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Abstract. The estimation of mutual spectral density with polynomial window of data viewing

of stationary stochastic process X' (t), t € Z with discrete time is constructed. The properties

of polynomial window of data viewing are investigated. Moments of this estimation are found;
their asymptotic behavior and limit distribution of the estimation are investigated. In this report
the rate of mathematical expectancy convergence of modified periodogram with polynomial
window of data viewing to the mutual spectral density of stationary stochastic process is
investigated, if spectral density satisfies the Holder condition continuous with index o, 0 < . <

1.
Let X' (t) = {Xa(t)}, a=1r,teZ, bea strictly stationary process with mean zero, Holder condition
continuous with index o, 0 < a < 2 second order mutual spectra f,, (1), Aell= [—7[ n] ab=1r.
Let X4(0), X4(1),..., Xa(T-1) — T sequential observations of the process X4(t), t € Z, which were made
in equal time periods, a= l r . We will suppose that the number T of observations of the process X,(t), t € Z,
satisfy 7=r (N-1) + 1, where re{l,2,..}, Ne{1,2,...}.
Let's consider the following statistics as an estimate of the spectral density:
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which we will call a periodogram, where 4 & IT, function Qy  (t) is defined as the solution of the equation:
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Lemma 1. If the function Qy (), t € Z, is limited by the constant L and have the variation limited
by the constant M, then
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forany 4, A e [Tu A =0 (mod 27), N,refl,2,..}.
Lemma 2. The function
CZ)N r(X) HN rA (X) (3)
refl2,.,Nefl,2,.}, xeR,where Hy , and A (x) are defined by equation
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has the following properties:
L [@y, (9dx=1, (6)
I1
2. lim  [@y ()dx=0, @)
Nﬂwl‘l\[—a,a]
a
3. lim _[cDN,(x)dx=1, (8)
N—o0 a !

262



where O<a<r.
It is known [1], that if the spectral density f.p(y) is continuous in a point y=4 and is limited on TT,
then the statistics Iﬁtfr(/l), set by equation (1), is asymptotic unbiased, but not consistency estimation for

spectral density.
We suppose, that the spectral density satisfies to the following inequality:

| fab(y"'j')_ fab(j')| < C| y|y,
where C -some constant,y, 4 €I1,a 0 < y <1. According to [1], we have:

[MIR(2)- fa(2) < C [y @y (v)ely,

the function @y . (y) is defined by equation (3).

Let’s consider asymptotic properties of the first two moments of the periodogram | ﬁ?, (/1) A eIl
Theorem 1. The mean of the statistic (1) satisfy

MIF () = [ @y, (¥) Fap (Y +4) dy, ©)

A €11, a,b=1r, where the function @y ((y) is defined in Lemma 2.
Theorem 2. If the spectral density f,,(y) is continuous in the point y=A4and is limited on IT, then
for the periodogram (1) the following equation is true
Jim MIR ()= £ (2). (10)

Aell, ab :ﬂ.
Proof. Using (9) and considering (6), we have

MIE, (2) = fa (1) = [ @y (V) (Fa (¥ + 2) = o (4))dly -
I1

Hence, for any a, 0 <a<r,
a
M (D)= T D)< [| @y ]| (Fan Y+ 2) = ()] dy +
-a

+ J.|®N,r(y)| |(fab(y+/1)— fab(l))| dy =1y +15.

a<|yl<r
As the function f,,(y) is continuous in the point y=A, so for any &> 0 exists a > 0, that for |y|£a,

| fa(Y+A)— T (4) | < ¢ . Hence, considering properties of Fejers kernel (6), we have

a

L <& Dy, (y)dy<e [Dy, (y)dy =¢.
-a I1

Hence, we can make the left part of the last inequality much smaller with the help of choosing e.

Let’s consider I, . As the spectral density f,, (y) is limited on IT, so

I, <2max fu(y) j |®N,r(y)|dy-
yell a<|yl<z

Using the property of Fejers kernel (7), we have ’\!im I, =0. The theorem is proved.
—o

Lemmag3. If the spectral density f,,(x) is continuous in the point x = 4, and is limited on II, data
window Qy . (t), t e R, is limited by the constant L and has the variation limited by the constant M, then the
following equations are true

f , if 41+, =0(mod 2
lim J@N’r(x—ﬁi,x+/12)fab(x)dx={ ), 1A+ 4, =0(mod 27)
—®0
I1

. (11)
0, if 4, +4,#0(mod 27)
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fao (A1), if 23—, =0(mod 27)

I|m Dy (X= A, X=A,) fp (X)dx = 12
L [P (XX ) o (90 {0, it A — A % 0(mod 2) (12)
where 4,4, €11, ab=1r.
Theorem 3. For any points 14, 4, € IT the covariation of the periodogram (1) satisfy
covll 28 (). 132 (2,) = (139
r(N-1)
@x)° 3 Q)
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[y (= A, X= 1) Fop, (VX [y, (K= 20, X = 2) T, (X)X,
I1 I1
where function f,, .1, (Y1, Y2, Y3) is the semi-invariant spectral density of the forth order,
1
Dy, (Y1, Y21 Y3) = r(N-D) Al (Y1) A (Y2) AN (Y3)AN (V1 + Y2 +Y3),s (14)
(27)* 3 Q)
t=0
Dy, (Y1, Y2)=H ﬁl,rArN (Y1)ArN (Y2)’ (15)

the function Hy . is defined by (4), and Ay(x) by the equality (5), Vy;,Y,,¥3, A, A eIl
al,bl,az,bz 217 .

Theorem 4. If the spectral density fy(x) is continuous in the point x=A and is limited on II, the
semi-invariant spectral density of the forth order is limited on IT?, the equation is true

sup [[[| @y (31. Y2 vs)|aadyadys <C (16)
1—[3
where some positive constant C is in depended on N, then
0, if 4, £, =0(mod 27)
faa \A1)Ton A1) i = LA
i coul 8 (.18 (1) | o (1o (i if 7+ 4, ~0(mod 2¢).,,7, # (mod x)
N fa, (21 )fos, (4 if 4, — 2, =0(mod 27),4;, 4, = 0(mod )

faa, (O)fblbz (0)+ fap, (O)fblaz (0),if Ay =2, =0(mod r)
ll,lzen, al,bl,az,bzzﬂ.

Proof. According to (13), we denote every item as A;, A,, Az. Then
r(N-1)

(2n)° Z Q. ®
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(HN,r) o

We suppose, that the semi-invariant spectral density of the forth order is limited by the constant F, and the
condition (16) is true, we have

r(N-1)
@r)* Y QN (M
|A| < =0 FC — 0.
(HN.r)2 N—wo

The proof for A, and A; follows from Lemma3. The theorem is proved.
Theorem 5. If the conditions of the theorem 4 are true, then the following equation is true

) b fan (A) oo (1), if 2=0(mod 7)
im DI f(”:{faa (0)1 (0)+ (0o 0), if 2 =0(mod z)’

N—o

where 1eTI, ab=1r.
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The proof follows from the theorem 4, supposing, 4, =4, =4, &g =a,=a , by=b, =b .
Some questions of the estimation of the spectral densities are considered in articles [2], [3].
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