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We consider n-dimensional linear Pfaff systems

Bx_
ot;

Ai(t)r, zeR", n>2 i=1,...,m, t=(ty,....,t,) €RY, m>2, (Ln)

with continuously differentiable coefficient matrices satisfying the complete integrability condi-
tion [1, pp. 14-24; 2, pp. 16-26]

A1)
ot,;

0A;(t)
ot;, ’

A A1) = A, (O A() +

ij=1,...,m, teR™, (2)

in R ={teR™: t>0}.
Let A[z] € R™ and p[x] € R™ be some characteristic [3] and lower characteristic [3] vectors of a
nontrivial solution x : R7* — R"\{0} of system (1,,,); these vectors are m-dimensional analogs of

the corresponding characteristic Lyapunov exponent and lower Perron exponent. In addition, the
first of them—the characteristic vector A[z]—is determined by the relations

L.(\[z]) = tlim T =0, L,(\[z] —ee;)) >0 Ve > 0,
ei:(0,~--,0,1,0,...,0)ERT, i=1,...,m,
———

and the second—the lower characteristic vector p[z]—is determined by the conditions

I [lz()|| — (plz], t)

l.(plz] +ce;) <0 Ve >0, i=1,...,m. (35)

The sets A, = (JA[z] and P, = |Jp[z]| are referred to as the characteristic set [3] and the lower
characteristic set [4], respectively, of the nontrivial solution z(t) of system (1,,,); they are bounded
closed convex [2] and concave [4] curves, respectively, in the case of two-dimensional time ¢t € R
It is known that the set of characteristic exponents (e.g., see [5, p. 15]) of an n-dimensional
ordinary differential system consists of at most n distinct numbers; i.e., such a system has at most
n nontrivial solutions with pairwise distinct Lyapunov exponents. There is no counterpart of the
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2 IZOBOV et al.

previous result for the analog of the Lyapunov characteristic exponent of a nontrivial solution
of an ordinary differential system, that is, for the characteristic set A, of a nontrivial solution
z : R? — R™ of a linear completely integrable Pfaff system (1,,,). Namely, it was proved in [6]
that there exists an n-dimensional system (1,,) with two-dimensional time ¢ € R? that has a
countable set {x1(t),...,zx(t),...} of nontrivial solutions z;, : R2 — R™\{0} with pairwise distinct
characteristic sets A,, (# A, for arbitrary k # j). In addition, it was proved in [7] that each
completely integrable Pfaff system (122) has at most countably many solutions with pairwise distinct
characteristic sets. Therefore, the entire characteristic set A(A1, As) = U, , As of system (122) has
zero plane Lebesgue measure.

The situation is different for the Perron lower exponent and its analog, the lower characteristic
set. In the case of ordinary differential systems (1,,,), there exist systems whose set of Perron lower
exponents has positive Lebesgue measure [8]. The existence of n-dimensional completely integrable
Pfaff linear systems (1s,) with two-dimensional time and (13,) with three-dimensional time and
lower characteristic sets II(A;, Ay) of positive plane measure and II(A4;, A,, A3) of positive measure
in the space R* was proved in [4] and [9], respectively. We encounter the problem on the existence
of systems (1,,,) with a similar property and with time ¢ € R”’ of arbitrary dimension m.

The present paper deals with the construction of an n-dimensional linear completely integrable
system (1,,,) with m-dimensional time ¢t € R, m > 2, with bounded infinitely differentiable
coefficients in R, and with lower characteristic set

I(Ay,..., An) = | P,
z#0

of positive Lebesgue measure in the space R™. To this end, we first construct the lower characteristic
set of the sum of special scalar exponentials.

Lemma. The lower characteristic set Pg of the function

E(t) — Ze_aiti’ a; = COHSt, m Z 2, tz Z O,
=1

coincides with the set

HEE{pGRm: S(p)EZm:Zi:—l}.

=1

Proof. First, let us prove the inequality p < 0 for any lower characteristic vector p € Pxg.

Suppose the contrary: p, > 0 for some k € {1,...,m}. Then we have the inequalities
. In(m — 1+ e %) — p,t
lg(p) < lim ( ) il =-—p <0
[[t]| =tk —-+o0 Ik

contradicting the first condition [z (p) = 0 in the definition of a lower characteristic vector p.

Now let us prove the inclusion

for the part of the plane " p;/a; = —1 in the m-dimensional quadrant R™ = {p € R™ : p < 0}
of the space R™. Let

pelly, teRP\{0}, and apty = min {a;t;}

=1,....m

for some k € {1,...,m}. Then, by virtue of the already proved inequalities —p; > 0, we have the
estimates

In E(t) — (p,t) > —ayty — prty — E piftk = aily ( -1- E a-> =0,
ik v i=1
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ON THE EXISTENCE OF LINEAR PFAFF SYSTEMS 3

which imply that Ig(p) > 0. At the same time, on the ray
T, ={t e R"\{0} : a;t; = apty, i=1,...,m}, kEe{l,...,m},

we have the opposite estimate
- Di
I E(t) — (p,t))ier, <Inm — axty ( -1- Zl ai) = Inm,
1=

which justifies the inequality [ (p) < 0 and hence the desired relation Iz (p) = 0.
For a vector p € Ilg, let us prove the second necessary condition

lp(p+eex) <0, er =(0,...,0,1,0,...,0) Ve > 0.
——

k

Indeed, on the ray T,, we have the estimate
InE(t) — (p+cer, t)]ier, <Ilnm — ety,

which implies the desired inequality

c m 1 1/2
lg(p+ee,) < ———, = Z—Q , k=1,...,m.

arT

The proof of the inclusion (4) is complete.

Now let us prove the coincidence of the sets Il and Pg. To this end, we suppose the contrary:
there exists a vector p € Pg such that p ¢ IIgz. By virtue of the above-proved inequality ¢ < 0,
we have p < 0 for any lower characteristic vector g € Pg; therefore, we have the following cases for
the quantity

m

S(p) = Z%.

i=1

1. S(p) € (—1,0].
2. 5(p) < —1.
In case 1, on the ray 7,, we have the relations

[hlE(t) - (p7t)]|t€Ta =lInm — aktk(l + S(p))7 1+ S(p) > 07 by > 07
HtmtéTa :aktkrv ke {L‘”vm}a 1+S(p) >07 tk 207

which imply that (g(p) < —(1+ S(p))r~—' < 0. This inequality shows that the case S(p) € (—1,0]
is impossible.
Consider case 2. Obviously, there exists a vector ¢ € Il for which the conditions p < ¢ < 0

and p # ¢ are satisfied and the inequality p; < ¢ holds for some [ € {1,...,m}. Then an arbitrary
vector t € R7"\{0} such that

apty = ij}linm{aiti}, ke{l,...,m},

It AERE]

satisfies the inequalities

In E(t) — (p,t) — ety = m E(t) — (¢,t) + (¢ — p,t) — ety > —aktk<1 +Zzi> + (@ —p — ety
=(qg—p—e)ti >0, t € R,

for e € (0,q; — p;). They imply the inequality (g (p + &;) > 0 for all sufficiently small € > 0, whence
we find that the vector p is not a lower characteristic vector of the function F : RT — R, \{0};

DIFFERENTIAL EQUATIONS Vol. 45 No.5 2009 (Reg. No. 503, 24.5.2009)



4 IZOBOV et al.

therefore, the second case S(p) < —1 is impossible. We have thereby shown that each vector p € Py
belongs to the set IIz. This, together with the above-proved inclusion (4), implies that Pr = IIg.
The proof of the lemma is complete.

The following assertion establishes the existence of the desired system.

Theorem. For arbitrary positive integers m > 2 and n > 2, for real numbers a; < ay < 0,
and for a real vector a € R™ with positive components, there exists a completely integrable Pfaff
system (1,,,,) with bounded infinitely differentiable coefficients in R} and with lower characteristic
set

H<A17"'7Am>:{peRm: alézplgcw}

of positive Lebesgue measure in the space R™.

Proof. 1. The construction of the desired two-dimensional system (1,,2) and its
general solution. Following [4], for the case in which oy < ay we first construct a perfect set Py
on A = [0, 1] similar to the Cantor perfect set [10, p. 50] by using the quantities

£, = exp[(ag — ap) exp 2", n € N.

We divide the original closed interval A(()l) = A of zero rank and of length 1 into two closed intervals

AP =10,e1] and AP = [1 — &1, 1] of length &, of the first rank and one interval 6" = (e1,1 — &)

of the same rank. In a similar way, we split any closed interval A m € {1,...,2"}, of length ¢,
2m

and rank n into two closed intervals Afﬂfl) and A" +1) of length ¢,,; and rank (n + 1) whose left
and right endpoints, respectively, coincide with those of A(™ and one interval

S = A\ AE U AGY)

of rank (n + 1). We continue this process infinitely; then A contains exactly 2" intervals A(™)

m=1,...,2" and 2"~ ! intervals 6™ m =1,...,2" !, for each n € N.
By o™, m =1,...,2", we denote the midpoint of A(™ and introduce the set
+oo 27
n=1 n=1

which, by [10, p. 50], has nonzero Lebesgue measure.
On the closed interval A, we define the Cantor step function O, : A — [0, 1] with intervals 6{™) of
constant values. According to [10, p. 200], this function is a continuous nondecreasing function on

[0,1] and has the range [0,1] = {O¢(«) : a € Fy}. Following [4], we introduce the new continuous
nondecreasing function

O(a) = [az| + (Jen| = |az])Oo () = [0,1] = [|asl, [en]].

Throughout the following, to preserve the conventional above-introduced notation of the di-
mension m > 2 of the time space R and the superscript m € {1,...,2"} on the intervals Alm)
(and their midpoints (™) and the intervals 6(™ of rank n used in the construction of the Cantor
perfect set Py C [0,1] and to avoid related confusion, in the proof of this theorem, we denote the
dimension m of the spaces R™ and R by my > 2; i.e., we consider the spaces R™® and R’ and
the mo-dimensional time t = (¢, ...,t,,) € R".

We split the domain R’ of the mg-dimensional time ¢ by the planes

T(t) = arty + -+ + Qmglim, = €7, n e N,

into the domains
{teR: e < 7(t) < et} n € N.

(Reg. No. 503, 24.5.2009) DIFFERENTIAL EQUATIONS Vol. 45 No.5 2009



ON THE EXISTENCE OF LINEAR PFAFF SYSTEMS )

These domains are successively denoted by II(™ so as to ensure that, for any fixed n € N,
the index m takes all values 1,...,2" and the right boundary of the domain II{™ coincides with the
left boundary of the domain II{™*V; in addition, the right boundary of the domain IT?") coincides
with the left boundary of the domain Hfllll. In turn, we split any domain II{™ with left closed
boundary 7(t) = 7,,, into the subdomains

~ (m) ~
A0 = {t € ¢ Ty < 7(0) < Fnv/e =70}, I, = TG\,

~ (m)
In addition, we split the last subdomain II, into the subdomains

_ z (m) = (m)

Hflm) ={tell, : 7, <7()< Trme /=1 II

~(m) _
n m mnlJ? ]:[n \H’Slm) N

n =

By straightforward computations, we represent the left boundary 7,,, of the domain f[f{”’) thus
defined as
Tmn = €xp(2" +m — 3), m=1,...,2", n € N. (5)

Let us introduce the analog

2 —2 :
€01 (7,71, 7) = {exp{—ln (T/T1Z?i<fxp[—ln (1/72)]} g 2;;’?;21 )

of the infinitely differentiable Gelbaum—Olmsted function [11, p. 54 of the Russian translation]
on the interval [11,7]. By using the function ey and by following [4], we introduce two new
functions f[r(t)] and F[r(t)], t € R}*. We introduce a bounded infinitely differentiable function

f[r(t)] that is equal to |as| for t € TIU™ and for arbitrary n € N and m = 1,...,2" and also for
= (m)
{t e R : 0<7(t) <1}. In the domain II,, , we define this function as follows:

FIr ()] | 4+ [O(al™) — |azlleot (T(E), Thns Tren) for teTI0™
T = "
@(a;'m)) + Ha2’ - @(a'g’bm)>]601(7—(t)77—7/7/1n7 eTm,n) for t e H"(q, )

Obviously, this function has the property f: [0,4+00) — [|az, |a1]]-
We define a bounded infinitely differentiable function F : [0, +0c0) — [0, 1] by the relations

otV if 0<7(t)<1
F[T(t)} = Oénm) if T;nn < T(t) < €Tmn,
F(Ton) + [F(7),,) = F(Timn)]€or (T(@t), Ton, Th) i T < 7(8) < 7/,
Both functions have bounded partial derivatives of any order with respect to all variables t, ..., t,,,,

which follows from the corresponding properties of the functions eg; (7(t), 71, 72).
By using the functions E(t), f[7(t)], and F[7(t)], we define the two-dimensional vector function

z(t,c) = (e, [E@®)])TD) [ey F(7(t)) + ] [E(t)]2]) € R?, c=(c1,cy) € R?, te R, (6)

of an arbitrary constant vector ¢ € R? and the mo-dimensional time vector ¢ € R"; this function
coincides in form with the function z(t,c) in [4] but substantially differs from the latter not only
in the number of independent variables t;,...,%,,, but also in the definition of the basic functions

E@), flr(®)], Flr(t)] and 7(t).
This function is a general solution of the two-dimensional linear partial differential system

ox B
ot;

DIFFERENTIAL EQUATIONS Vol. 45 No.5 2009 (Reg. No. 503, 24.5.2009)
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6 IZOBOV et al.

with bounded infinitely differentiable matrices

Ai(t) (WIDE(”J“’C [T(t)]El(t)agt(-t) 0 FER™. e 1
A= COFEM] et s L eE® | T =1, mp
T[E(t)]l [—flr ()] | B~ (1) o

(8)
The proof of the infinite differentiability and boundedness of these matrices in R7' as well as
of the complete integrability of the constructed two-dimensional system (1,,,2) is similar to the
corresponding proofs in [4].

2. Construction of a subset of positive Lebesgue mgy-measure in the entire lower
characteristic set of the two-dimensional linear system (1,,,2). By the definition of the set

Py, for any o € Py and n € N, there exists an m = m,,(a) € {1,...,2"} such that

n

™ — o < %n m=m,(a), neN. 9)

We introduce the concise notation

Too)n = Ma(a) and o™ = a(a);

m

by (5), n,.(c) satisfies the estimate
N (@) < €Ty, (a)n (@) < exp 2", n € N. (10)

To estimate |F(n,(a)) — «| from above, we use the inequality

1> iE(t) > exp [—T(t)] , t e R}, (11)

T my Mg

and the inequality f(7(t)) < |ay]|. Inequalities (10) and (11) imply also the inequality

1> 2 B

) 0

1
> exp ( — —exp 2”“) > exp(—exp 2"T), n € N. (12)
r(t)=n(a) m

Therefore, by the definition of the function F'(7(¢)) and the estimate (12), we have the inequalities

a1 [—laz]
n 1
2|F (1 () — af = 2]af™ (@) — a (%) £ = (1702 EXP2 o - E(t) ]
T(t):nn(a)
1 f(nn(a))=laz]
<|-Law ] < (BOb o7, (1)
0 T(t)=nn(a)

where the penultimate inequality holds by virtue of the left estimate in (11).
By virtue of inequality (13), the considered solution (¢, a) with the initial vector a = (¢, —aey),
a € Py, ¢ = const # 0, satisfies the inequalities

o OL(m)
2(t, a) [l 5)=n(@) < 2lerl[E@)]r@y=n ()] ™ = 2ler|[E®) |- t)=n. @], (14)
m=my(a) €{1,...,2"}, n €N, t € R,

It follows from inequalities (9) that
alm () — o e Py C0,1], n — 4o00.

(Reg. No. 503, 24.5.2009) DIFFERENTIAL EQUATIONS Vol. 45 No.5 2009



ON THE EXISTENCE OF LINEAR PFAFF SYSTEMS 7

Therefore, by virtue of the continuity of the function O(«) : [0, 1] — [|az], |a1]], we have
O(alm ) - 9(a), a € Py, n — 400. (15)

Now let us show that the set P, of lower characteristic vectors of the considered solution x(¢, a)

contains the set
- Di
" = e R™ . —=-0(a) ;.
2 {p O >}

To this end, in accordance with conditions (3;) and (3;), we should prove the relation I,(p) = 0
and the inequalities I, (p +eex) < 0, k =1,...,my, for any vector p € Q,. Let us obtain the latter
inequalities. From (14), we have

(m) o
l.(p +cep) < lim O(a,”) In E(t) — (p,t) — eti

o ]
T(t)=nn(a)
oy 1) o( (m))_io:& _£
nooo T " — a; ag

mo 1/2
e 1
=—— <0, = — , Ve>0, k=1,...,m;
s (32)7 v \

i=1 ¢
here the last equality in the chain holds by virtue of property (15) and the continuity of the function
O: [07 1] - Ha2|7 |a1|]'
To prove property (31), let us first justify the inequality I,(p) > 0, p € Q,. Let the limit I, (p)
be realized along a sequence {t(k)} with the property |[¢(k)|| — +o0 as k — oo. Obviously, this

sequence has the property 7(¢t(k)) — +o0 as k — oo, and without loss of generality, we can assume
that there exist limits

flr@(k)] = fo € [leal,enl],  F[r(t(k))] — Fo €[0,1], &k — oo.
Again without loss of generality, one can assume that there exists a fixed index [ € {1,...,mg}
such that
at; (k) = ‘_{nin {a;t;(k)} VEk e N. (16)

[If this condition does not hold for all £ € N but holds for infinitely many k& € N, then we can
rarefy the original sequence {t(k)} by deleting the elements for which inequality (16) fails; the
successive numbering of terms of the remaining infinite sequence gives a new sequence {t(k)} for
which condition (16) holds for all & € N.]

Finally, without loss of generality we assume that only one of the following two possible cases
takes place.

1 t(k) € 0\ for all k € N.

= (m(k))
2. t(k) €l forallkeN.
Consider the first case. By using the estimate

lz(t(k), )|l > la[EEER))>,  t(k) e TS, keN, (17)

for the norm of the solution z(¢,¢) and similar considerations from the proof of the lemma and by
taking into account the inequalities —p; > 0 and O(a) > |az|, we obtain the estimates

|z In E(t(k)) — (p, t(K)) arty(k)[=|az| = S(p)]

I.(p) > lim > lim
+(p) 2 lim 1R S QI
i aity(k)[O(a) — |as|] 0 o 18
= 3 I o

DIFFERENTIAL EQUATIONS Vol. 45 No.5 2009 (Reg. No. 503, 24.5.2009)



8 IZOBOV et al.

Now consider the second case. In this case, by the construction of the function F[r(t)], for
Fy = a, we have the relations

Flrt(k)] = al(y” = o, k— oo (19)

The construction of the function f[7(¢)] implies the inequalities

o] < FIr(t(E)] < ©@0D), (k) €Tl . keN. (20)

Therefore, by virtue of the inequalities

1
0<—FE(t) <1, t e R,
LB < ;

and inequality (20), the norm of the solution z(¢,¢) can be estimated as

on|—|ay (k) = (m(k))
lz(t(k), )| = led [EEEDI TN > ey fmg™ = BRI, t(k) €T, keN

This, together with the inequalities p; > 0, condition (16), and the limit relation (19), provides the
desired inequalities

0 I Et(k) — (p.t(k)) _ —ati(k)[O(als”) + S(p)]
L(p) 2 lim £ = m EGI
> lim [~a|®(ay") - O(@)] =0, p€Qu.

It remains to consider the subcase Fjy # « of the second case. Then, for sufficiently large k, the
norm of the solution x(¢, ¢) satisfies the estimate

1 = (m(k))
lz(t(k), )l = Sleal [Fo — al[BRDI,  #(k) €Ly, ko <kEN,

similar to the estimate (17) in the first case. By using this estimate and by performing consider-
ations similar to the proof of the estimate (18), we obtain the desired inequality [,(p) > 0 in this
subcase as well.

Thus, the inequality [.(p) > 0 has been proved for all p € Q,. To prove the desired relation
l.(p) = 0 in property (3;), we suppose the contrary: there exists a p € @, such that [,.(p) > 0.
Then we arrive at a contradiction in the following way:

o = (pt) —eits Wz = @1 <_€,ti>
il

l.(p+ee;) = lim
optee)= Im el I .

=1l,(p)—¢e; >0 Vi=1,...,mqg,

for all €; € (0,1,(p)/2).
We have thereby proved the inclusion

Qo C Pytay, a=(c1,—acy) #0, Ya € P,

and hence the inclusion

Q(mO) = {pGRmO el S Z% SQQ} CH(A17"‘7A7TL0)‘

(Reg. No. 503, 24.5.2009) DIFFERENTIAL EQUATIONS Vol. 45 No.5 2009



ON THE EXISTENCE OF LINEAR PFAFF SYSTEMS 9

3. CONSTRUCTION OF THE ENTIRE CHARACTERISTIC SET
OF THE LINEAR SYSTEM (1,y,2)

Now let us prove the relation
II(Ay, ..., A,,) = Q(my).
To this end, we first prove the inequality p < 0 for any lower characteristic vector
p e I(Ay, ..., An,).

Suppose the contrary: there exists a vector p with a component p; > 0. The vector p is a lower
characteristic vector of some nontrivial solution z(t,c) given by relation (6). Since the functions
fl7(t)] and F[7(t)] satisfy the inequalities

o < flr(®)] <feaf,  0<F[r(H)] <1,  teR, (21)
it follows that the solution z(t, ¢) is bounded,
lz(t, o)l < 2lealmg™ + [ealmi™, ¢ € Ry

Therefore, in the direction ¢; = 0, ¢ # [, t, — +00, we have an inequality contradicting condition (3;)
in the definition of a lower characteristic vector p. The proof of the inequality p < 0 is complete.
Now let us prove the second desired inequality

S(p) Z aq vp € H(Ala cee ,Amo)' (22)

We again suppose the contrary: there exists a vector p € II(Ay,..., A,,,) such that S(p) < ;. Let
x(t,c) be a nontrivial solution (6) for which p is a lower characteristic vector. By virtue of the
inequality E(t)/mgo < 1, the norm of this solution admits the estimates

lz(t, )| = [er|mg™ [E() /mo) T = Jerfmgr 2 [E(@)] ™, e #0,  teR},

(23)
lz(t, o)l = lea|[E@®)] ! = eafmi = [E@®]™], a1 =0,  c2#0, teRp.

Some components p; of the vector p can be zero. Without loss of generality, one can assume
that the first s of them are negative and all the remaining components are zero,

p; <0, i=1,...,s, se{l,...,mp}, Pst1 = """ = Pm, = 0. (24)
We fix some [ € {1,..., s} and choose a number ¢ satisfying the conditions
0 < 2e max{a;/a;} < an — S(p), 2e < ‘nglin {Ipil}- (25)
2,J 1=1,...,s

The following cases are possible for an arbitrary vector ¢t € R'[":

1 1
4_1?51111 {aiti} = aity < 5 ,»f?ax,{aiti} = §aqtq, [ #q, (26)

1
at; > §aqtq. (27)

In case (26), from the estimate (23), relation (24), and the second condition in (25), we have
the inequalities

r(t) = Inllz(t, o)l — (p,t) — ety > d+ gt — E %aiti — &ty
i=1 "
b
> d+ aitifay — S(p)] — “L(agty — aity) — ety
q

1
>d+ aitifo; — S(p)] — <pq + 8) a,t, > d = const, t e R,

2a, aq

DIFFERENTIAL EQUATIONS Vol. 45 No.5 2009 (Reg. No. 503, 24.5.2009)
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In case (27), from the same estimates (23), relation (24), and the first condition in (25), we have
the inequalities

r(t) > d+ atilas = S(p)] - ety > d + aiti[an = S(p) — 2ew/a,] > d = const, € RY".
We have thereby proved the assertion
al_*g(p)>0:>’I"(I'J)Zd:(;onst7 tERTO’

and hence the inequality
lm(p+ 665) > 07 €> 07

which contradicts condition (3;) in the definition of a lower characteristic vector p € P,. The proof
of the desired inequality (22) is thereby complete.

Finally, let us prove the last desired inequality
S(p) < ay, peIl(Ay, ..., An,). (28)

Just as above, we suppose the contrary: there exists a vector p € II(44,...,A,,,) such that the
opposite inequality S(p) > ay holds. The vector p is a lower characteristic vector of some nontrivial
solution z(t,c) given by relation (6). This, together with inequalities (21), implies that such a
solution can be estimated as

(e, ) < lexlml™ [B() fmo) 2!+ (jer] + leal)[E(E)] !
< @lerfml™ + eD[BO], ¢ Ry,

By using them and the first property in (3;) of the definition of a lower characteristic vector p
of a solution z(t, ¢), we obtain the following contradiction:

0= 1(p) < lim [MEO =)L g <o
e Il o, 7

The proof of inequality (28) is complete. We have thereby proved the theorem in the two-
dimensional case n = 2.

4. CONSTRUCTION OF AN N-DIMENSIONAL SYSTEM (1x,x)
WITH My-DIMENSIONAL TIME AND WITH LOWER CHARACTERISTIC SET
OF POSITIVE LEBESGUE M,-MEASURE

To give a complete proof of the theorem (in the case of an arbitrary n > 2), we supplement
the constructed system (1,,,2) with general solution x(¢, c) given by (6) by a completely integrable
system such that, in the general solution z(¢,C) of the new system (1,,,), the general solution
z(t,c) of system (1,,,2) with a nonzero vector ¢ € R? is dominant, and in the case in which ¢ = 0
and hence z(t,0) = 0, the supplementing system of order (n—2) has a lower characteristic set lying
in the lower characteristic set of the two-dimensional system (1,,,2). By following [4], we choose
such a supplementing system in the form

oy ol 9B()
at,  E({t) o,

y € R"2, t e R7, i=1,...,mq, (29)

with a new function E(t). Obviously, this system has bounded infinitely differentiable coefficient

matrices
’ E() ot

is completely integrable, and has the general solution

En—27 Z:17"‘7m07

y(t,d) = (di,...,du0)[E(t)]™), teRT, (30)
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with an arbitrary constant vector d € R"~2. The same properties hold for the complete system (1,,,)
consisting of two block-systems (1,,,2) and (29), and its general solution z(¢,C') has the form

z(t,C) = (z(t,c),y(t,d)) € R", C = (c,d) e R", t € R, (31)

This final block-diagonal system has the form

8t = diag[A;(t), B:(t)]z, z € R", t e R}, i=1,...,mo. (32)
By the above-proved lemma, any nontrivial solution (¢, d) of system (29) given by (30) has the
lower characteristic set {p € R™ : S(p) = «a;}, which belongs to the lower characteristic set of
system (1,,,2). Therefore, any solution

z(t,C) = (0,y(t,d)) € R"

of system (30) corresponding to the vector C' = (0,d) € R™\{0} has the same lower characteristic

set. But for the case in which ¢ # 0, from the representations (6), (30), and (31) and from the
estimate
0< E(t)/my <1, t e RO,

we obtain the inequalities

O A e ] o
1§ §1+ _1+ aq f["'(t)]<1_|_ 17 tERmO,
[t e o =1 el O Ter] ™ :
for ¢ # 0 and
||z(t,C’)H | o |—|az| 4] mlel
1< <1+ almleel <14 T—mg t e RO,
Te@ol ST e EO) P 4

for ¢; = 0 and ¢y # 0. These inequalities can be represented by the single inequality

_lwol Il
VS el = el el (1 sanfal)

t e R0,

which implies the equivalence of norms of the solutions z(t,C) and z(t,c) for the case in which
c#0.

Therefore, the lower characteristic set of the n-dimensional system (32) with mg-dimensional
time coincides with the lower characteristic set of the two-dimensional system (1,,,2) with time of
the same arbitrary dimension mg > 2.

For ay = ay = v < 0, the desired system (1,,,,) has a form similar to the corresponding system
in [4], and by a lemma in the present paper, its lower characteristic set coincides with the set
{p € R™: S(p) = a}. The proof of the theorem is complete.
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