
ISSN 0012-2661, Differential Equations, 2009, Vol. 45, No. 5, pp. 1–12. c© Pleiades Publishing, Ltd., 2009.
Original Russian Text c© N.A. Izobov, S.G. Krasovskii, A.S. Platonov, 2009, published in Differentsial’nye Uravneniya, 2009, Vol. 45, No. 5, pp. 635–646.

ORDINARY DIFFERENTIAL EQUATIONS

On the Existence of Linear Pfaff Systems with Lower
Characteristic Sets of Positive Lebesgue m-Measure

N. A. Izobov, S. G. Krasovskii, and A. S. Platonov
Institute of Mathematics, National Academy of Sciences, Minsk, Belarus

Mogilev State University, Mogilev, Belarus
Received January 8, 2009

Abstract—We prove the existence of an n-dimensional completely integrable Pfaff system with
multidimensional time of dimension m ≥ 2, with bounded infinitely differentiable coefficients,
and with the set of lower characteristic vectors of its solutions having positive Lebesgue m-
measure.

DOI: 10.1134/S0012266109050036

We consider n-dimensional linear Pfaff systems

∂x

∂ti

= Ai(t)x, x ∈ Rn, n ≥ 2, i = 1, . . . ,m, t = (t1, . . . , tm) ∈ Rm
+ , m ≥ 2, (1mn)

with continuously differentiable coefficient matrices satisfying the complete integrability condi-
tion [1, pp. 14–24; 2, pp. 16–26]

∂Ai(t)
∂tj

+ Ai(t)Aj(t) = Aj(t)Ai(t) +
∂Aj(t)

∂ti

, i, j = 1, . . . , m, t ∈ Rm
+ , (2)

in Rm
+ = {t ∈ Rm : t ≥ 0}.

Let λ[x] ∈ Rm and p[x] ∈ Rm be some characteristic [3] and lower characteristic [3] vectors of a
nontrivial solution x : Rm

+ → Rn\{0} of system (1mn); these vectors are m-dimensional analogs of
the corresponding characteristic Lyapunov exponent and lower Perron exponent. In addition, the
first of them—the characteristic vector λ[x]—is determined by the relations

Lx(λ[x]) ≡ lim
t→∞

ln ‖x(t)‖ − (λ[x], t)
‖t‖ = 0, Lx(λ[x]− εei) > 0 ∀ε > 0,

ei = (0, . . . , 0, 1︸ ︷︷ ︸
i

, 0, . . . , 0) ∈ Rm
+ , i = 1, . . . ,m,

and the second—the lower characteristic vector p[x]—is determined by the conditions

lx(p[x]) ≡ lim
t→∞

ln ‖x(t)‖ − (p[x], t)
‖t‖ = 0, (31)

lx(p[x] + εei) < 0 ∀ε > 0, i = 1, . . . , m. (32)

The sets Λx =
⋃

λ[x] and Px =
⋃

p[x] are referred to as the characteristic set [3] and the lower
characteristic set [4], respectively, of the nontrivial solution x(t) of system (1mn); they are bounded
closed convex [2] and concave [4] curves, respectively, in the case of two-dimensional time t ∈ R2.

It is known that the set of characteristic exponents (e.g., see [5, p. 15]) of an n-dimensional
ordinary differential system consists of at most n distinct numbers; i.e., such a system has at most
n nontrivial solutions with pairwise distinct Lyapunov exponents. There is no counterpart of the
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previous result for the analog of the Lyapunov characteristic exponent of a nontrivial solution
of an ordinary differential system, that is, for the characteristic set Λx of a nontrivial solution
x : Rm

+ → Rn of a linear completely integrable Pfaff system (1mn). Namely, it was proved in [6]
that there exists an n-dimensional system (12n) with two-dimensional time t ∈ R2

+ that has a
countable set {x1(t), . . . , xk(t), . . .} of nontrivial solutions xk : R2

+ → Rn\{0} with pairwise distinct
characteristic sets Λxk

(6= Λxj
for arbitrary k 6= j). In addition, it was proved in [7] that each

completely integrable Pfaff system (122) has at most countably many solutions with pairwise distinct
characteristic sets. Therefore, the entire characteristic set Λ(A1, A2) =

⋃
x6=0 Λx of system (122) has

zero plane Lebesgue measure.
The situation is different for the Perron lower exponent and its analog, the lower characteristic

set. In the case of ordinary differential systems (11n), there exist systems whose set of Perron lower
exponents has positive Lebesgue measure [8]. The existence of n-dimensional completely integrable
Pfaff linear systems (12n) with two-dimensional time and (13n) with three-dimensional time and
lower characteristic sets Π(A1, A2) of positive plane measure and Π(A1, A2, A3) of positive measure
in the space R3 was proved in [4] and [9], respectively. We encounter the problem on the existence
of systems (1mn) with a similar property and with time t ∈ Rm

+ of arbitrary dimension m.
The present paper deals with the construction of an n-dimensional linear completely integrable

system (1mn) with m-dimensional time t ∈ Rm
+ , m ≥ 2, with bounded infinitely differentiable

coefficients in Rm
+ , and with lower characteristic set

Π(A1, . . . , Am) =
⋃
x 6=0

Px

of positive Lebesgue measure in the space Rm. To this end, we first construct the lower characteristic
set of the sum of special scalar exponentials.

Lemma. The lower characteristic set PE of the function

E(t) =
m∑

i=1

e−aiti , ai = const, m ≥ 2, ti ≥ 0,

coincides with the set

ΠE ≡
{

p ∈ Rm
− : S(p) ≡

m∑
i=1

pi

ai

= −1
}

.

Proof. First, let us prove the inequality p ≤ 0 for any lower characteristic vector p ∈ PE.
Suppose the contrary: pk > 0 for some k ∈ {1, . . . , m}. Then we have the inequalities

lE(p) ≤ lim
‖t‖=tk→+∞

ln(m− 1 + e−aktk)− pktk

tk

= −pk < 0

contradicting the first condition lE(p) = 0 in the definition of a lower characteristic vector p.
Now let us prove the inclusion

ΠE ⊂ PE (4)

for the part of the plane
∑m

i=1 pi/ai = −1 in the m-dimensional quadrant Rm
− = {p ∈ Rm : p ≤ 0}

of the space Rm. Let

p ∈ ΠE, t ∈ Rm
+\{0}, and aktk = min

i=1,...,m
{aiti}

for some k ∈ {1, . . . , m}. Then, by virtue of the already proved inequalities −pi ≥ 0, we have the
estimates

ln E(t)− (p, t) ≥ −aktk − pktk −
m∑

i 6=k

pi

ak

ai

tk = aktk

(
− 1−

m∑
i=1

pi

ai

)
= 0,
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ON THE EXISTENCE OF LINEAR PFAFF SYSTEMS 3

which imply that lE(p) ≥ 0. At the same time, on the ray

Ta = {t ∈ Rm
+\{0} : aiti = aktk, i = 1, . . . , m}, k ∈ {1, . . . , m},

we have the opposite estimate

[ln E(t)− (p, t)]t∈Ta
≤ lnm− aktk

(
− 1−

m∑
i=1

pi

ai

)
= lnm,

which justifies the inequality lE(p) ≤ 0 and hence the desired relation lE(p) = 0.
For a vector p ∈ ΠE, let us prove the second necessary condition

lE(p + εek) < 0, ek = (0, . . . , 0, 1︸ ︷︷ ︸
k

, 0, . . . , 0) ∀ε > 0.

Indeed, on the ray Ta, we have the estimate

[ln E(t)− (p + εek, t)]t∈Ta
≤ ln m− εtk,

which implies the desired inequality

lE(p + εek) ≤ − ε

akr
, r ≡

( m∑
i=1

1
a2

i

)1/2

, k = 1, . . . , m.

The proof of the inclusion (4) is complete.
Now let us prove the coincidence of the sets ΠE and PE. To this end, we suppose the contrary:

there exists a vector p ∈ PE such that p /∈ ΠE. By virtue of the above-proved inequality q ≤ 0,
we have p ≤ 0 for any lower characteristic vector q ∈ PE; therefore, we have the following cases for
the quantity

S(p) ≡
m∑

i=1

pi

ai

.

1. S(p) ∈ (−1, 0].
2. S(p) < −1.
In case 1, on the ray Ta, we have the relations

[lnE(t)− (p, t)]|t∈Ta
= ln m− aktk(1 + S(p)), 1 + S(p) > 0, tk ≥ 0,

‖t‖|t∈Ta
= aktkr, k ∈ {1, . . . , m}, 1 + S(p) > 0, tk ≥ 0,

which imply that lE(p) ≤ −(1 + S(p))r−1 < 0. This inequality shows that the case S(p) ∈ (−1, 0]
is impossible.

Consider case 2. Obviously, there exists a vector q ∈ ΠE for which the conditions p ≤ q ≤ 0
and p 6= q are satisfied and the inequality pl < ql holds for some l ∈ {1, . . . , m}. Then an arbitrary
vector t ∈ Rm

+\{0} such that

aktk = min
i=1,...,m

{aiti}, k ∈ {1, . . . , m},

satisfies the inequalities

ln E(t)− (p, t)− εtl = lnE(t)− (q, t) + (q − p, t)− εtl ≥ −aktk

(
1 +

m∑
i=1

qi

ai

)
+ (ql − pl − ε)tl

= (ql − pl − ε)tl ≥ 0, t ∈ Rm
+ ,

for ε ∈ (0, ql − pl). They imply the inequality lE(p + εl) ≥ 0 for all sufficiently small ε > 0, whence
we find that the vector p is not a lower characteristic vector of the function E : Rm

+ → R+\{0};
DIFFERENTIAL EQUATIONS Vol. 45 No. 5 2009 (Reg. No. 503, 24.5.2009)
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therefore, the second case S(p) < −1 is impossible. We have thereby shown that each vector p ∈ PE

belongs to the set ΠE. This, together with the above-proved inclusion (4), implies that PE = ΠE.
The proof of the lemma is complete.

The following assertion establishes the existence of the desired system.

Theorem. For arbitrary positive integers m ≥ 2 and n ≥ 2, for real numbers α1 ≤ α2 ≤ 0,
and for a real vector a ∈ Rm with positive components, there exists a completely integrable Pfaff
system (1mn) with bounded infinitely differentiable coefficients in Rm

+ and with lower characteristic
set

Π(A1, . . . , Am) =
{

p ∈ Rm
− : α1 ≤

m∑
i=1

pi

ai

≤ α2

}

of positive Lebesgue measure in the space Rm.

Proof. 1. The construction of the desired two-dimensional system (1m2) and its
general solution. Following [4], for the case in which α1 < α2 we first construct a perfect set P0

on ∆ = [0, 1] similar to the Cantor perfect set [10, p. 50] by using the quantities

εn = exp[(α1 − α2) exp 2n+1], n ∈ N.

We divide the original closed interval ∆(1)
0 = ∆ of zero rank and of length 1 into two closed intervals

∆(1)
1 = [0, ε1] and ∆(2)

1 = [1− ε1, 1] of length ε1 of the first rank and one interval δ
(1)
1 = (ε1, 1− ε1)

of the same rank. In a similar way, we split any closed interval ∆(m)
n , m ∈ {1, . . . , 2n}, of length εn

and rank n into two closed intervals ∆(2m−1)
n+1 and ∆(2m)

n+1 of length εn+1 and rank (n + 1) whose left
and right endpoints, respectively, coincide with those of ∆(m)

n , and one interval

δ
(m)
n+1 = ∆(m)

n \(∆(2m+1)
n+1 ∪∆(2m)

n+1 )

of rank (n + 1). We continue this process infinitely; then ∆ contains exactly 2n intervals ∆(m)
n ,

m = 1, . . . , 2n, and 2n−1 intervals δ(m)
n , m = 1, . . . , 2n−1, for each n ∈ N.

By α(m)
n , m = 1, . . . , 2n, we denote the midpoint of ∆(m)

n and introduce the set

P0 =
+∞⋂
n=1

2n⋃
n=1

∆(m)
n ,

which, by [10, p. 50], has nonzero Lebesgue measure.
On the closed interval ∆, we define the Cantor step function Θ0 : ∆ → [0, 1] with intervals δ(m)

n of
constant values. According to [10, p. 200], this function is a continuous nondecreasing function on
[0, 1] and has the range [0, 1] = {Θ0(α) : α ∈ P0}. Following [4], we introduce the new continuous
nondecreasing function

Θ(α) = |α2|+ (|α1| − |α2|)Θ0(α) : [0, 1] → [|α2|, |α1|].

Throughout the following, to preserve the conventional above-introduced notation of the di-
mension m ≥ 2 of the time space Rm

+ and the superscript m ∈ {1, . . . , 2n} on the intervals ∆(m)
n

(and their midpoints α(m)
n ) and the intervals δ(m)

n of rank n used in the construction of the Cantor
perfect set P0 ⊂ [0, 1] and to avoid related confusion, in the proof of this theorem, we denote the
dimension m of the spaces Rm and Rm

+ by m0 ≥ 2; i.e., we consider the spaces Rm0 and Rm0
+ and

the m0-dimensional time t = (t, . . . , tm0) ∈ Rm0
+ .

We split the domain Rm0
+ of the m0-dimensional time t by the planes

τ(t) ≡ a1t1 + · · ·+ am0tm0 = en, n ∈ N,

into the domains
{t ∈ Rm0

+ : en ≤ τ(t) < en+1}, n ∈ N.
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These domains are successively denoted by Π(m)
n so as to ensure that, for any fixed n ∈ N,

the index m takes all values 1, . . . , 2n and the right boundary of the domain Π(m)
n coincides with the

left boundary of the domain Π(m+1)
n ; in addition, the right boundary of the domain Π(2n)

n coincides
with the left boundary of the domain Π(1)

n+1. In turn, we split any domain Π(m)
n with left closed

boundary τ(t) = τmn into the subdomains

Π̃(m)
n = {t ∈ Π(m)

n : τmn ≤ τ(t) < τmn

√
e ≡ τ ′mn}, ˜̃Π

(m)

n = Π(m)
n \Π̃(m)

n .

In addition, we split the last subdomain ˜̃Π
(m)

n into the subdomains

Π̄(m)
n = {t ∈ ˜̃Π

(m)

n : τ ′mn ≤ τ(t) < τmne3/4 ≡ τ ′′mn}, ¯̄Π
(m)

n = ˜̃Π
(m)

n \Π̄(m)
n .

By straightforward computations, we represent the left boundary τmn of the domain Π̃(m)
n thus

defined as
τmn = exp(2n + m− 3), m = 1, . . . , 2n, n ∈ N. (5)

Let us introduce the analog

e01(τ, τ1, τ2) =
{

exp{− ln−2(τ/τ1)× exp[− ln−2(τ/τ2)]} if τ1 < τ < τ2

i− 1 if τ = τi, i = 1, 2,

of the infinitely differentiable Gelbaum–Olmsted function [11, p. 54 of the Russian translation]
on the interval [τ1, τ2]. By using the function e01 and by following [4], we introduce two new
functions f [τ(t)] and F [τ(t)], t ∈ Rm0

+ . We introduce a bounded infinitely differentiable function
f [τ(t)] that is equal to |α2| for t ∈ Π̃(m)

n and for arbitrary n ∈ N and m = 1, . . . , 2n and also for

{t ∈ Rm0
+ : 0 ≤ τ(t) < 1}. In the domain ˜̃Π

(m)

n , we define this function as follows:

f [τ(t)] =

{
|α2|+ [Θ(α(m)

n )− |α2|]e01(τ(t), τ ′mn, τ ′′mn) for t ∈ Π̄(m)
n

Θ(α(m)
n ) + [|α2| −Θ(α(m)

n )]e01(τ(t), τ ′′mn, eτmn) for t ∈ ¯̄Π
(m)

n .

Obviously, this function has the property f : [0, +∞) → [|α2|, |α1|].
We define a bounded infinitely differentiable function F : [0, +∞) → [0, 1] by the relations

F [τ(t)] =





α
(1)
1 if 0 ≤ τ(t) ≤ 1

α(m)
n if τ ′mn ≤ τ(t) < eτmn,

F (τmn) + [F (τ ′mn)− F (τmn)]e01(τ(t), τmn, τ ′mn) if τmn < τ(t) < τ ′mn.

Both functions have bounded partial derivatives of any order with respect to all variables t1, . . . , tm0 ,
which follows from the corresponding properties of the functions e01(τ(t), τ1, τ2).

By using the functions E(t), f [τ(t)], and F [τ(t)], we define the two-dimensional vector function

x(t, c) = (c1[E(t)]f [τ(t)], [c1F (τ(t)) + c2][E(t)]|α2|) ∈ R2, c = (c1, c2) ∈ R2, t ∈ Rm0
+ , (6)

of an arbitrary constant vector c ∈ R2 and the m0-dimensional time vector t ∈ Rm0
+ ; this function

coincides in form with the function x(t, c) in [4] but substantially differs from the latter not only
in the number of independent variables t1, . . . , tm0 but also in the definition of the basic functions

E(t), f [τ(t)], F [τ(t)] and τ(t).

This function is a general solution of the two-dimensional linear partial differential system

∂x

∂ti

= Ai(t)x, x ∈ R2, t ∈ Rm0
+ , i = 1, . . . ,m0, (7)

DIFFERENTIAL EQUATIONS Vol. 45 No. 5 2009 (Reg. No. 503, 24.5.2009)
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with bounded infinitely differentiable matrices

Ai(t) =




∂f [τ(t)]
∂ti

ln E(t) + f [τ(t)]E−1(t)
∂E(t)
∂ti

0

∂F [τ(t)]
∂ti

[E(t)]|α2|−f [τ(t)] |α2|E−1(t)
∂E(t)
∂ti


, t ∈ Rm0

+ , i = 1, . . . , m0.

(8)
The proof of the infinite differentiability and boundedness of these matrices in Rm

+ as well as
of the complete integrability of the constructed two-dimensional system (1m02) is similar to the
corresponding proofs in [4].

2. Construction of a subset of positive Lebesgue m0-measure in the entire lower
characteristic set of the two-dimensional linear system (1m02). By the definition of the set
P0, for any α ∈ P0 and n ∈ N, there exists an m = mn(α) ∈ {1, . . . , 2n} such that

|α(m)
n − α| ≤ εn

2
, m = mn(α), n ∈ N. (9)

We introduce the concise notation

τ ′′mn(α),n ≡ ηn(α) and α(mn(α))
n ≡ αm

n (α);

by (5), ηn(α) satisfies the estimate

ηn(α) ≤ eτmn(α),n(α) < exp 2n+1, n ∈ N. (10)

To estimate |F (ηn(α))− α| from above, we use the inequality

1 ≥ 1
m0

E(t) ≥ exp
[
−τ(t)

m0

]
, t ∈ Rm0

+ , (11)

and the inequality f(τ(t)) ≤ |α1|. Inequalities (10) and (11) imply also the inequality

1 ≥ 1
m0

E(t)
∣∣∣∣
r(t)=ηn(α)

> exp
(
− 1

m0

exp 2n+1

)
> exp(− exp 2n+1), n ∈ N. (12)

Therefore, by the definition of the function F (τ(t)) and the estimate (12), we have the inequalities

2|F (ηn(α))− α| = 2|α(m)
n (α)− α| ≤

(9)
εn = e(α1−α2)exp 2n+1 ≤

[
1

m0

E(t)
∣∣∣∣
τ(t)=ηn(α)

]|α1|−|α2|

≤
[

1
m0

E(t)
∣∣∣∣
τ(t)=ηn(α)

]f(ηn(α))−|α2|

≤ [E(t)|τ(t)=ηn(α)]f(ηn(α))−|α2|, (13)

where the penultimate inequality holds by virtue of the left estimate in (11).
By virtue of inequality (13), the considered solution x(t, a) with the initial vector a = (c1,−αc1),

α ∈ P0, c1 = const 6= 0, satisfies the inequalities

‖x(t, a)‖|τ(t)=ηn(α) ≤ 2|c1|[E(t)|τ(t)=ηn(α)]f(ηn(α) = 2|c1|[E(t)|τ(t)=ηn(α)]Θ(α(m)
n ),

m = mn(α) ∈ {1, . . . , 2n}, n ∈ N, t ∈ Rm0
+ .

(14)

It follows from inequalities (9) that

α(mn(α))
n → α ∈ P0 ⊂ [0, 1], n → +∞.

(Reg. No. 503, 24.5.2009) DIFFERENTIAL EQUATIONS Vol. 45 No. 5 2009
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Therefore, by virtue of the continuity of the function Θ(α) : [0, 1] → [|α2|, |α1|], we have

Θ(α(mn(α))
n ) → Θ(α), α ∈ P0, n → +∞. (15)

Now let us show that the set Px of lower characteristic vectors of the considered solution x(t, a)
contains the set

Qα ≡
{

p ∈ Rm0
− :

m0∑
i=1

pi

ai

= −Θ(α)

}
.

To this end, in accordance with conditions (31) and (32), we should prove the relation lx(p) = 0
and the inequalities lx(p + εek) < 0, k = 1, . . . , m0, for any vector p ∈ Qα. Let us obtain the latter
inequalities. From (14), we have

lx(p + εek) ≤ lim
n→∞

Θ(α(m)
n ) lnE(t)− (p, t)− εtk

‖t‖

∣∣∣∣ t∈Tα

τ(t)=ηn(α)

= lim
n→∞

1
r

{
−

[
Θ(α(m)

n )−
m0∑
i=1

pi

ai

]
− ε

ak

}

= − ε

rak

+ lim
n→∞

1
r
[Θ(α)−Θ(α(m)

n )]|m=mn(α)

= − ε

rak

< 0, r ≡
(

m0∑
i=1

1
a2

i

)1/2

, ∀ε > 0, k = 1, . . . , m;

here the last equality in the chain holds by virtue of property (15) and the continuity of the function
Θ : [0, 1] → [|α2|, |α1|].

To prove property (31), let us first justify the inequality lx(p) ≥ 0, p ∈ Qα. Let the limit lx(p)
be realized along a sequence {t(k)} with the property ‖t(k)‖ → +∞ as k → ∞. Obviously, this
sequence has the property τ(t(k)) → +∞ as k →∞, and without loss of generality, we can assume
that there exist limits

f [τ(t(k))] → f0 ∈ [|α2|, |α1|], F [τ(t(k))] → F0 ∈ [0, 1], k →∞.

Again without loss of generality, one can assume that there exists a fixed index l ∈ {1, . . . , m0}
such that

altl(k) = min
i=1,...,m0

{aiti(k)} ∀k ∈ N. (16)

[If this condition does not hold for all k ∈ N but holds for infinitely many k ∈ N, then we can
rarefy the original sequence {t(k)} by deleting the elements for which inequality (16) fails; the
successive numbering of terms of the remaining infinite sequence gives a new sequence {t(k)} for
which condition (16) holds for all k ∈ N.]

Finally, without loss of generality we assume that only one of the following two possible cases
takes place.

1. t(k) ∈ Π̃(m(k))

n(k) for all k ∈ N.

2. t(k) ∈ ˜̃Π
(m(k))

n(k) for all k ∈ N.
Consider the first case. By using the estimate

‖x(t(k), c)‖ ≥ |c1|[E(t(k))]|α2|, t(k) ∈ Π̃(m(k))

n(k) , k ∈ N, (17)

for the norm of the solution x(t, c) and similar considerations from the proof of the lemma and by
taking into account the inequalities −pi ≥ 0 and Θ(α) ≥ |α2|, we obtain the estimates

lx(p) ≥ lim
k→∞

|α2| ln E(t(k))− (p, t(k))
‖t(k)‖ ≥ lim

k→∞

altl(k)[−|α2| − S(p)]
‖t(k)‖

≥ lim
k→∞

altl(k)[Θ(α)− |α2|]
‖t(k)‖ ≥ 0, p ∈ Qα. (18)

DIFFERENTIAL EQUATIONS Vol. 45 No. 5 2009 (Reg. No. 503, 24.5.2009)
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Now consider the second case. In this case, by the construction of the function F [τ(t)], for
F0 = α, we have the relations

F [τ(t(k))] = α
(m(k))

n(k) → α, k →∞. (19)

The construction of the function f [τ(t)] implies the inequalities

|α2| ≤ f [τ(t(k))] ≤ Θ(α(m(k))

n(k) ), t(k) ∈ ˜̃Π
(m(k))

n(k) , k ∈ N. (20)

Therefore, by virtue of the inequalities

0 <
1

m0

E(t) ≤ 1, t ∈ Rm0
+ ,

and inequality (20), the norm of the solution x(t, c) can be estimated as

‖x(t(k), c)‖ ≥ |c1|[E(t(k))]f [τ(t(k))] ≥ |c1|m|α2|−|α1|
0 [E(t(k))]Θ(α

(m(k))
n(k) ), t(k) ∈ ˜̃Π

(m(k))

n(k) , k ∈ N.

This, together with the inequalities pi ≥ 0, condition (16), and the limit relation (19), provides the
desired inequalities

lx(p) ≥ lim
k→∞

Θ(α(m(k))

n(k) ) ln E(t(k))− (p, t(k))

‖t(k)‖ ≥ lim
k→∞

−altl(k)[Θ(α(m(k))

n(k) ) + S(p)]

‖t(k)‖
≥ lim

k→∞
[−al|Θ(α(m(k))

n(k) )−Θ(α)|] = 0, p ∈ Qα.

It remains to consider the subcase F0 6= α of the second case. Then, for sufficiently large k, the
norm of the solution x(t, c) satisfies the estimate

‖x(t(k), c)‖ ≥ 1
2
|c1| |F0 − α|[E(t(k))]|α2|, t(k) ∈ ˜̃Π

(m(k))

n(k) , k0 ≤ k ∈ N,

similar to the estimate (17) in the first case. By using this estimate and by performing consider-
ations similar to the proof of the estimate (18), we obtain the desired inequality lx(p) ≥ 0 in this
subcase as well.

Thus, the inequality lx(p) ≥ 0 has been proved for all p ∈ Qα. To prove the desired relation
lx(p) = 0 in property (31), we suppose the contrary: there exists a p ∈ Qα such that lx(p) > 0.
Then we arrive at a contradiction in the following way:

lx(p + εei) = lim
t→+∞

ln ‖x(t)‖ − (p, t)− εiti

‖t‖ ≥ lim
t→+∞

ln ‖x(t)‖ − (p, t)
‖t‖ + lim

t→+∞

(
−εi

ti

‖t‖
)

= lx(p)− εi > 0 ∀i = 1, . . . , m0,

for all εi ∈ (0, lx(p)/2).
We have thereby proved the inclusion

Qα ⊂ Px(·,α), a = (c1,−αc1) 6= 0, ∀α ∈ P0

and hence the inclusion

Q(m0) ≡
{

p ∈ Rm0
− : α1 ≤

m0∑
i=1

pi

ai

≤ α2

}
⊂ Π(A1, . . . , Am0).
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3. CONSTRUCTION OF THE ENTIRE CHARACTERISTIC SET
OF THE LINEAR SYSTEM (1M02)

Now let us prove the relation

Π(A1, . . . , Am0) = Q(m0).

To this end, we first prove the inequality p ≤ 0 for any lower characteristic vector

p ∈ Π(A1, . . . , Am0).

Suppose the contrary: there exists a vector p with a component pl > 0. The vector p is a lower
characteristic vector of some nontrivial solution x(t, c) given by relation (6). Since the functions
f [τ(t)] and F [τ(t)] satisfy the inequalities

|α2| ≤ f [τ(t)] ≤ |α1|, 0 ≤ F [τ(t)] ≤ 1, t ∈ Rm0
+ , (21)

it follows that the solution x(t, c) is bounded,

‖x(t, c)‖ ≤ 2|c1|m|α1|
0 + |c2|m|α2|

0 , t ∈ Rm0
+ .

Therefore, in the direction ti = 0, i 6= l, tl → +∞, we have an inequality contradicting condition (31)
in the definition of a lower characteristic vector p. The proof of the inequality p ≤ 0 is complete.

Now let us prove the second desired inequality

S(p) ≥ α1 ∀p ∈ Π(A1, . . . , Am0). (22)

We again suppose the contrary: there exists a vector p ∈ Π(A1, . . . , Am0) such that S(p) < α1. Let
x(t, c) be a nontrivial solution (6) for which p is a lower characteristic vector. By virtue of the
inequality E(t)/m0 ≤ 1, the norm of this solution admits the estimates

‖x(t, c)‖ ≥ |c1|m|α2|
0 [E(t)/m0]f [τ(t)] ≥ |c1|mα1−α2

0 [E(t)]|α1|, c1 6= 0, t ∈ Rm0
+ ,

‖x(t, c)‖ = |c2|[E(t)]|α2| ≥ |c2|mα1−α2
0 [E(t)]|α1|, c1 = 0, c2 6= 0, t ∈ Rm0

+ .
(23)

Some components pi of the vector p can be zero. Without loss of generality, one can assume
that the first s of them are negative and all the remaining components are zero,

pi < 0, i = 1, . . . , s, s ∈ {1, . . . , m0}, ps+1 = · · · = pm0 = 0. (24)

We fix some l ∈ {1, . . . , s} and choose a number ε satisfying the conditions

0 < 2ε max
i,j
{ai/aj} < α1 − S(p), 2ε < min

i=1,...,s
{|pi|}. (25)

The following cases are possible for an arbitrary vector t ∈ Rm0
+ :

min
i=1,...,s

{aiti} ≡ altl ≤ 1
2

max
i=1,...,s

{aiti} ≡ 1
2
aqtq, l 6= q, (26)

altl >
1
2
aqtq. (27)

In case (26), from the estimate (23), relation (24), and the second condition in (25), we have
the inequalities

r(t) ≡ ln ‖x(t, c)‖ − (p, t)− εts ≥ d + α1altl −
s∑

i=1

pi

ai

aiti − εtq

≥ d + altl[α1 − S(p)]− pq

aq

(aqtq − altl)− εtq

≥ d + altl[α1 − S(p)]−
(

1
2

pq

aq

+
ε

aq

)
aqtq ≥ d = const, t ∈ Rm0

+ .
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In case (27), from the same estimates (23), relation (24), and the first condition in (25), we have
the inequalities

r(t) ≥ d + altl[α1 − S(p)]− εtq ≥ d + altl[α1 − S(p)− 2εal/aq] ≥ d = const, t ∈ Rm0
+ .

We have thereby proved the assertion

α1 − S(p) > 0 ⇒ r(t) ≥ d = const, t ∈ Rm0
+ ,

and hence the inequality
lx(p + εes) ≥ 0, ε > 0,

which contradicts condition (32) in the definition of a lower characteristic vector p ∈ Px. The proof
of the desired inequality (22) is thereby complete.

Finally, let us prove the last desired inequality

S(p) ≤ α2, p ∈ Π(A1, . . . , Am0). (28)

Just as above, we suppose the contrary: there exists a vector p ∈ Π(A1, . . . , Am0) such that the
opposite inequality S(p) > α2 holds. The vector p is a lower characteristic vector of some nontrivial
solution x(t, c) given by relation (6). This, together with inequalities (21), implies that such a
solution can be estimated as

‖x(t, c)‖ ≤ |c1|m|α1|
0 [E(t)/m0]|α2| + (|c1|+ |c2|)[E(t)]|α2|

≤ (2|c1|m|α1|
0 + |c2|)[E(t)]|α2|, t ∈ Rm0

+ .

By using them and the first property in (31) of the definition of a lower characteristic vector p
of a solution x(t, c), we obtain the following contradiction:

0 = lx(p) ≤ lim
t→∞

|α2| ln E(t)− (p, t)
‖t‖

∣∣∣∣
t∈Ta

=
1
r
[α2 − S(p)] < 0.

The proof of inequality (28) is complete. We have thereby proved the theorem in the two-
dimensional case n = 2.

4. CONSTRUCTION OF AN N -DIMENSIONAL SYSTEM (1M0N)
WITH M0-DIMENSIONAL TIME AND WITH LOWER CHARACTERISTIC SET

OF POSITIVE LEBESGUE M0-MEASURE

To give a complete proof of the theorem (in the case of an arbitrary n > 2), we supplement
the constructed system (1m02) with general solution x(t, c) given by (6) by a completely integrable
system such that, in the general solution z(t, C) of the new system (1mn), the general solution
x(t, c) of system (1m02) with a nonzero vector c ∈ R2 is dominant, and in the case in which c = 0
and hence x(t, 0) ≡ 0, the supplementing system of order (n−2) has a lower characteristic set lying
in the lower characteristic set of the two-dimensional system (1m02). By following [4], we choose
such a supplementing system in the form

∂y

∂ti

=
|α1|
E(t)

∂E(t)
∂ti

y, y ∈ Rn−2, t ∈ Rm0
+ , i = 1, . . . , m0, (29)

with a new function E(t). Obviously, this system has bounded infinitely differentiable coefficient
matrices

Bi(t) =
|α1|
E(t)

∂E(t)
∂ti

En−2, i = 1, . . . , m0,

is completely integrable, and has the general solution

y(t, d) = (d1, . . . , dn−2)[E(t)]|α1|, t ∈ Rm0
+ , (30)
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with an arbitrary constant vector d ∈ Rn−2. The same properties hold for the complete system (1mn)
consisting of two block-systems (1m02) and (29), and its general solution z(t, C) has the form

z(t, C) = (x(t, c), y(t, d)) ∈ Rn, C = (c, d) ∈ Rn, t ∈ Rm0
+ . (31)

This final block-diagonal system has the form

∂z

∂ti

= diag[Ai(t), Bi(t)]z, z ∈ Rn, t ∈ Rm0
+ , i = 1, . . . , m0. (32)

By the above-proved lemma, any nontrivial solution y(t, d) of system (29) given by (30) has the
lower characteristic set {p ∈ Rm0

− : S(p) = α1}, which belongs to the lower characteristic set of
system (1m02). Therefore, any solution

z(t, C) = (0, y(t, d)) ∈ Rn

of system (30) corresponding to the vector C = (0, d) ∈ Rn\{0} has the same lower characteristic
set. But for the case in which c 6= 0, from the representations (6), (30), and (31) and from the
estimate

0 < E(t)/m0 ≤ 1, t ∈ Rm0
+ ,

we obtain the inequalities

1 ≤ ‖z(t, C)‖
‖x(t, c)‖ ≤ 1 +

‖y(t, d)‖
‖x(t, c)‖ ≤ 1 +

‖d‖
|c1| [E(t)]|α1|−f [τ(t)] ≤ 1 +

‖d‖
|c1|m

|α1|
0 , t ∈ Rm0

+ ,

for c 6= 0 and

1 ≤ ‖z(t, C)‖
‖x(t, c)‖ ≤ 1 +

‖d‖
|c2| [E(t)]|α1|−|α2| ≤ 1 +

‖d‖
|c2|m

|α1|
0 , t ∈ Rm0

+ ,

for c1 = 0 and c2 6= 0. These inequalities can be represented by the single inequality

1 ≤ ‖z(t, C)‖
‖x(t, c)‖ ≤ 1 +

‖d‖m|α1|
0

|c1|+ |c2|(1− sgn |c1|) , t ∈ Rm0
+ ,

which implies the equivalence of norms of the solutions z(t, C) and x(t, c) for the case in which
c 6= 0.

Therefore, the lower characteristic set of the n-dimensional system (32) with m0-dimensional
time coincides with the lower characteristic set of the two-dimensional system (1m02) with time of
the same arbitrary dimension m0 ≥ 2.

For α1 = α2 = α ≤ 0, the desired system (1m0n) has a form similar to the corresponding system
in [4], and by a lemma in the present paper, its lower characteristic set coincides with the set
{p ∈ Rm

− : S(p) = α}. The proof of the theorem is complete.
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