
AN UNRECURRENT FLOW WITHTRIANGULAR CONDITIONALDISTRIBUTION OF INTERARRIVALTIMESA. AndronovTransport and Teleommuniation InstituteRiga, Latvialora�mailbox.riga.lvAn unreurrent �ow is onsidered when interarrival times form a Markov hain. Aonditional distribution of an interarrival time is a triangular one, for that a parameteris a linear funtion on a previous interarrival time. The stationary one-dimensional andtwo-dimensional distributions have been derived. It is shown that possible values of aorrelation oe�ient between the adjaent interarrival times are in the diapason (-1/3,1/3).Keywords: Unreurrent �ow, interarrival time, stationary distribution, dependene.1. INTRODUCTIONClassial models of queueing, reliability, inventory and et., suppose Poisson orreurrent �ows of onsidered input laims. But numerous statistial data prove theopposite. For example, it has been experimentally stated that interarrival times ofInternet �ows are the dependent ones [5℄. Analogously, �ows of insurane laims fordamages have dependent struture [4℄. In the �rst ase, a dependene between interar-rivals is desribed by the so-alled Bath Markovian Arrival Proess [7, 8, 9, 10, 11, 13℄or Markov-Additive Proesses of Arrivals [12℄. In the seond ase, opulas are usedusually for a desription of the dependene [1, 2, 3, 4, 11℄.In our paper we would like to use natural and diret way for a desription of the depen-dene between ontinue random variables X0; X1; ::: those are interpreted as interarrivaltimes of �ow laims. We suppose that the last ones orrespond to a Markov hain withontinue state spae 
 = (0; 1). To desribe a transit probability for one step we on-sider a family 	 = ff�(x) : x; � 2 
g of triangular distributions that is determined bya probability density funtionf�(x) = � 2x� ; 0 < x < �;21�x1�� ; � � x < 1: (1)The orresponding umulative distribution funtion is alulated asF�(x) = ( 1�x2; 0 < x < �;1� (1�x)21�� ; � � x < 1: (2)14



Now for Markov hain X1; X2; :::; Xn; ::: we suppose the following: if Xn = x, thenXn+1 has a distribution from family 	 with parameter � = �(x). In the previous paperof the author [2℄ a ase where � = x has been onsidered. It turns out, that a orrelationoe�ient between Xn and Xn+1 equals 1/3. A ase � = 1� x gives a value -1/3.Now we onsider a ase � = Æ(1� x) + x(1� Æ) = Æ + x� 2Æx where Æ is a parameter,0 < Æ < 1. Below we show that all value between - 1/3 and 1/3 an be reeived in suha way.Our paper has the following struture. At �rst we �nd marginal stationary umu-lative G(x) = PfX � xg and density g(x) = ��xG(x) distribution funtion for thisMarkov hain; then two-dimensional stationary density funtion g(x; y) = �2�x�yPfXn �x;Xn+1 � yg and its mixed moment. Numerial illustrations and onlusion end thepaper. 2. STATIONARY MARGINAL DISTRIBUTIONWe would like to present alulating probability density funtion g(x) = G(x)0 forthe stationary marginal distribution. Further we onsider a ase Æ < 0:5. Let usonsider two onseutive terms of stationary Markov hain. If Xn = z then Xn+1 hasa distribution from family 	 with parameter � = Æ(1 � z) + z(1 � Æ) = Æ + z � 2Æz.We see that always � 2 (Æ; 1 � Æ). An inequality Xn+1 = x < � = Æ + z � 2Æz impliesz > (x� Æ)=(1� 2Æ). Therefore from (1) we get for Æ < x < 1� Æg(x) = 1Z(x�Æ)=(1�2Æ) g(z) 2xÆ + z � 2Æz dz + (x�Æ)=(1�2Æ)Z0 g(z)2 1� x1� (Æ + z � 2Æz) == 2x 1Z(x�Æ)=(1�2Æ) g(z) 1Æ + z � 2Æzdz + 2(1� x) (x�Æ)=(1�2Æ)Z0 g(z) 11� (Æ + z � 2Æz)dz: (3)Further��xg(x) = 2 1Z(x�Æ)=(1�2Æ) g(z) 1Æ + z � 2zÆdz � 2xg� x� Æ1� 2Æ� 11� 2Æ 1x�� 2 (x�Æ)=(1�2Æ)Z0 g(z) 11� (Æ + z � 2zÆ)dz + 2(1� x)g� x� Æ1� 2Æ� 11� 2Æ 11� x;�2�x2 g(x) = �2g� x� Æ1� 2Æ� 11� 2Æ 1x � 2 11� 2Æ ��xg� x� Æ1� 2Æ��� 21� xg� x� Æ1� 2Æ� 11� 2Æ + 2 11� 2Æ ��xg� x� Æ1� 2Æ�: (4)Finally for Æ < x < 1� Æ 15



x(1� x) �2�x2 g(x) = �2g� x� Æ1� 2Æ� 11� 2Æ : (5)For 0 < x < Æ we have from (3)g(x) = 2x 1Z0 g(z) 1Æ + z � 2Æzdz: (6)If we denote a = 2 1Z0 g(z) 1Æ + z � 2Æzdz (7)then g(x) = ax; 0 < x < Æ: (8)For x > 1� Æ we have analogouslyg(x) = 2(1� x) 1Z0 g(z) 11� (Æ + z � 2Æz)dz: (9)Obviously g(x) is a symmetri funtion with respet to 1=2 : g(x) = g(1 � x),1=2 < x < 1. Then2 1Z0 g(z) 11� (Æ + z � 2Æz)dz = 2 1Z0 g(1� z) 1Æ + (1� z)� 2Æ(1� z)dz = a;g(x) = a(1� x); 1� Æ � x � 1: (10)3. CALCULATING PROCEDUREThe equation (4) is not onvenient for a alulation. It is better to use equation(3). When an be alalated the last integral in (3) for �xed x using g(z) for z < x?Obviously when (x�Æ)=(1�2Æ) < x, therefore for x < 1=2. To have the same possibilityfor the other integral, we apply equality (6): if Æ < x, then1Z(x�Æ)=(1�2Æ) g(z) 1Æ + z(1� 2Æ)dz = a2 � (x�Æ)=(1�2Æ)Z0 g(z) 1Æ + z(1� 2Æ)dz;g(x) = ax� 2x (x�Æ)=(1�2Æ)Z0 g(z)Æ + z(1� 2Æ)dz + 2(1� x) (x�Æ)=(1�2Æ)Z0 g(z)1� Æ � z(1� 2Æ)dz:(11)16



We an use this formula for onsequene alulations. Above, we see that on interval(0; Æ) density g(x) has a known view. Let us onsider number sequeneb0 = Æ; bi = Æ+ bi�1(1� 2Æ) = Æ iXj=0(1� 2Æ)j = 12�1� (1� 2Æ)i+1�; i = 1; 2; ::: : (12)Equation (10) shows that values of g(x) on interval (bi; bi+1) were alulated viag(x)'s previous values on (0; bi). A border value 1=2 is arrived for i = 1, so we mustend alulations when bi is lose to 1=2.One should note that a numerial alulation by formula (10) for x < 1=2 is very simple.During the reurrent alulation we set a = 1. On leaving one, onstant a is determinedfrom normalization ondition for g(x) : a probabilisti mass on interval (0; 1=2) equals1=2. For 1=2 < x < 1 we use equalities g(x) = g(1� x) and G(x) = 1�G(1� x).Let us perform analytial alulations for x 2 (b0; b1) = (Æ; 2Æ(1 � Æ)). If z < Æ theng(z) = az, sog(x) = ax�2x (x�Æ)=(1�2Æ)Z0 azÆ + z(1� 2Æ)dz+2(1�x) (x�Æ)=(1�2Æ)Z0 az1� Æ � z(1� 2Æ)dz == ax� 2ax1� 2Æh x� Æ1� 2Æ � Æ1� 2Æ ln�xÆ �i� 2a(1� x)1� 2Æ h x� Æ1� 2Æ + 1� Æ1� 2Æ ln�1� x1� Æ �i == ax� 2a x� Æ(1� 2Æ)2 + 2ax Æ(1� 2Æ)2 ln�xÆ �� 2a(1� x) 1� Æ(1� 2Æ)2 ln�1� x1� Æ �Therefore for x 2 (b0; b1) = (Æ; 2Æ(1� Æ))g(x) = ax� 2a(1� 2Æ)2nx� Æ � xÆln�xÆ � + (1� x)(1� Æ)ln�1� x1� Æ �o: (13)Corresponding umulative distribution funtion for x 2 (b0; b1) = (Æ; 2Æ(1� Æ))G(x) = 12a� x� Æ1� 2Æ�2 + 12ax2 + (1� 2x) a1� 2Æ x� Æ1� 2Æ++ x2 aÆ(1� 2Æ)2 ln�xÆ � + (1� x)2 a(1� Æ)(1� 2Æ)2 ln�1� x1� Æ �o: (14)An extension of two last formulas on interval x 2 (b0; 0:5) = (Æ; 0:5) will be namedthe �rst-order approximation g1(x) and G1(x) orrespondingly. As G1(0:5) = 0:5 wedetermine normalizing onstant a from (13) :a�1 = 12 � 12 Æ(1� 2Æ)2 ln(Æ)� 1� Æ2(1� 2Æ)2 ln(1� Æ)� 12(1� 2Æ)2 ln(2): (15)Our experiene shows that for Æ > 0:1 the �rst-order approximation ensures a suf-�ient preision of the alulation. The subsequent approximations are determined17



analogously. As border value 1=2 from (11) is arrived for i = 1, we must always re-strit ourselves by some approximation.Moments �r = E(Xr) are alulated by a usual way throw density funtion g(x). Ob-viously �1 = 0:5. The other moments f�rg for the �rst-order approximation g1(x) aregiven in Appendix.4. STATIONARY TWO-DIMENSIONAL DISTRIBUTIONStationary probability density funtion g(x; y) = �2�x�yPfX � x; Y � yg is expressedvia the stationary density g(x) and transition probability density funtion (1). We mustonsider ase � = x + Æ � 2xÆ > y and ontrary ase separately:g(x; y) = g(x)fÆ+x(1�2Æ)(y) = ( g(x) 2yÆ+x(1�2Æ) ; y � Æ + x(1� 2Æ);g(x) 2(1�y)1�Æ�x(1�2Æ) ; otherwise: (16)As it is shown in the Appendix, he seond mixed moment is alulated asE(XY ) = 16h1 + Æ + 2(1� 2Æ)�2i: (17)Now orrelation oe�ient � = (E(XY )� 0:25)=D(X) an be alulated.5. NUMERICAL RESULTSIn this setion we give some numerial omparing. Table 1 shows how di�erentapproximations of the density funtion behave oneself for small value of parameter Æ.Three funtions are presented here for Æ = 0:01: the �rst-order approximation g1(x),the seond-order approximation g2(x), and a urve of funtion g0(x), that gives preisevalues for Æ = 0 (see [3℄). We see, there exists an appreiable di�erene between thesereal values and the values reeived by the �rst-order approximation. For Æ = 0:3 the�rst-order and the seond-order approximations fully oinide, therefore they are pre-ise. Table 1 Comparing of di�erent approximations for small parameter Æx 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45q0(x) 0.285 0.540 0.765 0.960 1.125 1.260 1.365 1.440 1.485q2(x) 0.277 0.530 0.757 0.954 1.122 1.260 1.369 1.488 1.499q1(x) 0.292 0.560 0.797 1.000 1.166 1.293 1.377 1.414 1.402The Table 2 ontains values of stationary density funtions for a sum of two adjaentinterarrivals for Æ = 0:005. Row fSum(x) orresponds to density (15). Row fInd(x)orresponds to independent interarrival times with density g2(x; 0:01). One an seethat positive orrelation is appreiable.The orrelation oe�ient is a linear funtion of Æ : �(Æ) = �23(Æ � 0:5), 0 � Æ � 1. So,18



for 0 � Æ � 1=2 we have a positive orrelation dependene, for 1=2 � Æ � 1 - a negativeone.We see that the onsidered dependene has some appreiable in�uene on indies ofinterest. Table 2 Comparing of density funtions for a sumx 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0fSum(x) 0.028 0.108 0.226 0.367 0.515 0.655 0.781 0.882 0.950 0.975fInd(x) 0.006 0.043 0.129 0.264 0.435 0.619 0.808 0.986 1.122 1.1786. CONCLUSIONWe have onsidered an approah for appreiating dependene between interarrivaltimes. It is supposed that interarrival times orrespond to Markov hain with triangu-lar distribution of transition probabilities. Expressions for stationary one-dimensionaland two-dimensional distributions of interarrival times and orresponding numerialharateristis have been derived. The following investigations will be devoted to amodi�ation of the used form of a triangular distribution to expand a possible diapasonof orrelation oe�ient values. 7. APPENDIXFirstly, we derive the expressions for moments �r = E(Xr), r = 2; 3; :::; for the�rst-order approximation g1(x). Let us introdue the following notations:�(k; ; d) = dZ xkln(x)dx = 1k + 1dk+1ln(d)� 1k + 1k+1ln()� 1k + 1�dk+1 � k+1�;vr = 1=2Z0 xrg1(x)dx:Thenvr = 1=2Z0 xrg1(x)dx = 1=2Z0 xraxdx + 2a(1� 2Æ)2 1=2ZÆ [Æ + (1� Æ)ln(1� Æ)℄xrdx�� 2a(1� 2Æ)2 1=2ZÆ [1 + Æln(Æ) + (1� Æ)ln(1� Æ)℄xr+1dx++ 2aÆ(1� 2Æ)2 1=2ZÆ xr+1ln(x)dx� 2a(1� Æ)(1� 2Æ) 1=2ZÆ (1� x)ln(1� x)xrdx == a 1r + 2�12�r+2+ 2a(1� 2Æ)2 [Æ + (1� Æ)ln(1� Æ)℄ 1r + 1��12�r+1�Ær+1��19



� 2a(1� 2Æ)2 [1 + Æln(Æ) + (1� Æ)ln(1� Æ)℄ 1r + 2��12�r+2�Ær+2�++ 2aÆ(1� 2Æ)2��r + 1; Æ; 12� + 2a(1� Æ)(1� 2Æ)2 rXi=0 �ri� (�1)r�i��r � i+ 1; 1� Æ; 12�:Further�r = 1Z0 xrg1(x)dx = 1=2Z0 xrg1(x)dx + 1Z1=2 xrg1(1� x)dx == 1=2Z0 xrg1(x)dx� 0Z1=2 (1� y)rg1(y)dy = 1=2Z0 xrg1(x)dx+ rXi=0 (�1)i �ri� 1=2Z0 yig1(y)dy == vr + rXi=0 (�1)i �ri� vi:�1 = v0 = 12 ; �2 = 2v2 � 2v1 + 12 :Seondly, we derive formula (16) for a mixed moment:E(XY ) = 1Z0 Æ+x(1�2Æ)Z0 g(x)2yÆ + x(1� 2Æ)xydydx+ 1Z0 1ZÆ+x(1�2Æ) g(x)2(1� y)1� [Æ + x(1� 2Æ)℄xydydx == 23 1Z0 g(x)(Æ + x(1� 2Æ))2xdx++ 1Z0 2x1� [Æ + x(1� 2Æ)℄g(x)16(3y2 � 2y3)dx��� y = 1y = Æ + x(1� 2Æ) == 23 1Z0 g(x)(Æ + x(1� 2Æ))2xdx + 13 1Z0 x1� [Æ + x(1� 2Æ)℄g(x)n1� (Æ + x(1� 2Æ))2�� 2[Æ + x(1� 2Æ)℄2[1� [Æ + x(1� 2Æ)℄℄odx = 23 1Z0 g(x)(Æ + x(1� 2Æ))2xdx++ 13 1Z0 x[1 + Æ + x(1� 2Æ)℄g(x)dx� 23 1Z0 xg(x)[Æ + x(1� 2Æ)℄2dx == 13[(1 + Æ)�1 + (1� 2Æ)�2℄ = 13h(1 + Æ)12 + (1� 2Æ)�2i:20



REFERENCES1. Abegaz F., Naik-Nimbalkar U. V. Modelling statistial dependene of Markovhains via opula models // Journal of statistial planning and inferene. 2008.� 138(4). P. 1131�1146.2. Andronov A. A triangular symmetri opula // The Third International ConfereneProblems of Cybernetis and Informatis . 2010. V. II. P. 36�40.3. Andronov A On a opula for failure times of system elements // Mathematialand statistial models and methods in reliability. V.V Rykov et al. (eds.), SpringerSiene + Business Media, LLC. 2011. P. 39�51.4. Embrehts P. , Lindskog F., MNeil A. Modelling Dependene with Copulas andAppliations to Risk Management (Chapter 8) // Handbook of Heavy Tailed Dis-tributions in Finane, Amsterdam, Elsevier. 2003. P. 329�384.5. Hernandez-Campos F., Je�ay K. F., Park C., Marron J. S., Resnik S. I. Extremaldependene: Internet tra� appliations // Stohasti Models. 2005. V. 22. � 1.P. 1�35.6. KHeyman D. P., Luantoni D. Modeling multiple IP tra� streams with ratelimits. // IEE/ACM Transations on Networking (TON). 2003. V. 11. � 6. P. 948�958.7. Kim C. S., Klimenok V., Taramin O. A tandem retrial queueing system withtwo Markovian �ows and reservation of hannels // Computers and OperationsResearh. 2010. V. 37. � 7. P. 1238�1246.8. Kim C. S., Klimenok V., Mushko V., Dudin A. The BMAP/PH/N retrial queueingsystem operating in Markovian random environment // Computers and OperationsResearh. 2010. V. 37. � 7. P. 1228�1237.9. Kim C. S., Park S. H., Dudin A., Klimenok V., Tsarenkov G. Investigaton of theBMAP/G/1,/PH/1/M tandem queue with retrials and losses // Applied Mathe-matial Modelling. 2010. V. 34. � 10. P. 2929�2940.10. Kim C. S., Dudin A., Klimenok V., Khramova V. Erlang loss queueing systemwith bath arrivals operating in a random environment // Computers and Opera-tions Researh. 2009. V. 36. � 3. P. 674�697.11. Nelsen B. R. An Introdution to Copulas. Seond Edition New York: Springer.2006.12. Paheo A., Tang L. C., Prabhu U. N. Markov-Modulated proesses and Semire-generative Phenomena New Jersey - London - Singapore: World Sienti�. 2009.13. Sott S. L., Smyth P. The Markov Modulated Poisson Proess and Markov PoissonCasade with Appliations to Web Tra� Modeling // Bayesian Statistis. OxfordUniversity Press. 2003. V. 7. P. 1�10.
21


