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hni
al University, Sauletekio 11, 102231, 2 Vilnius, Lithuania1 stst�ktl.mii.lt, 2 gk�fm.vtu.ltThe obje
t of this resear
h in the queueing theory is the Fun
tional-Strong-Law-of-Large-Numbers (FSLLN) under the 
onditions of heavy tra�
 in Multiphase QueueingSystems (MQS). A FSLLN is known as �uid limit or �uid approximation. In this paper,the FSLLN is proved for values of important probabilisti
 
hara
teristi
 of the MQSinvestigated as well as the 
umulative idle time of a 
ustomer.Keywords: heavy tra�
, multiphase queues.1. INTRODUCTIONInterest in the �eld of multiphase queueing systems was stimulated by the theoret-i
al values of the results as well as by their possible appli
ations in information and
omputing systems, 
ommuni
ation networks, and automated te
hnologi
al pro
esses(see, for example, [13℄). The methods of investigation of single phase queueing systemsare 
onsidered in [2℄, [3℄, et
. The asymptoti
 analysis of models of queueing systemsin heavy tra�
 is of spe
ial interest (see, for example, [7℄, [8℄, [4℄, [5℄, et
.). The papers[9℄, [12℄ and others desribed the beginning of the investigation of di�usion approxima-tion to queueing networks. Intermediate models - multiphase queueing systems - are
onsidered rarer due to serious te
hni
al di�
ulties (see, for example, book [6℄).We present some de�nitions in the theory of metri
 spa
es (see, for example, [1℄).Let C be a metri
 spa
e 
onsisting of real 
ontinuous fun
tions in [0, 1℄ with a uniformmetri
 �(x; y) = sup0�t�1 jx(t)� y(t)j; x; y 2 C :Let D be a spa
e of all real-valued right-
ontinuous fun
tions in [0,1℄ having leftlimits and endowed with the Skorokhod topology indu
ed by the metri
 d (under whi
hD is 
omplete and separable). Also, note that d(x; y) � �(x; y) for x; y 2 D .In this paper, we will 
onstantly use an analog of the theorem on 
onverging together(see, for example, [1℄):
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Theorem 1.Let " > 0 and Xn; Yn; X 2 D : If P� limn!1 d(Xn ;X) > "� = 0and P� limn!1d(Xn;Yn) > "� = 0; then P� limn!1d(Yn;X) > "� = 0: (1)We investigate here a k-phase multiphase queueing system (i.e., when a 
ustomerhas been served at the j-th phase of the multiphase queue, he goes to the j+1-th phaseof the multiphase queue, and after the 
ustomer has been served at the k-th phase ofthe multiphase queue, he leaves the multiphase queue). Let us denote by tn the timeof arrival of the n-th 
ustomer, by S(j)n the servi
e time of the n-th 
ustomer at thej-th phase of the multiphase queue, zn = tn+1 � tn; by �j;n the departure of the n-th
ustomer after servi
e at the j-th phase of the multiphase queue, j = 1; 2; : : : ; k.Let interarrival times (zn) at the multiphase queue and servi
e times (S(j)n ) at everyphase of the multiphase queue for j = 1; 2; : : : ; k be mutually independent identi
allydistributed random variables.Next, denote by BIj;n the idle time of the n-th 
ustomer at the j-th phase ofthe multiphase queue; Ij;n = nPl=1BIj;l stands for a 
ummulative idle time of the n-th
ustomer at the j-th phase of the multiphase queue, j = 1; 2; : : : ; k:Suppose that the idle time of a 
ustomer at ea
h phase of the multiphase queue isunlimited, the servi
e prin
iple of 
ustomers is ��rst 
ome, �rst served� (FCFS). Allrandom variables are de�ned on the 
ommon probability spa
e (
; F; P ).We form su
h a modi�ed multiphase queue in whi
h BIj;n = 0; j = 1; 2; : : : ; k; n <k. Limit distributions for the modi�ed multiphase queue and the usual multiphasequeue working in heavy tra�
 
onditions are 
oin
idental (see, for example, [3℄). Thus,later on we will investigate only the modi�ed multiphase queue and admit that n � k.When j = 1; 2; : : : ; k, let us de�neÆj;n = ( S(j)n�(j�1) � zn; if n � k0; if n < k:Denote Sj;n = n�1Pl=1 Æj;l; S0;n � 0; Ŝj;n = Sj�1;n � Sj;n; xj;n = �j;n � tn;x0;n � 0; x̂j;n+1 = xj;n � Æj;n+1; x̂0;n � 0; �j = M(zn � S(j)n ); ŷj;n = x̂j;n � Sj;n; j =1; 2; : : : ; k: Assume Sj;0 = 0; j = 1; 2; : : : ; k:Also assume the following 
ondition to be ful�lled:�k > �k�1 > � � ��1 > 0: (2)2. MAIN RESULTAt �rst we present one of the main result of paper - theorem on the FSLLN for the
umulative idle time of a 
ustomer in MQS.168



Theorem 2. If 
onditions (2) are ful�lled, then�I1;nn ; I2;nn ; : : : ; Ik;nn �) (�1;�2; : : : ;�k):Proof. At �rst we using that for ea
h �xed " > 0 (see [11℄)P � limn!1 jIj;n � ŷj;njpn > "� = 0; j = 1; 2; : : : ; k; n � k: (3)So, P � limn!1 jIj;n � ŷj;njn > "� = 0; j = 1; 2; : : : ; k; n � k: (4)First we prove thatŷj;n � jPi=1 Ŝi;nn = ŷj;n � (�Si;n)n ) 0; j = 1; 2; : : : ; k; n � k:Using relations of [11℄ we obtain thatŷj;n = x̂j;n � Sj;n = max0�l�n(x̂j�1;l � Sj;l) = max0�l�n(x̂j�1;l � Sj�1;l + Sj�1;l � Sj;l)= max0�l�n(ŷj�1;l + Sj;l); j = 1; 2; : : : ; k; n � k: (5)Thus, ŷj;n = max0�l�n(ŷj�1;l + Sj;l); j = 1; 2; : : : ; k; ŷ0;� � 0; n � k: (6)Also, we see that (see (6))ŷj;n � jXi=1 Ŝi;n = max0�l�n(ŷj�1;l + Ŝj;l)� jXi=1 Ŝi;n � ŷj�1;n + Ŝj;n � jXi=1 Ŝi;n= ŷj�1;n � j�1Xi=1 Ŝi;n � : : : � ŷ1;n � Ŝ1;n = max0�l�n Ŝ1;n � Ŝ1;n � 0; (7)j = 1; 2; : : : ; k; n � k:But ŷj;n � max0�l�n ŷj�1;l + max0�l�n Ŝj;l = ŷj�1;n + max0�j�l Ŝj;l � : : : � jXi=1 max0�l�n Ŝi;l; (8)j = 1; 2; : : : ; k; n � k:Using (7) and (8) we get that0 � ŷj;n � jXi=1 Ŝi;n � jXi=1fmax0�l�n Ŝi;l � Ŝi;ng; (9)169



j = 1; 2; : : : ; k; n � k:Applying (9) we a
hieve for ea
h �xed " > 0P 0BBB� jŷj;n � jPi=1 Ŝi;njn > "1CCCA = P 0BBB� ŷj;n � jPi=1 Ŝi;nn > "1CCCA
� P 0BBB� kPi=1fmax0�l�n Ŝi;l � Ŝi;ngn > "1CCCA � P 0BBB� jPi=1fmax0�l�n Ŝi;l � Ŝi;ngn > "1CCCA� kXi=1 P 0�max0�l�n Ŝi;l � Ŝi;nn > "1A = kXi=1 P 0�max0�l�n(�Ŝi;n�l)n > "1A ;= kXi=1 P 0�max0�l�n(�Ŝi;l)n > "1A � kXi=1 P 0�max0�l�n(�Ŝi;l)pn > "1A ;

(10)
j = 1; 2; : : : ; k; n � k:Thus, for ea
h �xed " > 0P 0BBB� jŷj;n � jPi=1 Ŝi;njn > "1CCCA � kXi=1 P 0� max0�l�n(�Ŝi;l)pn > "1A ; (11)j = 1; 2; : : : ; k; n � k:Note (see, for example, [11℄) that for ea
h �xed " > 0P 0� limn!1 max0�l�n(�Ŝj;l)pn > "1A = 0; j = 1; 2; : : : ; k; (12)if 
onditions (2) are ful�lled.Using relation jPi=1 Ŝi;n = �Sj;n; j = 1; 2; : : : ; k; and (11)-(12) we obtain that for ea
h�xed " > 0; P � limn!1 jŷj;n � (�Sj;n)jn > "� = 0; j = 1; 2; : : : ; k; ; n � k: (13)So, we get for ea
h �xed " > 0 (see (13))P � limn!1 jIj;n � �j � njn > "� � P � limn!1 jIj;n � ŷj;njn > "3�+ P � limn!1 jŷj;n � (�Sj;n)jn > "3�+ P � limn!1 j(�Sj;n)� �j � njn > "3� = 0; (14)170



j = 1; 2; : : : ; k; n � k:Thus, if 
onditions (2) are ful�lled, thenP � limn!1 jIj;n � �j � njn > "� = 0; j = 1; 2; : : : ; k; n � k: (15)The proof is 
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