
ON STABILITY FORNONSTATIONARY M=M=N=N +RQUEUEA. Zeifman1, A. Korotysheva2, T. Pan�lova2,Ya. Satin2, G. Shilova21 Vologda State Pedagogial University, Institute of InformatisProblems RAS, and ISEDT RAS,2 Vologda State Pedagogial University1;2 Vologda, Russiaa_zeifman�mail.ruWe onsider nonstationary M=M=N=N + R queueing model and obtain the �rstbounds of stability.Keywords: Nonstationary queues; Mt=Mt=N=N + R queueing model; bounds; sta-bility. 1. INTRODUCTIONIn this note we onsider the estimates of stability for the simplest generalization ofnonstationary Erlang queueing model. There is a number of investigations of nonsta-tionary ontinuous-time Markov hains, see for instane �rst results in [5℄, and moredetail studies for birth and death proesses (BDPs) in [1, 6℄. Now we onsider nonsta-tionary Mt=Mt=N=N +R queue and obtain some simple stability bounds.Let X = X(t), t � 0 be queue-length proess for Mt=Mt=N=N +R queue. This is aBDP on state spae EN+R = f0; 1 : : : ; N +Rg and birth and death rates �n(t) = �(t),�n(t) = min (n;N)�(t) respetively. We suppose that arrival and servie intensities�(t) and �(t) are loally integrable on [0;1). Let pi(t) = Pr fX(t) = ig be stateprobabilities of X(t), and p(t) = (p0(t); : : : ; pN+R(t))T be the respetive olumn vetor.Then we an write the forward Kolmogorov system8>><>>: dp0dt = ��(t)p0 + �(t)p1;dpkdt = �(t)pk�1 � (�(t) + k�(t)) pk + (k + 1)�(t)pk+1; 1 � k � N � 1;dpkdt = �(t)pk�1 � (�(t) +N�(t)) pk +N�(t)pk+1; N � k < N +R;dpNdt = �(t)pN�1 �N�(t)pN (1)in the following form: dpdt = A (t)p; t � 0; (2)271



where A(t) = faij(t); t � 0g is the transposed intensity matrix of the proess, andaij(t) = 8>><>>: � (t) ; if j = i� 1;min (i + 1; N)� (t) ; if j = i+ 1;� (� (t) + min (i; N)� (t)) ; if j = i;0; overwise: (3)We denote throughout the paper by k � k the l1-norm, i.e. kxk = P jxij, for x =(x0; :::; xN+R)T and kBk = maxjPi jbijj for B = (bij)N+Ri;j=0 .Let 
 = fx : x � 0; kxk = 1g be a set of all stohasti vetors.Let Ek(t) = E fX(t) jX(0) = kg be the mean of the proess at the moment t underinitial ondition X(0) = k, and Ep(t) be the mathematial expetation (the mean) atthe moment t under initial probability distribution p(0) = p.Consider also a "perturbed" queue-length proess �X = �X(t), t � 0 with generalstruture of intensity matrix �A(t). In general, �X(t) is not BDP. Put Â(t) = �A(t)�A(t).We assume that the perturbations are uniformly small, i.e. kÂ(t)k � " for almost allt � 0. 2. STABILITY BOUNDSLet d1; : : : ; dN+R be positive numbers. Consider the following expression:�i(t) = �(t) + min (i; N)�(t)� di+1di �(t)� di�1di min (i� 1; N)�(t);i = 1; 2; : : : ; N +R; (4)where d0 = dN+R+1 = 0. Put G =PN+Ri=1 di and d = min1�i�N+R di.Theorem 1. Let there exist a positive sequene fdig and a positive number � suhthat �i(t) � �; i = 1; 2; : : : ; N +R; t � 0: (5)Then the following stability bounds hold:lim supt!1 kp(t)� �p(t)k � " �1 + log 4Gd �� ; (6)and lim supt!1 ��Ep(t)� �E�p(t)�� � (N +R) " �1 + log 4Gd �� ; (7)for arbitrary initial probability distributions p(0) and �p(0) for X(t) and �X(t) respe-tively.Proof. Firstly we �nd the basi estimate of the rate of onvergene. The propertyPN+Ri=0 pi(t) = 1 for any t � s allows to put p0(t) = 1�Pi�1 pi(t), then we obtain thefollowing system from (2) 272



dz(t)dt = B(t)z(t) + f(t); (8)where z(t) = (p1(t); : : : ; pN+R(t))T ; f(t) = (�(t); 0; : : : ; 0)T , B(t) = (bij(t))N+Ri;j=1 andrespetive bij(t), see details in [7, 8℄. Consider now the triangular matrixD = 0BBBBB� d1 d1 d1 � � � d10 d2 d2 � � � d20 0 d3 � � � d3... ... . . . . . .0 0 0 0 dN+R
1CCCCCA ; (9)and the respetive norms kxk1D = kDxk, and kBk1D = kDBD�1k.We have now the following bound of the logarithmi norm  (B(t)) in 1D�norm(see for instane [2, 3, 7, 9℄): (B)1D = maxi �di+1di �(t) + di�1di min (i� 1; N)�(t)�(�(t) + min (i; N)�(t))) = max (��i (t)) � ��; (10)in aordane with (5). Therefore the following inequality holds:kz�(t)� z��(t)k1D � e��(t�s)kz�(s)� z��(s)k1D; (11)for any initial onditions z�(s) , z��(s) and any s; t; 0 � s � t. Then we obtainkp�(t)� p��(t)k � 2kz�(t)� z��(t)k =2kD�1D (z�(t)� z��(t)) k �4dkz�(t)� z��(t)k1D �4de��(t�s)kz�(s)� z��(s)k1D � (12)4Gd e��(t�s)kz�(s)� z��(s)k �4Gd e��(t�s)kp�(s)� p��(s)k � 8Gd e��(t�s);for any initial onditions p�(s) , p��(s) and any s; t; 0 � s � t.Consider the forward Kolmogorov system for perturbed proess:d�pdt = �A(t)�p(t): (13)273



We an apply the approah of paper [4℄. Put�(t; s) = supkvk=1;P vi=0 kU(t; s)vk =12 maxi;j Xk jpik(t; s)� pjk(t; s)j; (14)where U(t; s) is Cauhy matrix of (2), and pik(t; s) = Pr fX(t) = kjX(s) = ig. Mitro-phanov in [4℄ proved the bound of stability, that in the nonstationary ase is the fol-lowing one: kp(t)� �p(t)k � �(t; s)kp(s)� �p(s)k+ Z ts kÂ(u)k�(u; s) du: (15)Moreover, the following estimates hold:�(t; s) � 1; �(t; s) � e�b(t�s)2 ; 0 � s � t; (16)where under our assumptions  = 8Gd , b = �: Finally the following stability bound holds:kp(t)� �p(t)k � 8>><>>: kp(s)� �p(s)k+ (t� s)";0 < t� s < b�1 log 2 ;b�1(log 2 + 1� e�b(t�s))"+2e�b(t�s)kp(s)� �p(s)k; t� s � b�1 log 2 ; (17)for any initial onditions p(s), �p(s). Let t� s!1. Then (17) implies our laim.Consider here the ase of su�iently large servie rate, namely let there exist d > 1suh that the following assumption holds:N�(t)� d�(t) � �� > 0; (18)for any t � 0.Put d1 = 1, dk+1dk = Æk = 1; k � N � 2; and dk+1dk = Æk = d; k � N � 1:Then �k (t) = 8>><>>: � (t) ; k < N � 1;� (t)� (d� 1)� (t) ; k = N � 1;�1� 1d� (N� (t)� d� (t)) ; N � k � N +R � 2;N� (t) �1� 1d�� � (t) ; k = N +R� 1: (19)Let d � NN�1 , then we obtain� = infk �k (t) = �1� 1d� (N� (t)� d� (t)) � �1� 1d� ��: (20)Hene we obtain the following statement.274



Theorem 2. Under assumption (18) stability bounds (6) and (7) hold for � =�1� 1d� ��, d = 1, and G = N � 1 +PR+1k=1 dk.Let now our original proess have 1-periodi intensities.Then the following laim holds.Theorem 3. Let �(t) and �(t) be 1-periodi. Let there exist a positive sequene fdigand a positive number '� suh that�i(t) � '(t); i = 1; 2; : : : ; N +R; 0 � t � 1; (21)where Z 10 '(t) dt � '�: (22)Let K = supjt�sj�1 tZs '(�) d� <1: (23)Then we have the following stability bounds:lim supt!1 kp(t)� �p(t)k � "�1 + log 4GeKd �'� ; (24)and lim supt!1 ��Ep(t)� �E�p(t)�� � (N +R) "�1 + log 4GeKd �'� ; (25)for arbitrary initial probability distributions p(0) and �p(0) for X(t) and �X(t) respe-tively.Proof. The statement follows from inequality e� R ts '(u) du � eKe�'�(t�s).In the ase of su�iently large servie rate we obtain the following laim.Theorem 4. Let arrival and servie rates be 1-periodi, and let1Z0 (N�(�)� d�(�)) d� =  > 0; (26)instead of (18). Then stability bounds (24) and (25) hold for '� = �1� 1d� , d = 1,and G = N � 1 +PR+1k=1 dk.
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