derived from this action has a non-

Hermitian Hamiltonian. This problem disappears if we define a new wave function by

(NI

b= (V=ged)* w. (2.18)

Such a non-unitary transformation may be also interpreted in the framework of the pseudo-
Hermitian quantum mechanics [16, [17] (cf. also [18]). Substituting (ZI8) into (ZI7), and
recalling (2.7) and (2.8)), we find the action

1= [ s | (0w - ate) - gAts - mevity

10
+ K" {% (v10u = duty) — 1 Amw}

+ F°, {Zh?c (V1O — OpTay) — g AbwTa“zb}
i
_ZC ('S + Y ¢T75¢)] . (2.19)

Here V = eg, Fb, = \/—ge% = VW?’, and

PN PSS V ~ ~
T =V T = —Ve™Cy Ba = — e 15" = €3, Q% (2.20)

abe’ c abc

For the static and stationary rotating configurations, the pseudoscalar invariant vanishes
(eaaacagE = 0), and thus the corresponding term was absent in the special cases considered
earlier [9]. But in general this term contributes to the Dirac Hamiltonian.

Variation of the action (219) with respect to the rescaled wave function yields the Dirac

0
equation in Schrodinger form zh—w = H1). The corresponding Hermitian Hamiltonian reads

ot
H = Bmc*V +qP + g (mp FPaat® + a“Fym)

h
+ (K~7r+7r~K)+—C(T’y5+E-E). (2.21)
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The kinetic momentum operator m; = iho; — %Ai = p; — %Ai accounts of the interaction
with the electromagnetic field A; = (®, A,).

Hamiltonian (2227]) is one of our central results and covers the general case of a spin-1/2
particle in an arbitrary curved spacetime. Remarkably, the form of the Hamiltonian remains
the same even when the connection is non-Riemannian. If the torsion 7% = dd* + T'3* A 9”

is nontrivial, we just have to replace
T—Y-T5 g = Eo+ T3, (2.22)

where T,0% = *(9,AT®) is the axial covector of torsion (i.e., the totally antisymmetric piece
of torsion). It is worthwhile to mention that the recent discussion |[19] of the Dirac fermions
in an arbitrary gravitational field is very different in that the non-Hermitian Hamiltonian is
used in that work, in deep contrast to the explicitly Hermitian one (2.21]).

Since the metric tensor is symmetric, it can be brought to the form diagonal in spa-
tial coordinates. For example, the Kerr metric in the both spherical and Boyer-Lindquist
coordinates belongs to this form.

A spatially diagonal metric tensor can often be reduced to an isotropic form by an appro-
priate transformation of spatial coordinates. In spatially isotropic coordinates, W%, = W4¢,

and the final form of the line element is defined by
ds? = V2Edt? — W26,y (dx® — K“cdt) (da® — K"cdt). (2.23)

Evidently, none of the two transformations changes the temporal coordinate. Since only
the spatial coordinates are transformed, the transformations do not change the physical
frame (particle rest frame) used for a definition of the three-component physical spin.

For isotropic metric (2:23) with the Schwinger gauge, the exact Hermitian Dirac Hamil-

tonian reads [9]

H = fmcV +Z[(a: p)F + F(a-p)

0
+g(K-p+p-K)+ZC(V><K)-E, (2.24)

where

F=V/W. (2.25)
It covers the general case of a spin-1/2 particle in an isotropic stationary metric.

7



III. THE FOLDY-WOUTHUYSEN REPRESENTATION

Let us now derive the FW Hamiltonian for stationary spatially isotropic metric (2.23).
We perform the FW transformation of the exact Dirac Hamiltonian (2.24) with the help of
the method developed in Ref. [20]. Since the gravitational field is supposed to be strong, we
do not make any approximations for the functions V, W, K, and the only small parameter
is the Planck constant h. In the FW Hamiltonian, we retain all the terms of the zero and
first orders in /& and the leading terms of order of % nonvanishing in the both nonrelativistic
and weak field approximations. These terms describe the gravitational contact (Darwin)

interaction [6]. The computations are straightforward, and the final FW Hamiltonian is

given by
Hiw = HY, + 1 G, (3.1)
where
4
) _ g glme ! Y (Bxp) —%-(px®)+EV -
Hpw = pe — 1 {26’2+m62{6’,V}’[ (® x p) (px @)+ ]
he? (1
3
@ _° K. K @g.v K_hi L Fiu. 3.3
Hiw =5 (Kptp K)+ 2 (VX K) - 75 2e'2+mc2{e',V}’{ X Q) (33)
1
e':\/m2c4v2+§c2{f-2,p2}, G =V(F?, ® = F*VYV, (3.4)

Q=pxV(Kp+p K)-V(Kp+p-K)xp-px(px(VxK))-((VxK)xp)xp.
(3.5)

The equivalent forms of the latter quantity

Q=px(Px(VxK)+(VxK)xp)xp+2px (p- V)K —26"(V,K)p, X p,
Q=pxV(p K)-V(K -p)xp+px(p-V)K —0“(V,K)p, X p (3.6)

may be also useful. Eqs. (B)-(B0) (which in the limiting cases agree with our previous
results obtained in Refs. [6, [7, 9]) belong to the principal results of this paper.
The dynamical equation for the spin is obtained from the commutator of the FW Hamil-

tonian with the polarization operator IT = 83 and is given by
dIl

== %[’HFW, I =00 x =+ 0@ xII, (3.7)
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where Q) is the operator of angular velocity of rotation of the spin in the static gravitational

field,

2

4
W= 1 _ L Gxp
Q 2 {2e,z+m62{€,7v}7(<1>><p p><<I>)} +3 {6,,(g><p pxG)e, (3.8)

and the contribution from the nondiagonal part of the metric is equal to

3 1
02 = Syx kx-S F2 . 3.9
2 % 8 26’2+m02{e’,V}7{ 7Q} (3.9)

The two different matrices appear on the right-hand side of Eq. (1) due to the fact
that Q™) contains the velocity operator rather than the momentum one. Since the velocity
operator is proportional to an additional § factor and is equal to v = Jcp/e for free particles,
the operator Q(l), when expressed in terms of v, also acquires an additional 3 factor [9].

The corresponding semiclassical formulas describing the motion of the average spin are

then explicitly given by

— = Qxs= QW + Q@) x s, (3.10)
4 2
n me c
W = ST aan P e g X 9 (3.11)

Cc

2 12
4€' (e + mc?V) 7R (3.12)

Q? = ngK—

where, in the semiclassical limit,

€ = /m2AV? + 2p2 F2, Q=2pxV(p-K)+2px (p-V)K. (3.13)

FW Hamiltonian (BI) can now be expressed in the simpler form in terms of Q. 0®.

Hew = 5e’+g(K-p+p-K)+gn-n<U+gz-n<2>
h2mct 1 W (1
— V- -® —< - V- . 3.14
b 4 {26’24—77162{6’,\/}7 }+B 16 {e” g} ( )

It is instructive to compare the classical and quantum Hamiltonians of a spinning particle.

In order to do this, one can start from the classical Hamiltonian of a spinless particle [21]:

m2c? — gabﬂ. - 1/2 gl ) gOagob
%class - ( gUO a4 ) + g(]0a + qA07 gab - gab - 900 . (315)

Substituting the components of the general metric (2.1]), we recast this into

Hetass = V/m2c V2 + 2644 F0, Foymym, + cK -+ qO. (3.16)

9



In order to take into account the spin correctly, this Hamiltonian should be completed by

the interaction term s - €2, along the lines of the general discussion of the Ref. [22]:

,Hclass = \/777/204‘/2 + CZ(SCd-Fac ]:bd Tq Ty + cK -m+ q<1> +s-Q. (317)

In the general case, €2 includes the both electromagnetic and gravitational contributions.
For the case of the stationary spatially isotropic metric (2.23), we obtain the resulting

classical Hamiltonian (equal just to cpy)

Hetass = V/m2cAV2 + 2F2p2 + cK -p+ s - £, (3.18)

where terms dependent on the electromagnetic fields are omitted. It is satisfactory to no-
tice that the quantum Hamiltonians (3.]), and (B14]) agree completely with the classical
Hamiltonian (B.I8]).

The similarity of the quantum and the classical Hamiltonians naturally leads to the
similarity of the quantum and classical equations of motion which we are going to discuss

now.

IV. CLASSICAL DYNAMICS OF SPINNING PARTICLES

The dynamics of spinning particles in strong gravitational fields is described by the gener-
ally covariant Mathisson-Papapetrou [23, 24] theory. A different approach was developed by
Khriplovich and Pomeransky [22] for the noncovariant 3-dimensional spin defined in the par-
ticle rest frame. In general, the analysis of the Mathisson-Papapetrou equations is a difficult
task and various approximation schemes were developed for their solution. By neglecting

the second order spin effects, the Mathisson-Papapetrou system is reduced to [25]

DU® 1

dr Jim = 2m SWUﬂR‘“’ﬂa’ (4.1)
DS*
o = 0. (4.2)

The Mathisson force fy, in the right-hand side of (A1) depends on the curvature R,z of
spacetime. The physical spin s is defined in the rest frame of a particle. Taking into account
that the 4-velocity is

U' = ~(ef+ v eb), (4.3)

10



we can recast the Mathisson-Papapetrou system into the 3-vector form

dv v(v:E) 1
— =&-———= B+ = fu, 4.4
dr 2 tox BT 7'f (4.4)
ds v vx€&
% _q Q=B+ 4.5
dr X 8, + ~ 1 2 ; ( )
by introducing the fields £ and B B],
~UTg" =€, -UT;" = "B (4.6)

This represents a clear analogy between the gravitational and electromagnetic fields that
makes it possible to speak of the gravitoelectromagnetic type effects. One should not confuse
the objects (4.6) with the usual gravitoelectromagnetic fields @ l that are defined in the
weak-field approximation and that satisfy the Maxwell-like dynamical equations which are
derived from Einstein’s gravitational equation. In contrast, the fields (4.6]) arise in a purely
kinematic context and are defined for arbitrarily strong field configurations. Note also that
they depend on the velocity of the particle, unlike the usual gravitoelectromagnetic fields

, ] Nevertheless, their application is quite helpful because the equations of motion of
particles and their spins, written in terms of € and B, look very similar to the corresponding
equations of motion of charged spinning particles in the electrodynamics.

Let us calculate these fields explicitly. We start from Eqgs. (2.11I) and (2.12) and use the
notation from Ref. ﬂg] Multiplying the connection coefficients (Z11])-(2Z.12)) by the 4-velocity

@3), we find:

C
UZ inib - ‘;'y Q[ab +7 (C’dbc + Cﬁ'éb + cha) (47)
2
UTg = - Qg — L W%a,V. (4.8)

10b Vv (be) V
As a result, for the general metric (2.1]), the gravitoelectric and gravitomagnetic fields (4.6)

read
~
b= L (cQuy” — ¢ W'a V), (4.9)
c —a 1 a aoc
B* = % <— 5.: — iTU + € b VCbchd> . (410)

The physical spin precesses (4.5) with the angular velocity € that can also be written

explicitly in terms of the connection [9, 22]

i(lra
Qa:éach <§Flb+7+11—‘20’0/6> (411)
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As compared with the quantities Q" and 2@ which describe the precession of the quantum
spin using the coordinate time, {2z contains an extra factor dt/dr = U® = v/V in view of a
different parameterization using the proper time.

Let us calculate the classical precession angular velocity in the Schwinger gauge explicitly.
Substituting (4.7) and (4.8)) into ([A.II]), we obtain the ezact classical formula for the angular

velocity of the spin precession in an arbitrary gravitational field:

~ 1 ~
swz:%<§Tw—fqug%+711aMW%@V%
a
C:ii_ v abe AAU ve
T E T QW)C). (4.12)

The terms in the first line are linear in the 4-velocity of the particle, whereas the terms
in the second line contain the even number of the velocity factors. For the special class of

stationary geometries (2.23]), this general formula reduces to the simpler expression:

v 1 v
Q= —|- St B
V[ Vv><V<W> W(7+1)UXVV
C —77 . .
+2V><K 2+ 1) (vxV(w-K)+vx (v V)K)] (4.13)
Equivalently,
vy 1
Q= |/ — P - —
v[fw7+nvx 2Fvx 9
¢ v
+2V><K 20+ 1) (vx V(v -K)+vx (v V)K)] (4.14)
Since

2
¢ =mc®Vi/1+ m = mc*V, p =mWw, (4.15)

we conclude that the classical equation of the spin motion (4.5]) agrees with the quantum
equation (3.7) and with the semiclassical one (B.I0). Thus, the classical and the quantum
theories of the spin motion in gravity are in complete agreement. This is now verified for

the arbitrary strong field configurations.

V. EVOLUTION OF HELICITY IN AN ISOTROPIC METRIC

Let us analyse the semiclassical evolution of the helicity of a particle propagating in

a strong gravitation field. The helicity describes the spin orientation with respect to the

12



direction of particle’s motion. As usual, one means the orientation of the 3-component spin
defined in the particle rest frame (physical spin). The particle motion is defined by the
trajectory that shows how the contravariant spatial world coordinates of the particle change
in time. Evidently, the particle motion can be correctly characterized by the evolution of
the contravariant world velocity or the unit vector in its direction. As a result, one can
unambiguously define the helicity as a projection of the 3-component spin (pseudo)vector in
the particle rest frame onto the direction of the unit vector along the contravariant velocity

wn the world frame. Thus, the helicity should be defined as

¢=(s/s)-(UJU) = (s/5)-V/V,

where U = {U',U* U?} and V = U/U". The investigation of the helicity is simplified
when particle’s trajectory is infinite. In this case, one can apply the fact that the vector
N = U/U coincides with the vectors v/v and p/p at the initial and final parts of such
a trajectory of the particle because of the very large distance to the field source. Here
v = {UT, UE, vg} is the velocity in the anholonomic coframe (A3) and p = {—p1, —p2, —p3} is
the covariant momentum entering the classical and quantum Hamiltonians. For the isotropic
metric under consideration, p, = egpﬁ + eng = Wpge and p,/p = Wug/(|W|v) = vg/v. As a
result, the change of the helicity on the whole trajectory can be given by A(’ = A(, where
("= (s/s) m, n=wv/v=p/p. Evidently, ' = cosy, where x is an angle between the s
and m vectors.
In the general case, the evolution of the covariant momentum operator is defined by

dp 1
ar ﬁ[,HFW7p]' (5-1)

In the discussion of the semiclassical dynamics of the particle, we can neglect the small
spin-dependent force which enters into the equation of motion with an additional factor A.

Thus, in the semiclassical approximation

dp=t 1 dp
at PP
and the dynamics of the unit vector n is given by
d 1 d
Mo Zax(nx). (5.2)
dt P dt
Therefore, the vector n rotates with the angular velocity
1 d
@=-nx2 (5.3)
P dt

13



and one can add a quantity xn with an arbitrary factor k. Using the Eqs. (B.4), (3.14),

[@T5). 1), (B3), we derive

2

f;72vnx¢—%nxg—cnxV(n-K). (5.4)

w=—

The nabla operator does not act on n.

We can add the quantity gn(n (n x K)) to @ and use the identity
2nxVn-K)=nn-nNxK))-VxK+nxVn-K)+nx(n-V)K.

As a result, Eq. (5.4) is recast into

2 c

v C

w =

The angular velocity of the spin rotation defined by Eq. ([B.I2]) can be expressed in the
form similar to Eq. (d.14):

v

v
Q = mnx‘i—ﬁnxg
+gV><K—C(72;1)[nxV(n-K)+n><(n-V)K]. (5.6)

Therefore, the vector of spin rotates with respect to the momentum direction, and the
angular velocity of such rotation is

C2

FVanchr%[nxV(n-K)Jrnx(n-V)K]. (5.7)

o=Q—-w-=

The same result can be obtained for an arbitrary metric by the purely classical method

considered in the previous section. Indeed, let us use classical equations (44)),([Z3]) and
neglect the relatively small Mathisson force fy,. Since

dn 1 dv
E——;nx<n><%), (58)

Eq. (£4) leads to the following formula:

dn _ w' X n, (5.9)
dr

where

, 1
w:—B-l—U—vaS. (5.10)
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Consequently, we find that the spin vector rotates with respect to the momentum direction

and the angular velocity of this rotation is

o:K(ﬂ—w'):—vag.
g V2o

(5.11)

The gravitomagnetic field B does not influence particle’s helicity [31]. This conclusion is
valid for an arbitrary gravitational field when the effect of the Mathisson force on the particle
motion is neglected. &€ is proportional to v/V. The use of the world time shows that any
gravitational field does not affect the helicity of a particle with a negligible mass.

The covariant Dirac equation can be used and the FW transformation can be performed
for a massless particle. However, the interpretation of the results is a serious problem. The
3-component spin is defined in the particle rest frame which cannot be introduced for such
a particle.

For stationary isotropic metric (2.23)), the gravitoelectric and the gravitomagnetic fields

(A9) and (£.I0) reduce to

2 /1 K9O,W v, b
£, = _% <Waav+ Mj %+8(QK,,) %) (5.12)
AW
B — % _geabcab K, +6abcy#vc> (5.13)

This demonstrates the perfect agreement between the quantum and classical analyses, cf.
Egs. (5.7) and (5.10).

As a final remark, we should mention that the results presented in this section cannot,
generally speaking, be applied for the particle moving on a finite trajectory because the

replacement of ¢ by (' is not always possible in this case.

A. General noninertial frame

A general noninertial frame is an important application of the results above. This frame
is characterized by the acceleration a and the rotation w of an observer. The exact metric
of the flat spacetime seen by the accelerated and rotating observer has the form (223) and
is given by Eq. (2.2)).

We can apply our general results (8.7)—(B.9), (3.14) for the metric (Z2]) of the flat space-
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time. For the FW Hamiltonian we then find

h h
Huw = Ho + 511 Qb+ -x.0®)

2
’ngg{<1+aér),\/m264+62p2}—w-l, (5.14)
c
axp m2ct 4+ ?p?
Qb = — Q¥ =, v = 5 :
mc?(y + 1) me

Here I = r x p is the angular momentum operator. There are no any terms of order of
7i* nonvanishing in both the nonrelativistic and the weak field approximations. We also
emphasize the absence of the spin-dependent Mathisson force. Let us stress that Eq. (5.14)
is derived for the strong kinematical effects when the ratios |a - 7|/c¢* and |w x r|/c are
not small. Nevertheless, Hamiltonian (5.14) coincides in the case of w = 0 with the result
[6] obtained for the special case of the accelerated frame in the weak field approximation
la - 7|/c* < 1. When a = 0, we reproduce the exact FW Hamiltonian deduced in Ref. [7]
for Dirac particles in the rotating frame. Eq. (I4) and the corresponding Hamiltonian
obtained in Ref. [7] generalize the approximate expression derived by Hehl and Ni [10].
The equivalent form of H, reads

ihﬁa-p_

-1. 5.15
2mc? ~y @ ( )

%0:5(m02+ma-r)7—

The metric under consideration is non-Minkowskian at any parts of finite and infinite
trajectories of particles. Therefore, we need to use the contravariant 4-velocity U? or the
world velocity ¥V = ¢U /U°. Evidently, V/V = U/U. The world velocity operator is given
by

vzz—::%[%pw,r]:g{@jLaér)J\/n%ﬂoz}_wxr. (5.16)
As a result, the semiclassical approximation for the world acceleration operator
= O = V]
reads
w=-a <1+ a-2r) —wX 2V +wxr)+ (a- (22V-|—w X)) V+wxr). (517
c c“+a-r

The exact semiclassical Eq. (5.17) agrees with the particular results obtained in Refs. [6]

and [7] (which are approximate for the acceleration a).
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The expression for the angular velocity of rotation of the vector N = V/V is similar to

Eq. (E3):

1 dy
==Nx —. 1
wy v X i (5 8)
Explicitly,
N a-r (a- 2V +wxr))
wV:—2w+7x[—a<1+ C2)—w><(w><r)+ Za.r (wxr)|. (5.19)

The exact semiclassical expression for the angular velocity of spin rotation can be written

in terms of V:
ax(V+wxr)

Q:
2 [1+“—'§"+\/(1+%)2—(M)2

— w. (5.20)

C
To consider the helicity evolution, it is sufficient to examine three specific cases. If

lw x 7| < ¢, |a- 7| < % one may retain only the terms linear in w, a:

VY xa
=0 —wy = ) 5.21
Oy Wy w + ’)/V2 ( )
When a = 0 (a purely rotating frame), we find

VX (wx(wxr))

oy =w+ ¥ . (5.22)
The presented solution for the rotating frame is exact.
When w = 0 (an uniformly accelerated frame), we obtain
VY X a a-r V X a

OV:T( + 2 >— (523)

2 {1+%+\/(1+%)2—’j—§}

As follows from the Eq. (516), V/c =1+ a - r/c* for the ultrarelativistic particles with
negligible masses. For such particles, we find oy, = 0. Therefore, their helicity remains
unchanged in the uniformly accelerated frame.

We can conclude that the motion in the general noninertial (arbitrarily rotating and
accelerating) frame leads to the change of the helicity even for the ultrarelativistic particle
with a negligible mass. A similar effect takes place in a gravitational field when a particle
trajectory is finite.

Another possible application of our general results is a rotating massive thin shell which
metric obtained by Brill and Cohen [28] has the form (23),([2:23). We will analyse this

elsewhere.
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VI. SQUARED DIRAC EQUATION AND THE EQUIVALENCE PRINCIPLE

The electromagnetic and gravitational contributions to the covariant derivative (ZI0)
manifest an obvious similarity of the electromagnetic and gravitational effects. In this section
we further clarify this similarity by analysing the squared Dirac equation.

The commutator of the covariant derivative (210 reads
iq
Tic

?

D;D; — D;D; = y

Ej + O'aﬂRijaﬂ. (61)

Here F}; = 0;A;—0;A, is the electromagnetic field tensor, and Rijaﬂ is the Riemann curvature
tensor.

Acting with the conjugate Dirac operator (ifiy*D, + mc) on ([2.9), we find the squared
Dirac equation

(—h2gijD,~Dj — 12yl D D; — m*c*) i = 0. (6.2)
Substituting Eq. (€.1]), we find
(—thijDiDj - % Vi By 4 gv[ivﬂwaw]&jaﬂ - m202> Y = 0. (6.3)
Expanding the product of gamma matrices, we derive the equation
<—WﬂDﬂb—%awﬂﬂ+§R—m%ﬁ¢:Q (6.4)

where F,3 = efle%Fij are the tensor-like electromagnetic field coefficients.
The special form of Eq. (64) for the Dirac particle in a gravitational field has been
obtained in Ref. [29].
Explicit computation yields
2

3 p . i ,
— W?¢"D;Dj = w'm; — Zaaﬂ {m*,Tiag} + Eaaﬂa“’jfzaﬂfiw. (6.5)

SiDCG
o "o ’Ti T, = —1 {0 o’ V}Fl T, = 21—‘1 T, + 1€ ’Ti T,
aflipuv 9 J afl ipv afli afli /u/75;

we get finally
2 2

: I h : .
P%—§¢W€Ew+m%@+2J%hﬁ@wwnw+wmﬂ%ﬂ@ﬂg—m%2w:q
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where
Doy = i (P Tias}. 75 =—in""7" (6.7)
In the semiclassical approximation, 7* = mU®, and ®,5 coincides with the spin (and
momentum) transport matrix in a gravitational field (see Ref. [9]) and with the tensor-like
coefficients 7a,3AuA [22]. It is analogous to the electromagnetic field tensor and leads to
the Dirac gyro-gravitomagnetic ratio g44, = 2 in perfect agreement with the equivalence
principle which is also manifested in the interaction of spin with gravity [30]. This means
[31] the absence of both the anomalous gravitomagnetic moment and the gravitoelectric
dipole moment which are gravitational analogs of the anomalous magnetic moment and the
electric dipole moment, respectively.
Eq. (6.6) explicitly shows a similarity of the Dirac particle interactions with electromag-
netic and gravitational fields. This similarity is caused by the similarity of the motion of

spinning particles in any external classical fields shown in Ref. [9].

VII. CONCLUSIONS

In this paper we have studied the quantum and classical dynamics of spin 1/2 fermions
in the strong fields. We derived the Hermitian Dirac Hamiltonian (2:21)) that describes the
fermion in arbitrary electromagnetic and gravitational fields in the Schwinger gauge. Apply-
ing the FW transformation, we constructed the respective Hamiltonian ([B.I]) for an arbitrary
isotropic metric. This allowed us to obtain the operator equation of spin precession (B.1)
and its semiclassical limit (BI0). As a specific application, we proved that the equations of
motion in the uniformly accelerated rotating frame obtained earlier for the small accelera-
tion are in fact valid for arbitrary large acceleration. We also derived the classical equation
(@12) for the spin precession in the general gravitational field (in the Schwinger gauge)
and observed its consistency with the semiclassical limit of quantum equation, in complete
agreement with the equivalence principle. We confirmed this conclusion by deriving and
analyzing the squared Dirac equation. The general evolution equations for the helicity were
obtained in quantum and classical pictures. Their application to the dynamics in the general
noninertial frame revealed the change of the helicity even for the ultrarelativistic particle

with a negligible mass.
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