ON AN APPLICATION OF ONE DIFFERENCE-DIFFERENTIAL
EQUATION IN ANALYTIC NUMBER THEORY
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Let F'(z) be a normalized Hecke eigenform of weight k for the full modular group having
the Fourier series expansion
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F(z) = Zc(m)e'zmmz, c(ly=1.
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The zeta-function ¢(s, F'}, s = ¢ + it, attached to the form F{z} is defined, for ¢ > "%? by

and can be analytically continued to an entire function.
Suppose that w # ) is an arbitrary complex number, and, for ¢ >

., . gulm
s, F) = Y L)
m=1

k+1
9

Then the function g,.(m) is multiplicative, and, in many applications, the asymptotics for
the mean value

M(x) = Z he(m), x— o0,

e

where k. (m) = g2 (m)m'~*, is used. It turns out that the above asymptotics can be obtained
by using the difference-differential equation

ug'(u) = wolu—1). (1)

In [1], [2], the case |w| < 1 has been considered. This report is devoted to the case |w| > 1.
We note that the equation (1) is applied to obtain the asymptotics, as x — oo, for the

SuIm
*q1($?3f) - Z h‘w(m‘l)?
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where all prime divisors of m; are greater than y, y — o0, and ]l‘;% — 2C as ¥ — 0.
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