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STATISTICAL PROPERTIES OF ESTIMATES OF MUTUAL SPECTRAL 
DENSITIES WITH POLYNOMIAL WINDOW OF DATA VIEWING 

N.N.Troush, J.V.Vasilenko 

Belarus State University, e-mails: TroushNN@bsu.by, VasilenkoJV@bsu.by 

Abstract. The estimation of mutual spectral density with polynomial window of data viewing 
of stationary stochastic process ZttX r ∈),( with discrete time is constructed. The properties 
of polynomial window of data viewing are investigated. Moments of this estimation are found; 
their asymptotic behavior and limit distribution of the estimation are investigated. In this report 
the rate of mathematical expectancy convergence of modified periodogram with polynomial 
window of data viewing to the mutual spectral density of stationary stochastic process is 
investigated, if spectral density satisfies the Holder condition continuous with index α, 0 < α < 
1. 

Let { } ZtratXtX a
r ∈== ,,1,)()( , be a strictly stationary process with mean zero, Holder condition 

continuous with index α, 0 < α ≤ 2 second order mutual spectra ,)(λabf  [ ],,ππλ −=Π∈ rba ,1, = . 
Let Xa(0), Xa(1),…, Xa(T-1) – T sequential observations of the process Xa(t), t ∈ Z, which were made 

in equal time periods, ra ,1= . We will suppose that the number T of observations of the process Xa(t), t ∈ Z, 
satisfy Т = r (N–1) + 1, where { } { },...2,1,,...2,1 ∈∈ Nr . 

Let's consider the following statistics as an estimate of the spectral density: 
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which we will call a periodogram, where λ ∈ Π, function )(, tQ rN  is defined as the solution of the equation: 
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 Lemma 1. If the function )(, tQ rN , t ∈ Z, is limited by the constant L and have the variation limited 
by the constant M, then 
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for any λ, λ ∈ Π и λ ≠ 0 (mod 2π), { },...2,1, ∈rN . 
 Lemma 2. The function 
 )()( 21

,, xHxФ r
NrNrN ∆= − , (3) 

{ } { },...2,1,,...2,1 ∈∈ Nr , Rx∈ , where rN ,Η  and )(xN∆  are defined  by equation  
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has the following properties: 
1. 1)(, =∫
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dxxФ rN ,  (6) 
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where π<<a0 . 
It is known [1], that if the spectral density fab(y) is continuous in a point λy =  and is limited on Π, 

then the statistics ( )λI ab
rN , , set by equation  (1), is asymptotic unbiased, but not consistency estimation for 

spectral density. 
We suppose, that the spectral density satisfies to the following inequality: 

( ) ( ) γ
abab yCλfλyf ≤−+ , 

where C  - some constant, y, λ ∈ Π, а 10 ≤< γ . According to [1], we have: 
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the function )(, yФ rN  is defined by equation (3). 

Let’s consider asymptotic properties of the first two moments of the periodogram ( )λI ab
rN , , λ ∈ Π. 

Theorem 1. The mean of the statistic (1) satisfy 
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λ ∈ Π, rba ,1, = , where the function )(, yФ rN  is defined in Lemma 2. 
Theorem 2. If the spectral density )(yfab  is continuous in the point λ=y and is limited on Π , then 

for the periodogram (1) the following equation is true 
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ab
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λ ∈ Π, rba ,1, = . 
Proof. Using (9) and considering (6), we have 
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As the function )(yfab  is continuous in the point λ=y , so for any ε > 0 exists a > 0, that for ay ≤ , 

ελλ ≤−+ )()( abab fyf . Hence, considering properties of Fejers kernel (6), we have 
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Hence, we can make the left part of the last inequality much smaller with the help of choosing ε. 
Let’s consider 2I . As the spectral density )(yfab  is limited on Π , so 
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Using the property of Fejers kernel (7), we have 0lim 2 =
∞→

I
N

. The theorem is proved. 

Lemma3. If the spectral density )(xfab  is continuous in the point 1λ=x  and is limited on Π , data 
window ,),(, RttQ rN ∈  is limited by the constant L and has the variation limited by the constant M, then the 
following equations are  true  

  ∫
Π

→∞ 



≠+
=+

=+−
)2(mod0,0
)2(mod0),(

)(),(lim
21

211
21, πλλ

πλλλ
λλ

if
iff

dxxfxxФ ab
abrNN

 (11) 



 264 

  ∫
Π

∞→ 



≠−
=−

=−−
)2(mod0,0
)2(mod0),(

)(),(lim
21

211
21, πλλ

πλλλ
λλ

if
iff

dxxfxxФ ab
abrNN

 (12) 

where Π∈21,λλ , rba ,1, = . 
Theorem 3. For any points λ1, λ2 ∈ Π the covariation of the periodogram (1) satisfy 
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where function ),,( 3212211
yyyf baba  is the semi-invariant spectral density of the  forth order,  
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the function rN ,Η  is defined by (4), аnd )(xN∆  by the equality (5), 321 ,, yyy , λ1, λ2 ∈ Π, 

rbaba ,1,,, 2211 = . 
Theorem 4. If the spectral density fab(x) is continuous in the point  λx=  and is limited on Π, the 

semi-invariant spectral density of the  forth order is limited on Π3, the equation  is true 
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where some positive constant С is in depended on  N, then 
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λ1, λ2 ∈ Π,  rbaba ,1,,, 2211 = . 
Proof. According to (13), we denote every item as A1, A2, A3. Then 

∫∫∫
∑

Π

−

= +−+≤
3

3212312114321,2
,

)1(

0

4
,

3

1 ),,(),,(
)(

)()2(
dydydyyyyfyyyФ

H

tQ
A rN

rN

Nr

t
rN

λλλ
π

 

We suppose, that the semi-invariant spectral density of the forth order is limited by the constant F, and the 
condition (16) is true, we have 
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 The proof for А2 and А3 follows from Lemma3. The theorem is proved. 
Theorem 5. If the conditions of the theorem 4 are true, then the following equation is true 
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where Π∈λ , rba ,1, = . 
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The proof follows from the theorem 4, supposing, λλλ == 21 , aaa == 21 , bbb == 21 . 
Some questions of the estimation of the spectral densities are considered in articles [2], [3]. 
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