
OPEN NETWORKSWITH MULTIREGIME SERVICESTRATEGIES AND SIGNALSY. Letunovi
hGomel State University named after F. SkorinaGomel, Belarusyu28031984�yandex.ruOpen queueing networks with several types of 
ustomers, Poisson in
oming �ow,exponential servi
e in the nodes and Markov routing are studied. In ea
h of the nodesthere is the only devi
e, whi
h 
an operate in several regimes. Ea
h regime has aresiden
e time, limited by an exponentially distributed random variable. There aresignals, whi
h 
an in
rease or redu
e the regime of servi
e in the node. The problem ofstationary distribution of 
onditions probabilities form is investigated.Keywords: queueing networks, multiregime servi
e, reversibility, stationary distri-bution of 
onditions probabilities.1. INTRODUCTIONQueueing networks with multiregime servi
e strategies have been investigated rel-atively re
ently. The ne
essity of their study was 
aused by pra
ti
al 
onsiderations,be
ause su
h networks allow us to 
onsider models with partially nonreliable devi
es.With in
rease the regime number the regime is getting less reliable and the node pro-du
tivity de
reases.Transitions from one regime into another are 
onsidered as "internal" 
hanges. Un-der su
h "internal" 
hanges we mean transitions of the serving devi
e to a less reliableregime due to breakdowns and to more reliable regime be
ause of possible re
overy dueto natural 
auses. Moreover, su
h transitions do not depend solely on the number ofthe devi
e regime, but also on the types of 
ustomers that are in the node.It is assumed that the time of stay in ea
h regime is limited. After this limited timethe devi
e transits with 
orresponding probabilities to either a regime with a largernumber or a regime with a lower number. Des
ribed transitions are 
aused by theproperties of ea
h of the regimes and do not depend on the 
ustomers in the node.Considered network is modi�ed by the addition of information signals, whi
h 
an in-
rease or redu
e the regime of servi
e in the node. Presen
e of signals 
an be interpretedas an external in�uen
e on the network.2. MODEL DESCRIPTIONWe 
onsider open queueing network with M types of 
ustomers, whi
h 
ontains Nnodes. There are three Poisson input �ows: the �ow of 
ustomers with parameter �137



and two �ows of signals, whi
h 
an redu
e or in
rease the number of regime. They haverates !� and !+ a

ordingly.Every 
ustomer of input �ow passes independently to node i and be
omes the
ustomer of type u with probability p0(i;u) �PNi=1PMu=1 p0(i;u) = 1�. In
oming sig-nal of regime in
reasing and signal of regime redu
ing pass to node i with probabil-ities q+0i and q�0i a

ordingly �PNi=1 q+0i = 1;PNi=1 q�0i = 1�. After the servi
e in nodei the 
ustomer of type u passes to node j immediately with probability p(i;u)(j;v) asthe 
ustomer of type v and with probabilities q+(i;u)j, q�(i;u)j as the signal of in
reas-ing or redu
ing regime a

ordingly. Or it 
an leave the node with probability p(i;u)0�PNj=1PMv=1(p(i;u)(j;v) + q+(i;u)j + q�(i;u)j) + p(i;u)0 = 1�.In ea
h of N nodes there is the only devi
e, whi
h 
an operate in ri+1 regimes (i =1; N). The state of the network is 
hara
terized by the ve
tor x(t) = (x1(t); :::; xN (t)),where xi(t) = (�xi(t); li(t)) = (xi1(t); xi2(t); :::; xin(i)(t); li(t)) des
ribes the state of nodei at the moment t. Here xi1(t) � the type of 
ustomer, whi
h is getting servi
e at themoment t, xi2(t) � the type of 
ustomer, whi
h is the �rst in the queue,..., xin(i)(t) - thetype of 
ustomer, whi
h is the last in the queue, n(i) � the number of 
ustomers in thenode i, li(t) � the regime of the node i at the moment t. States spa
e for pro
ess xi(t) isXi = f(0; li); (xi1; li); (xi1; xi2; li); (xi1; xi2; xi3; li); ::: : xik = 1;M; k = 1; 2; :::; li = 0; rig:The time of devi
e servi
e of the node i has an exponential distribution with pa-rameter �i(n(i); li). Customers are servi
ed in the order they arrive in the node.We de�ne the regime 0 as the basi
 regime. Swit
hing time from some regime toanother one has the exponential distribution. The node in the basi
 regime 
an passonly to the regime 1 with rate �i(�xi; 0). For the states, whi
h have the number of regime1 � li � ri � 1, the node passes to regime li + 1 with rate �i(xi) and to regime li � 1with rate 'i(xi). And the node passes from the regime ri only to regime ri � 1 withrate 'i(�xi; ri). While the regimes are swit
hing in the node, the number of 
ustomersdoesn't 
hange. Swit
h o

urs only between the neighborhood regimes.When the signal of regime redu
ing in
omes to the node with the regime li, it turnsthe node to the regime li� 1 and doesn't 
hange the number of 
ustomers in the node.This signal doesn't produ
e any a
tion, if the node is in the regime 0. When the signalof regime in
reasing in
omes to the node with the regime li, it turns the node to theregime li + 1 and doesn't 
hange the number of 
ustomers in the node. This signaldoesn't produ
e any a
tion, if the node is in the regime ri. After 
hanging the noderegime these signals disappear.Ea
h regime li has a residen
e time, limited by an exponentially distributed randomvariable with parameter 
i(li) (li = 0; ri; i = 1; N): After the end of the stay time in theregime li the devi
e with probability p+(li) moves to regime li+1, and with probabilityp�(li) moves to regime li � 1.Then x(t) is a homogeneous Markov pro
ess with states spa
eX = X1�X2�:::�XN ;where Xi = f(0; li); (xi1; li); (xi1; xi2; li); ::: : xik = 1;M; k = 1; 2; :::; li = 0; rig.
138



3. ISOLATED NODEWe 
onsider isolated node i and suppose that three independent Poisson �ows 
omein it: the �ow of 
ustomers of type u with parameter �iu, the �ow of signals, whi
hin
rease regime of the node, with parameter �+i and the �ow of signals, whi
h redu
eregime of the node, with parameter ��i . Here �iu, �+i , ��i � average rates of 
ustomers,"in
reasing" signals and "redu
ing" signals arrivals a

ordingly to the node i.Tra�
 equations for this model are:�iu = �p0(i;u) + NXj=1 MXv=1 �jvp(j;v)(i;u);�+i = !+q+0i + NXj=1 MXv=1 �jvq+(j;v)i;��i = !�q�0i + NXj=1 MXv=1 �jvq�(j;v)i:To redu
e the 
al
ulations we introdu
e the following operators:T+u ; T�; S+; S� : Xi ! Xi, settingT+u (0; li) = (u; li);T+u (xi) = T+u (xi1; : : : ; xin(i); li) = (u; xi1; : : : ; xin(i); li);T�(xi) = T�(xi1; li) = (0; li); jxij = n(i) = 1;T�(xi) = T�(xi1; : : : ; xin(i); li) = (xi1; : : : ; xin(i)�1; li); jxij = n(i) > 1;S+(xi) = S+(xi1; : : : ; xin(i); li) = (xi1; : : : ; xin(i); li + 1);S�(xi) = S�(xi1; : : : ; xin(i); li) = (xi1; : : : ; xin(i); li � 1);T�(xi) is not de�ned at xi = (0; li), S+(xi) � at xi = (�xi; ri), S�(xi) � at xi = (�xi; 0).Consider also the operators des
ribing the 
hange of the network state:T+(i;u); T�i ; S+i ; S�i : X ! X, puttingT+(i;u)(x) = T+(i;u)(x1; x2; : : : ; xN ) = (x1; x2; : : : ; xi�1; x̂i; xi+1; : : : ; xN ); x̂i = T+u (xi);T�i (x) = T�i (x1; x2; : : : ; xN ) = (x1; x2; : : : ; xi�1; x̂i; xi+1; : : : ; xN ); x̂i = T�(xi);S+i (x) = S+i (x1; x2; : : : ; xN) = (x1; x2; : : : ; xi�1; x̂i; xi+1; : : : ; xN); x̂i = S+(xi);S�i (x) = S�i (x1; x2; : : : ; xN) = (x1; x2; : : : ; xi�1; x̂i; xi+1; : : : ; xN); x̂i = S�(xi):
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Lemma. For the reversibility of the isolated node the following 
onditions are ne
-essary and su�
ient[�i(�xi; li � 1) + 
i(li � 1)p+(li � 1) + �+i ℄�i(n(i); li)['i(T�(�xi; li)) + 
i(li)p�(li) + ��i ℄ == [�i(T�(�xi; li�1))+
i(li�1)p+(li�1)+�+i ℄�i(n(i); li�1)['i(�xi; li)+
i(li)p�(li)+��i ℄;li = 1; ri:The proof is similar to the 
orresponding proof in [1℄.4. STATIONARY DISTRIBUTIONLet the stationary distribution fp(x); x 2 Xg of x(t) exists, then the stationarystate probabilities of the network satisfy the global equilibrium equations:p(x) NXi=1 MXu=1[�p0(i;u) + �i(n(i); li)I(n(i)6=0)++(�i(xi) + 
i(li)p+(li) + !+q+0i)I(li 6=ri) + ('i(xi) + 
i(li)p�(li) + !�q�0i)I(li 6=0)℄ == NXi=1 [p(T�i (x))�p0(i;xin(i))I(n(i)6=0) + MXu=1 p(T+(i;u)(x))�i(n(i) + 1; li)p(i;u)0++ NXj=1 MXv=1 p(T+(j;v)(T�i (x)))�j(n(j) + 1; lj)p(j;v)(i;xin(i))I(n(i)6=0)++ NXj=1 MXv=1 p(T+(j;v)(S�i (x)))�j(n(j) + 1; lj)q+(j;v)iI(li 6=0)++ NXj=1 MXv=1 p(T+(j;v)(S+i (x)))�j(n(j) + 1; lj)q�(j;v)iI(li 6=ri)++p(S�i (x))[�i(S�(xi)) + 
i(li � 1)p+(li � 1) + !+q+0i℄I(li 6=0)++p(S+i (x))['i(S+(xi)) + 
i(li + 1)p�(li + 1) + !�q�0i℄I(li 6=ri)℄:Theorem 1. If for all i = 1; N the 
onditions of reversibility are true and the series
onverges Xx2X q(x) NYi=1 n(i)Ya=1 �ixia�i(a; li) liYk=1 �i(0; k � 1) + 
i(k � 1)p+(k � 1) + �+i'i(0; k) + 
i(k)p�(k) + ��i ;where (�iu; i = 1; N; u = 1;M) � solution of the tra�
 equation,q(x) = �+ NXi=1 �i(n(i); li)I(n(i)6=0) + NXi=1 [�i(xi) + 
i(li)p+(li) + !+q+0i℄I(li 6=ri)+140



+ NXi=1 ['i(xi) + 
i(li)p�(li) + !�q�0i℄I(li 6=0);then the Markov pro
ess x(t) is ergodi
 and its stationary distribution of 
onditionsprobabilities has the produ
t formp(x) = p1(x1)p2(x2):::pN(xN ); x 2 X;where pi(xi) is determined by the relationpi(xi) = n(i)Ya=1 �ixia�i(a; li) liYk=1 �i(0; k � 1) + 
i(k � 1)p+(k � 1) + �+i'i(0; k) + 
i(k)p�(k) + ��i pi(0; 0);pi(0; 0) = 24Xxi2Xi n(i)Ya=1 �ixia�i(a; li) liYk=1 �i(0; k � 1) + 
i(k � 1)p+(k � 1) + �+i'i(0; k) + 
i(k)p�(k) + ��i 35�1 :
REFERENCES1. Ìàëèíêîâñêèé, Þ. Â., Íóåìàí À. Þ. Ìóëüòèïëèêàòèâíîñòü ñòàöèîíàðíîãîðàñïðåäåëåíèÿ â îòêðûòûõ ñåòÿõ ñ ìíîãîðåæèìíûìè ñòðàòåãèÿìèîáñëóæèâàíèÿ // Âåñöi ÍÀÍ Áåëàðóñi. 2001. � 3. C. 129�134.2. Ëåòóíîâè÷ Þ. Å. Íåîäíîðîäíûå ñåòè ñ îãðàíè÷åíèåì íà âðåìÿ ïðåáûâàíèÿ âðåæèìàõ îáñëóæèâàíèÿ // Àâòîìàòèêà è âû÷èñëèòåëüíàÿ òåõíèêà. 2010. � 5.C. 33�41.

141


