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Abstract—On the plane, we consider a linear partial differential equation of arbitrary order
of hyperbolic type. The operator in the equation is a composition of first-order differential
operators. The equation is accompanied with Cauchy conditions. For the equation, we obtain
an analytic form of the general solution, from which we single out the unique classical solution
of the Cauchy problem.
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1. INTRODUCTION

In the present paper, we obtain an analytic form of the solution of the Cauchy problem for an
mth-order hyperbolic equation with constant coeflicients, where m is a positive integer. The oper-
ator in the equation is a composition of first-order differential operators. In the Cauchy problem,
the unknown function depends on two independent variables.

By using the characteristics of the equation, we determine its general solution. From the general
solution, we single out the solution that satisfies the Cauchy conditions.

The d’Alembert formula [1, p. 294; 2, pp. 54-56] is one of first results of the method of charac-
teristics. Note that the method of characteristics permits one to find the general solution and the
solution of the Cauchy problem for a linear first-order partial differential equation [3, pp. 539-554;
4, pp. 306-343].

This method was used for finding solutions of the Cauchy problem for many other differen-
tial equations, including nonlinear ones, in particular, for Hamilton—Jacobi equations, first-order
quasilinear equations, etc. [5].

The Cauchy problem for hyperbolic partial differential equations was considered by other meth-
ods as well, mainly, by methods of functional analysis. But they do not permit one to construct
solutions in analytic form, and only the well-posed statement of the problem can be proved [6-15].
Note also the paper [16] in which analytic forms of the general solution for partial differential
equations and solutions of the Cauchy problem were constructed with the use of computer algebra
Systems.

2. STATEMENT OF THE PROBLEM

We study a problem on the plane R? of two independent variables ¢ and z. For short, we use
the following notation of partial derivatives: 0, = 0/dt, 0, = 0/0x, 8] = &’ /O, 03 = &7 /0x7, and
007 = 0517 /ot*0x?. In the domain @ = (0,00) x R, consider the mth-order differential equation

m

£y =TJ@ — a®™a, + b)u(t,z) = f(t,2),  (tz)€Q, (2.1)

k=1
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708 KORZYUK, KOZLOVSKAYA

where a®) and b® (k = 1,...,m) are coefficients in R (real numbers) and f: R> D> Q > (t,x) —
u(t,z) € R is a function defined in @. The following Cauchy conditions are imposed on the
boundary 0Q = {(t,z) € Q| t = 0} of the domain Q:

I uli—g = d? 9 (), z €R, j=0,...,m—1; (2.2)

here 0%u = u, Q is the closure of the domain Q, Q = [0,00) x R, [0,00) = (0,00) U {0}, and {0} is
the singleton consisting of zero.

3. GENERAL SOLUTION OF THE HOMOGENEOUS EQUATION

Consider the homogeneous equation (2.1), that is, the equation

£y =0, (t,z) € Q. (3.1)
We set B
w(t,z) = H (0, —a®a, + b")u,
k=1

For the function w, Eq. (3.1) is the first-order differential equation
dw — a'™ dyw + b™w = 0. (3.2)
By using the change of variables
w(t,z) = e " to(t, ), (3.3)
one can reduce Eq. (3.2) to the equation

o —a™ow =0 (3.4)

for the function v.
It is known that the equation of characteristics for (3.4) has the form

dr +a'™ dt =0,

and its general solution can be represented by the formula x + o™t = C™), where C(™ is an ar-
bitrary real constant.

By making the change of independent variables

E=a+a™t+ 0O, n=-t, (3.5)

one can reduce Eq. (3.4) to the equation
0,0 =0 (3.6)
for the function 0(&,n) = v(¢,z). Hence the general solution of Eq. (3.6) is given by the expression
o(&,m) = 9" (&), (3.7)

where ¢(™ is an arbitrary differentiable function. By returning to the independent variables t and
x with the use of the change of variables (3.5) and by using relation (3.3), we obtain the general
solution of Eq. (3.2) in the form

w(t,r) = et gtm) (z + o™t 4+ C™). (3.8)
By using definition (3.3) of the function w, from Eq. (3.1), we obtain the (m — 1)st-order

differential equation

m—1

Qim=1), H (8, — a(k)ar + b(m))u — e_b(m)tg(m)(l‘ +a™t + O(m))‘ (3.9)
k=1
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SOLUTION OF THE CAUCHY PROBLEM FOR A HYPERBOLIC EQUATION 709

Now consider Eq. (3.9). By introducing the notation

m—2
w(t,z) = || (6, —a®0, +v*)u (3.10)
k=1
again, we rewrite Eq. (3.9) in the form
Aw — a™ D P,w + bV = et glm) (z + a™t + ™), (3.11)

The change of variables
w(t,z) = eib(m_l)tv(t,m)

reduces Eq. (3.11) to the equation
A — am VG = Ot (4 4 (Mg 4 O lm)) (3.12)

for v.
By making the change of independent variables

¢ =x+am V4 C0mY, n=t (3.13)
in Eq. (3.12), where C™~Y is an arbitrary constant, we reduce it to the form
9,0 = @ g (g 4 (@) — (D) 4 C), (3.14)

The general solution of Eq. (3.14) is given by the formula
¥(&m) = / OGN (€ 4 (0t — o™ D)y + O dy + g™ (E). (3.15)

By integration by parts, we represent the integral on the right-hand side in relation (3.15) in
the form

[ € (@ — oy C)
= TV g (m) (¢ 4 (g™ — gDy 4 O
= =y [0 (@) — o™ D)+ C) (3.16)
where §(™ is an arbitrary differentiable function defined via ¢™. By returning to the representa-

tion (3.15) and then to the functions v(¢, ) and w(t, ), we obtain the general solution of Eq. (3.11)
as the sum of two functions

w(t,z) = e (g 4+ a4 ) 4 e g (g 4 gl 4 omm D)y (3.17)

provided that either a™) # a(m=Y or ™) £ p(™=1 where f™) and ¢ ) are arbitrary differen-
tiable functions and C'™~Y and C™ are arbitrary constants.

If o™ = o™=V and b™ = b~ then from Eq. (3.14), we find the solution of Eq. (3.11) in
the form

w(t,z) = e " (@ 4+ a4+ ) 4 te P gD (g 4 oMt 4 0D, (3.18)

By proceeding this way, we find the general solution u of Eq. (3.1). Just as in the cases (3.17)
and (3.18), its analytic form depends on the presence of equal coefficients a*) and b*) i.e., on the
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710 KORZYUK, KOZLOVSKAYA

multiplicity of equal families of characteristics. In this connection, we refine the operator £0™ and
rewrite it in a different form.
By £ we denote the set of integers from 1 to m; i.e., 8 = {1,2,...,m}. We rewrite the operator

£ in the form )

£ =T @ — a®, + p™) ), (3.19)
k=1
where p and r(k) are integer numbers in the set & such that > ,_, (k) = m. It follows from the
above-performed considerations that the general solution of Eq. (3.19) has the form

p (k)

u(t,z) = 3 S e ) (g 4 oD 4 00, (3.20)

k=1 s=1

where the f(**) are arbitrary differentiable functions and the C'**) are arbitrary real constants.
We have thereby proved the following assertion.

Theorem 3.1. The general solution of an arbitrary mth-order differential equation (3.1) in
the case of two independent variables t and = with constant real coefficients a™® and b™*) and
with an operator £™ of the form (3.19) can be represented by the sum (3.20) of m terms, where
fE) R a+a®t4+CO®) — fE)(p 4604 CK*)) € R are arbitrary real functions and (t,z) € Q.

Remark 3.1. Here the domain @ can be a half-plane or the entire plane R?, depending on the
definition of the functions f**).

4. SOLUTION OF THE CAUCHY PROBLEM (3.1), (2.2)

Consider Eq. (3.1) that has no multiple characteristics, or b £ b0 if ) = ¢ k £ j,
k,7 € R. In this case, the general solution (3.20) has the form

Ze 0 (g 4 a4 W), (4.1)

k=1

We construct a function of the form (4.1) satisfying also condition (2.2). Let us compute the
derivatives with respect to t:

m J
=3 e (1A WY (@) 05 9 (@ + a4+ CW), (4.2)
k=1 s=0
1l
j=0,...om—1, A4 =—L__ o =1
7oosl(G—9)!

By substituting the values of the derivatives (4.2) into condition (2.2), we obtain a system of
equations for the functions f®(z +C®) k=1,...,m

Z Z J sAs k))j_s(a(k))sdsf(k)(aj + O(k)) — djgo(j)(ar), (4.3)

k=1 s=0

j=0,....,m—1, (b))% = 1. One should find the functions f*) k = 1,...,m, from system (4.3)
in terms of the functions ), j =0,...,m — 1.

4.1. First, consider the system in which all b*) = 0 and a® # a) for all k # j, where

Jj,k=1,...,m. In this case, system (4.3) acquires the form
Z ENIq@r f ) (2 4 CF)) = 2 p) (), j=0,....,m—1. (4.4)
k=1
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SOLUTION OF THE CAUCHY PROBLEM FOR A HYPERBOLIC EQUATION 711

By integrating equations in (4.4) for j = 1,...,m—1, we obtain the algebraic system of equations
Y (@Y P+ c®W) =0V (2,C),  j=0,...,m-1, (4.5)
k=1
where

0 (z,C) = (),

s
3D (z,0) = o9 (z) + Z x_'cu,s) = o) (z) + PO (g, C0)), j=1,...,m—1,
s!
s=0
and the CU®) are arbitrary constants that appear after the integration of the equations in sys-
tem (4.4).

The determinant of the left-hand side of system (4.5) is the Vandermonde determinant (see
[17, p. 50)); i.e

1 1
(1) (m) ) )
Al =| ¢ S = [I @ -a9). (4.6)
A
(a(l))m—l . (a(m))m—l

The matrix of the determinant (4.6) corresponds to the solution (4.1), i.e., to the case in which in
Eq. (3.1) a® # oW for k # j, k,j € {1,...,m}. Consequently, ||A|| # 0. Therefore, system (4.5)
is solvable, and the functions f*) are uniquely determined by the relations

fPOz+CW) = HAH A" (p(2) + C ()], (4.7)
IA® (p(a) + C(2))|
1 1 ®O)(z,0) 1 1
_ a®) atk=1) oW (x,C) alk+1) a™ = A(z,C).
e e e

Hence it follows that

fP @ +a®t 4+ 0W) = —— Az +aPt,C). (4.8)

b
1Al
In formula (4.7), the kth column

o(2) + C(x) = (002, 0 (&) + OO0, "D (z) Pz, €19

of the determinant A(x,C) is treated as the sum of two columns ¢ (z) = (¢ (z),..., ™ Y (x))
and C(z) = (0,C09 C10 4 0OV pPm=1 (g C(m=1))) Then

1AW (p(2) + C (@) = |4 (o (2))]| + [AD(C (). (4.9)

By taking into account relation (4.9) and the representation (4.1), for the special case in which

Eq. (3.1) has no multiple characteristics and b*) = 0, k = 1,...,m, we write out the solution
of problem (3.1), (2.2) via the Vandermonde determinant and a determinant of the Vandermonde
type as the sum

1 m
ult,z) = TAT 2. Z||A<k> (z +a®t)|| + — ||A|| Z AP C(z + a®)]. (4.10)
k=
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712 KORZYUK, KOZLOVSKAYA

Consider the sum of determinants, which are modified Vandermonde determinants ||A||. That
determinant is obtained from the Vandermonde determinant by the replacement of the kth column
by the column consisting of zeros except for the entry a*)* in the intersection of the kth column and
the (j + 1)st row. Thus, consider the sum of such determinants BU+%™) (a(®*) of order m, i.e.,

0 1 - 1 1 0 . 1
D OBUHEM(@B) = | s q@i g || g q@s g |4
k=1
0 a®@mt . glmmt a®m=1t 0 ... glmm1
1 0 1 1 1 0
+ a(l)j . a(k)s . a(k)j + v + a(l)j . a(m_l)j a(m)s . (411)
a®m=t 0 ... aqlmmt a®Mm-1 gm-Um=1

Lemma 4.1. The relation

Z B(jﬂ;m)(a(k)S) =0, s=0,...,5—1, (4.12)

holds for arbitrary distinct real values ', i =1,...,m (a'” #a®, r#p, r,p=1,...,m).

Proof. By expanding each determinant BU+1™) (g(®)*) in entries of the kth column, we obtain
the relation

ZB(jH;m)(a(k)s) - Z(_1)k+j+1a(k)sM(jJrLMm*l)’ (4.13)

i=1 i=1
where the MU+Lkm=1 are complementary minors of order m — 1 for the entries a*)* on the in-
tersection of the (j + 1)st row and the kth column in the determinants BU+5™ (q(®*). By the
assumption of the lemma (s € {0,...,j — 1}), the (s + 1)st row in the minor MU+1*m=1) consists
of the entries a™*, r € {1,...,m}, r # k. We multiply that row by the entry a*)*. As a result,
we obtain the minor MU+LAm=1 which differs from MU+Lkm=1 by the (s + 1)st row, where the
entries a(")* are replaced by the entries a**a(™*, r € {1,... ,m}, r # k. We expand each of the mi-

nors MUTLRm=1) in a sum in the entries a®*a("* of the (s 4+ 1)st row. As a result, we obtain the
expansion

M(j-l—l,k;m—l) — Z (_1)S+;D+1a(k)sa(r)sM(s+l,p;m—2) (a(k)sa(r)s)’ (414)

re{l,...m}
r#k

where M(s+1rm=2)(q(K)sq(1)%) are the complementary minors in MUT15m=1 with respect to the
entries a®*a("* in the intersection of the (s + 1)st row and the pth column; here p = r — 1 if
r>kand p=rif r < k. Next, we have s ) Gt1km=1) — prG+Lkm=1) By substituting the
minors (4.14) into relation (4.12), we obtain

Z B(J+1 m) k)s Z Z k+]+s+p (k)sa(r)sM(s+1,p;m—2) (a(k)sa(r)s)‘ (415)
k=1 re{l,..
r;ﬁk

By virtue of the definition of p, we have

(_ 1)k+j+s+pa(k)sa(r)s - _ (_ 1)k+j+s+pa(r)sa(k)s
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SOLUTION OF THE CAUCHY PROBLEM FOR A HYPERBOLIC EQUATION 713

and
MLm= (95 (1)) — plst1pim=2) ()3 ()

This, together with relation (4.15), implies the assertion of Lemma 4.1.

By C™(R) we denote the set of functions that are continuous, continuously differentiable up to
order m, and defined on the entire set R of real numbers.

Theorem 4.1. If the function %) belongs to C™(R), k =0,...,m—1, and Eq. (3.1) is strictly
hyperbolic and does nmot contain terms with lower derivatives (a® # a), k # j, b®) = 0, k,j €

{1,...,m}), then there exists a unique solution u of problem (3.1), (2.2) in the class C™(Q), and
this solution is defined by the formula

1

altsa) = T 3 A+ ) (4.16
k=1

where C™(Q) is the set of functions continuous and continuously differentiable with respect to t
and x up to the order m in the closure Q of the domain Q C R2.

Proof. Under assumptions of the theorem, the solution of problem (3.1), (2.2) has the form

(4.10). The second term in relation (4.10) can be represented in the form of the expansion in CU~1%)

j=1,....m—1,8=0,...,5 — 1, and in powers of z and t. As a result, we obtain the expansion
S NAPC (@ +aPt)| = > K", 7, U B(a”, 7, CU)an O, (4.17)
k=1 7,8,1,p

where the sums of the coefficients B(a", 7, CU=1*)) are sums of minors of the form (4.11). By Lem-
ma 4.1, all sums B(2",#*, CU~1) are zero. Consequently, the solution u of problem (3.1), (2.2)
contains no term depending on arbitrary constants CU~%%) and is uniquely determined by for-
mula (4.16). The proof of Theorem 4.1 is complete.

4.2. Now consider a strictly hyperbolic equation (3.1) with lower derivatives, i.e., the case in
which all or some of b*) are nonzero, k € {1,...,m}.

In this case, the general solution of Eq. (3.1) is given by formula (4.1), and the derivatives with
respect to t are defined by relation (4.2). To determine the solution of problem (3.1), (2.2), we
substitute the solution (4.1) into condition (2.2) or into system (4.3). From (4.3), for the unknown
functions f*)(x + C™®), we obtain the system of equations

@+ W) = (),

NE

k=1
D (@®)yd f® (z+ ™) (4.18)
k=1
m j—1 m
+ Z Z(_l)j—sA§ Z(b(k))j_s(a(k>)sd5f(k>(x +C®)Y = @ W) (z),
k=1 s=0 k=1
j=1,...,m— 1. We integrate each equation in (4.18) except for the first one j times. Then we
obtain the system
Af(z+C)+ Kf(x+C) = p(x) + C(x), (4.19)

where

Ffla+C)=(fVa+CW),..., f" @+ ™), @z) = (¢0(2), ¢V (),..., 0" D(2)),

m—2
C(z) = (0,000 09 4 poth | om=20 L ... 4 N ,
(m —2)!
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714 KORZYUK, KOZLOVSKAYA

A is the matrix of the Vandermonde determinant of the form (4.6), and K = (K/+1) is a matrix
of integral operators with Volterra integration operators. The entries of the matrix K = (K/+1)),
where i = 1,...,m is the index of the column and 7 =0,...,m — 1 is the number of the row, have
the form

K®Y =0, i=1,...,m, K02 = p1) / dz,

0
T

1 / .
e [ (x—2)) 7 % dz,
— (j—1—=s)! /

1=1,...,m, j=2,...,m—1.

Consider system (4.19). Since the operator K is a set of integral operators, it follows that
the successive approximation method can be applied to Eqgs. (4.19). For the zero approximation,
we take

Folz+C) = (@ + 0, f (@ +C™)),

where the functions f*(z + C®) satisfy the equation
Afo(z+ C) = p(z) + C(x). (4.20)

Since [|A]l = Tli<jcicm(@? —a¥) # 0, it follows from Theorem 4.1 that system (4.20) has

a unique solution fy(z+C'). By substituting this solution as the zero approximation into Eq. (4.19),
we obtain the new equation

Afi(a +C) = p(a) — K fola + C) + C(x) = g1 (x) + Cla). (4.21)

By solving Eq. (4.21), we obtain the next approximation f;(z + C'), which is also uniquely deter-
mined. The approximation f,(xz + C) is found from the equation

Afo(x+C) =pi(z) = Kfi(x + C) + C(x) = pa(x) + C(x).

By proceeding this way, we obtain a sequence {f,(x + C)}>°, of approximations f,(z + C)
satisfying the system of equations

Afu(z+C) = pna(z) = Kfoor(z — O) + C(2) = pu(z) + C(2). (4.22)

The subsequent approximations in system (4.22) are defined via the previous ones in accordance
with formulas (4.7) and (4.8). Hence one can find that the components of the vector f,(z + C)
differ from f, ;(x + C) by terms of values of operators of the multiple applications of integrals
of Volterra operators to elements of the vector ¢. It is known that the value of the operator
representing the nth power of the Volterra operator applied to components of the vector ¢(x) in an
arbitrary bounded domain tends to zero as n — oo, and the series representing the approximations
f®(z+C) or f¥)(xz+a®t+C) of the vectors f,(x+C) in these domains are convergent uniformly
due to factorials and are continuous functions.

Since the o) (j =0,...,m—1) are continuous functions, it follows that the functions f{¥) (k =
1,...,m) converge uniformly to a continuous function f* f(z+C) = (f(x+C), ..., f™ (x+C)),
in an arbitrary bounded domain as n — oo. Since each approximation f,(z + C) is a solution of
Eq. (4.22) and, by virtue of Lemma 4.1, is uniquely determined, it follows that the vector function
f(z + C) is uniquely determined as well.

By passing in Eq. (4.22) to the limit as n — oo, we find that the constructed vector function
f(z + C) satisfies Eq. (4.19).

Consider the resultant functions f*) as functions of the arguments = + a*)t + C' and substitute
them into (4.1). The function u defined in this way by relation (4.1) via the above-mentioned

functions f*) treated as solutions of system (4.19) is a solution of problem (3.1), (2.2) for the
strictly hyperbolic equation (3.1). We state the obtained result in the form of a theorem.

DIFFERENTIAL EQUATIONS Vol. 48 No.5 2012



SOLUTION OF THE CAUCHY PROBLEM FOR A HYPERBOLIC EQUATION 715

Theorem 4.2. If the o'¥, k=0,...,m — 1, are functions of the class C"™(R) and Eq. (3.1) is
strictly hyperbolic, then there exists a unique solution of problem (3.1), (2.2) in the class C™(Q),
which is given by formula (4.1), where the f® k =1,...,m, are solutions of system (4.19).

4.3. Now consider the Cauchy problem (2.1), (2.2) for the inhomogeneous strictly hyperbolic
equation (2.1). Since the considered problem is linear, it follows that its solution u can be repre-
sented by the sum of two functions

u(t,z) = uO(t, z) + uM(t, z), (4.23)

where u(® is the solution of problem (3.1), (2.2) given by formula (4.1). The function u® is
a solution of the inhomogeneous equation (2.1) satisfying the homogeneous Cauchy conditions

dluM],_y =0, r €R, j=0,...,m—1. (4.24)

To find the solution of problem (2.1), (4.24), we use the solution of problem (3.1), (2.2). Let
w(t, T,z) be the solution of the Cauchy problem

H —a™a, + b w(t, T, x) =0, (4.25)
k=1
Al w(t, T,2)|—o = 0, j=0,....,m—2, O w(t, 7, 2) im0 = f(T, 7). (4.26)
Set
1 x
(m) - - . m—2 _ (m)
(M) = g [@= " s plna) = (0 0.6 ()

0

By using these functions and formula (4.1), we find the solution of problem (4.25), (4.26). In a spe-
cial case, after performing the computations for b*) = 0, k = 1,...,m, we obtain the function

m m -1
w(t, T,z) ngmv-x—i-a (H a(k)—a’)) . (4.27)

=1

The function u? (¢, z) represented by the relation

t

uV(t,z) = /w(t —7,7,2)dr (4.28)

0

via w(t, 7, x) is a solution of problem (2.1), (4.24). This can readily be verified by a straightforward

substitution into Eq. (2.1) and conditions (4.24) with regard of the fact that, in this case, w is
a solution of problem (4.25), (4.26).

Likewise, if b®) = 0, k = 1,...,m, then, by combining formulas (4.27) and (4.28), in the case
of the homogeneous differential operator £(™), we obtain the representation of the function ") in
the form

_1 z+a® (t—1)

ulM (t, x) = 2 /Z ( a®) — a(i))) / (z+a®(t—71)—2)"2f(1,2)dz dr.

By C'(Q) we denote the set of continuous and continuously differentiable functions defined on Q.
We have thereby proved the following assertion.
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716 KORZYUK, KOZLOVSKAYA

to

Theorem 4.3. If Eq. (2.1) is strictly hyperbolic, the functions ©® k=0,...,m — 1, belong
the class C®(R), and f € C(Q), then there exists a unique solution u of problem (2.1), (2.2)

in the class C™(Q), whose closed form is given by formulas (4.23), (4.1), (4.28), (4.7), and (4.8).

10.

11.

12.
13.

14.

15.

16.

17.
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