


 2000 Nonlinear Phenomena in Complex SystemsOn High Order Asymptoti
 Solutions of the Hopf EquationA.B. Antonevi
h and O.N. PyzhkovaDepartment of mathemati
s, Belarusian State University, 4 S
arina av., Minsk, 220050, BelarusE-mail: anton�mmf.bsu.unibel.by(Re
eived 31 O
tober 2000)New generalized singular solutions of the "in�nitely narrow soliton" type of the Hopf equation are
onstru
ted and its intera
tion are 
onsidered.Key words: Hopf equation, generalized solution, asymptoti
 expansion, sho
k wave, in�nitely narrowsolitonPACS numbers: 35L67, 35Q53, 46F101 Introdu
tionThe Hopf equationL(u) � �u�t (x; t) + �(u2)�x (x; t) = 0 (1)is used as one of models des
ribing the motion ofwaves. Not only smooth fun
tions but sho
k likewave fun
tions or other generalized singular fun
-tions must be 
onsidered as some solutions of thisequation be
ause nonsmooth solutions of nonlin-ear equations are very important from the physi
alviewpoint. But these fun
tions are not solutions of(1) in the 
lassi
al sense. In order to give a sensethe notion of solution in su
h situations, a notion ofasymptoti
 solution is used.De�nition 1 [5℄. A family of smooth fun
tionsu"(x; t), indexed by a small parameter ", is 
alled an(weak) asymptoti
 solution of order m of an equa-tion Lu(x; t) = f(x; t); if< L(u)� f; ' >:= Z +1�1 [Lu(x; t)� f(x; t)℄'(x)dx= o("m) for all ' 2 D(R); t 2 R: (2)If (2) holds for allm then u"(x; t) is 
alled an asymp-toti
 solution of the order in�nity.The important point to note here is the following:an asymptoti
 solution is not a fun
tion nor a dis-

tribution. An interplay between an asymptoti
 so-lution u"(x; t) and a distribution 
an be establishedby asso
iation's relation.De�nition 2. An asymptoti
 solution u"(x; t)is said to admit an asso
iated distribution-valuedfun
tion v : R ! D0(R), if u"(x; t) ! v(t) inD0(R) 8t 2 R.If an asso
iated distribution exists, it is 
alled ageneralized solution.An asymptoti
 solution of the "sho
k wave" typeis asso
iated with the distribution of the form u0 +BH(x�V t); whereH(x) is the Heaviside's fun
tion,u0 is a 
onstant. This solution models a sho
k waveof the height B moving with the speed V on some
uid of the depth u0. The distribution u0+BH(x�V t) is a generalized solution of equation (1) if theHugoniot relation V = 2u0 +B holds.The 
ase when an asso
iated distribution-valuedfun
tion does not exist (or it is trivial) is also pos-sible.For example, a self-similar asymptoti
 solutionsof the "in�nitely narrow soliton" type of the formu"(x; t) = �(x� V t" ) + u0; (3)where u0 is a 
onstant, � is some smooth fun
tionde
reasing at in�nity were built in [5,6,8,9,11,12℄.Su
h a solution is asso
iated with a 
onstant u0and this 
onstant does not save any informationNonlinear Phenomena in Complex Systems, 3:4 (2000) 353 - 361 353
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 Solutions . . .about properties of the asymptoti
 solution. Morevisual representation may be given by an asymp-toti
 expansion of the asymptoti
 solution in thespa
e D0(R).The asymptoti
 solutions (3) have asymptoti
 ex-pansions of the formu" � u0 +A"Æ(x � V t) + :::;where Æ is Dira
 Æ-fun
tion. The solution (3) modelsa narrow wave with the e�e
tive amplitude A mov-ing with the speed V on some 
uid of the depth u0.That explains the term "in�nitely narrow soliton"type solution.Note that in [5,6,8,9,11,12℄ more 
omplex prob-lems were 
onsidered, in parti
ular some asymptoti
solutions of equations with variable 
oeÆ
ients were
onstru
ted too. But all these asymptoti
 solutionshave the order 2 or 3. The problem to 
onstru
t aself-similar asymptoti
 solutions of higher order ofthe Hopf equation was posed in [5℄.In the present paper we will 
onstru
t some largeset of asymptoti
 solutions of order m for arbitrarym.In view of the fa
t that equation (1) is nonlin-ear, the problem 
onsidered is 
losely related withthe problem of multipli
ation of distributions. Anapproa
h to solve this problem was developed in[4,7,10℄ where new obje
ts (new generalized fun
-tions or mnemofun
tions) were introdu
ed insteadof distributions, that formed an algebra, i.e. theyallow well-de�ned multipli
ation, and at the sametime save general properties of distributions. So-lutions of partial di�erential equations in spa
es ofmnemofun
tions were 
onsidered in number of pa-pers (see, for example [1,2,3,4,7,10℄).Usually the 
onstru
tions of new generalizedfun
tions are based on some approximation of 
lassi-
al generalized fun
tions by families of smooth fun
-tions, indexed by a small parameter ". It was foundout, that investigations of the asymptoti
 solutions
an be interpreted as some 
onstru
tions in the the-ory of new generalized fun
tions. But we will usethe 
lassi
al terminology in this paper only.

2 Hugoniot type 
onditions ofhigh ordersLet AC(R) be the set of all absolutely 
ontinuousfun
tions on R. Let F be the set of real fun
-tions f 2 AC(R), su
h that there exist limits:lim f(x) := f(�1) as x! �1, and the derivativef 0 has at �1 one of the following representations:f 0(x) = a�x�� + o(jxj�(�+Æ)) as x! �1;ja+j+ ja�j 6= 0; Æ > 0or f 0(x) = o(jxj�p) as x! �1;8p > 0:We 
onsider the familyu"(x; t) = f(x� V t" ) (4)and des
ribe the set Fm of all fun
tions f 2 F su
hthat (4) is an asymptoti
 solution of the order m.Let us denote byMk(f) := Z +1�1 xkf(x)dxand M+k (f) := Z +10 xkf(x)dxthe ordinary moments and the right-hand momentsof a fun
tion f .Theorem 1. The family (4), f 2 F , is a self-similar asymptoti
 solution of the order m of (1) ifand only if the following 
onditions holdi) g(x) := �V f 0(x) + (f2)0(x) =o(jxj�m�1) as x!1;ii) Mj(g) = 0; j = 0; 1; :::;m:The proof of Theorem 1 uses 
on
rete form of theHopf equation slightly and an analogous theoremtrue for a more wide 
lass of equations in
ludingequations with a small parameter. For example,the analogous proposition is true for the Burgersequation �u�t + u�u�x � "�2u�x2 = 0Nonlinear Phenomena in Complex Systems Vol. 3, No. 4, 2000
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 Solutions . . . 355and the Korteweg-de Vries (KdV) equation�u�t + 6u�u�x + "2 �3u�x3 = 0;where a small parameter " models a small vis
osityand a small dispersion of medium. We note thatKdV-equation 
an be redu
ed to the form:�u�t + �(u2)�x + "2��3u�x3 = 0 (5)and this equation may be 
onsidered as a singularperturbation of the Hopf equation.Thus, analogous theorem is 
arried for a 
lassof nonlinear di�erential equations of order l witha small parameter of the following formLu � �u�t + P ("; u; �u�x; �2u�x2 ; :::; �lu�xl ) = 0; (6)where P ("; u; �u�x; �2u�x2 ; :::; �lu�xl )= NXj=0 "j Xj�j=j+1aj;� lYi=0(�iu�xi )�i ;aj;� are 
onstant 
oeÆ
ients, � = (�0; :::; �l); �j 2N [ f0g; �0 � N1, is a multi-index andj�j = lXi=0 i�i:Theorem 2. The family (4), f (l�1) 2 F , isa self-similar asymptoti
 solution of the order m of(6) if and only if the following 
onditions holdi) g(x) := �V f 0(x) + NXj=0 Xj�j=j+1aj;� lYi=0(f (i)(x))�i= o(jxj�m�1) as x!1;ii) Mj(g) = 0; j = 0; 1; :::;m:Proof. Substituting (4) in (1) we have< L(u); ' >= 1" Z g((x� vt)=")'(x)dx; (7)

where ' 2 D0(R) andg(x) = �V f 0(x)+ NXj=0 Xj�j=j+1aj;� lYi=0(f (i)(x))�i : (8)The problem is to investigate asymptoti
 behaviorof the integrals (7).Su
h resear
h is 
arried out on the base of themethod of 
onse
utive expansion by A.N. Tikhonovand A.A. Samarski [13℄ and as a result we obtainthe following proposition.Proposition 1. Let the fun
tion g is lo
ally inte-grated on R and it admitts the asymptoti
 expansionas x! �1 of the following formg(x) = a�x�� + o(jxj�(�+Æ)); � 2 N; Æ > 0:The family g(x=") has the following asymptoti
 ex-pansion in the spa
e D0(R):1"g(x=") � ��2Xk=0 "k (�1)kk! Æ(k)Mk(g)+�a�P (x��� ) + a+P (x��+ )�"��1++"��1 (�1)��1(�� 1)! Æ(��1)� ~M��1(g) + (a� � a+) ln "�+o("�+Æ�1); (9)where~M��1(g) = Z �1�1 xk[g(x)�a� x��℄dx+Z 1�1 xkg(x)dx+ Z +11 xk[g(x)� a+ x��℄dxand hP (x�k); �i = Zjxj>1 x�k�(x)dx+ Zjxj<1 x�k��(x)� k�1Xj=0 xjj! �(j)(0)�dx:The 
onditions i) and ii) of Theorem 2 are equiv-alent to the request, that all terms in (9) with "kvanish as k � m.Nonlinear Phenomena in Complex Systems Vol. 3, No. 4, 2000
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 Solutions . . .If the fun
tion g has more terms in its asymptoti
expansion or there exists a total asymptoti
 expan-sion, then it is possible to obtain the fuller pi
tureof asymptoti
 behavior of the integrals (7).Applying Theorem 1 and Proposition 1 to thefamily (4) we �nd that there exist only two type ofthe asymptoti
 solutions of the Hopf equation.Theorem 3. Let B := f(+1) � f(�1) 6= 0:The family (4), f 2 F , is a self-similar asymptoti
solution of the order m of (1) if and only if thefollowing 
onditions holdi) � > m+ 1;ii) The Hugoniot 
ondition holdsV � 2f(�1) = B;iii) The high orders Hugoniot type 
onditions hold��V + 2f(�1)�Mj(signx ~f) +Mj(( ~f)2) = 0;j = 0; 1; :::;m � 1;where ~f(x) = f(x)� f(�1)�BH(x).The family (4) has the asymptoti
 expansion inthe spa
e D0(R)u" = u0 +BH(x� V t) + "M0( ~f)Æ(x � V t) + :::;this solution is the "sho
k wave" type solution withthe depth u0 = f(�1) and the height B .Theorem 4. Let f(+1) � f(�1) = 0:The family (4), f 2 F , is a nontrivial self-similarasymptoti
 solution of the order m of (1) if and onlyif the following 
onditions holdi) � > m+ 1;ii) ��V + 2f(�1)�Mj( ~f) +Mj(( ~f)2) = 0;j = 0; 1; :::;m � 1;The family (4) has the asymptoti
 expansion inthe spa
e D0(R)u" = u0 + "AÆ(x � V t) + :::;it is an asymptoti
 solution of the "in�nitely narrowsoliton" type with the depth u0 = f(�1) and theamplitudeA =M0( ~f); where A 6= 0; signA = sign(V�2u0):

Proof of Theorems 3 and 4 follow immediatelyfrom Theorem 1 and Proposition 1. We remark onlythat the 
onditionM0(g) = 0 from Theorem 1 leadsto the Hugoniot 
ondition ii) in Theorem 3 and the
ondition M0(g) = 0 holds automati
ally under the
ondition of Theorem 4.Corollary. The relation �V + 2f(�1) 6= 0 isne
essary 
ondition for a nontrivial asymptoti
 so-lution exists.3 The 
onstru
tion ofasymptoti
 solutions of high or-dersThe 
ondition ii) of Theorem 4 means that themoments of the fun
tion ~f with the index k =0; 1; :::;m and the same moments of the fun
tion~f2 should be dire
tly proportional. Our problem isto 
onstru
t su
h fun
tions now.In [5℄ one asymptoti
 solution of the "in�nitelynarrow soliton" type was found in the form (4) withf = u0 + C1 + C2xx2 + 1 ;where C1 and C2 are some inde�nite 
oeÆ
ients.This fun
tion generates an asymptoti
 solution oforder 2 if C1 and C2 satisfy two 
onditions (gener-alized Hugoniot 
onditions).The �rst of the 
onditions is linear one and maybe satis�ed simply. But the se
ond 
ondition issquare and it is ne
essary to do some 
al
ulationsfor proof the existen
e of 
orresponding 
oeÆ
ientsC1 and C2.More essential diÆ
ulties appear, if we try to 
on-stru
t an asymptoti
 solution of higher order in asimilar way. Let us �nd the fun
tion f in the formf = u0+C1f1+C2f2+ :::+Cpfp; where fk are somebasi
 fun
tions su
h thatfk(x) = 1Xj=1 ak;jx�j at in�nity.Then for the inde�nite 
oeÆ
ients Ck we get someset of square equations from the 
onditions ii) ofNonlinear Phenomena in Complex Systems Vol. 3, No. 4, 2000
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h and O.N. Pyzhkova: On High Order Asymptoti
 Solutions . . . 357Theorem 4(�V+2u0) pXj=1Ml(fj)Cj+ pXj=1 pXk=1Ml(fjfk)CjCk = 0;(10)l = 0; 1; :::;m � 1:The 
ondition i) leads to a set of linear equationspXj=1 ak;jCj = 0; k = 1; :::;m + 1: (11)The properties of the system (10) - (11) dependon the values of the moments of fk; fjfk and theform of expansions of fk at in�nity. Therefore tosort out the basi
 fun
tions fk su
h as to make thesystem (10) (11) solvable and to build its solutionsis not a simple problem.One more 
ompli
ated problem appears if we �ndan asymptoti
 solution of the order in�nity: it isne
essary to 
onstru
t a fun
tion f su
h that allmoments of f and moments of f2 are dire
tly pro-portional.Theorem 1 prompts a more simple way to buildalmost all desired fun
tions f .Denote by Gm the set of all fun
tions g satisfyingthe 
onditions of Theorem 2, i.e.Gm = fg 2 L1(R)jg(x) = o(jxj�m�1) as x!1;Mj(g) = 0; j = 0; 1; :::;mg:Equality (8) may be 
onsidered as a di�erentialequation with a desired fun
tion f and known fun
-tion g 2 Gm. Then our problem is to �nd somefun
tions from Gm and to solve this equation. Theset Gm may be des
ribed as follows.Lemma 1. i) If g 2 Gm then there exists somefun
tion J 2 C(m)(R) su
h that J(x) ! 0 as x !1; J (m) 2 AC(R) and g(x) = J (m+1)(x):ii) If J 2 C(m)(R) and J (m) 2 AC(R); J(x) =P1k=1 dkx�k at in�nity then the fun
tion g(x) =J (m+1)(x) belong to Gm.The most simple fun
tion from Gm is g = 0. Inthe 
ase of KdV equation (5) and g = 0 equality (8)has the form�V f 0 + (f2)0 + �f (3) = 0: (12)

Nontrivial solutions of this equation exist, if � 6=0. For example the fun
tionf(x) = V=2� � + 3� 
osh�2(r �2�x) (13)is some solution of (12) for given V and all � su
hthat �� > 0 and it generates "in�nitely narrow soli-ton" type solution of KdV-equation with the ampli-tude A = 3p2�� Z dx
osh2(x)and u0 = V=2� � . This solutions were 
onstru
tedin [9℄. It is not only an asymptoti
 solution of theorder in�nity but it is an exa
t solution. In par-ti
ular, this solution is a strong asymptoti
 solu-tion. We remind, that a family of smooth fun
tionsu"(x; t), indexed by a small parameter ", is 
alled astrong asymptoti
 solution of order m of the equa-tion Lu(x; t) = f(x; t); ifL(u")� f = o("m):If u"(x; t) is a family of the form (4) then we haveL(u")(x; t) = "�1g(x=") for an operator of the form(6). Therefore a family (4) is a strong asymptoti
solution of the equation Lu = 0 i� g = 0, i.e. if (4)is an exa
t solution.In the 
ase � = 0 equation (5) turns into the Hopfequation (1) and (12) 
hanges into�V f 0+(f2)0 = 0.However all solutions of the last equation are trivial(
onstant).Therefore nontrivial exa
t solution of the form(4) of the Hoph equation does not exist, nontrivialstrong asymptoti
 solutions of (1) does not exist tooand only weak asymptoti
 solutions 
an be 
onsid-ered.For the Hopf equation and nontrivial g 2 Gmequation (8) is V f 0+(f2)0 = g and we 
an build allsolutions of the last equation. Let us 
onsider thefun
tion f(x) = V=2 �qB2=4 + g0(x) (14)where g0(x) = Z x�1 g(s)ds;B and V are arbitrary 
onstants, B2=4 ��min g0(x) 6= 0:Nonlinear Phenomena in Complex Systems Vol. 3, No. 4, 2000
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h and O.N. Pyzhkova: On High Order Asymptoti
 Solutions . . .Theorem 5. Let g 2 Gm; g 6= 0 . Then thefun
tion f de�ned by (14) satis�es the 
onditions ofTheorem 4 and generates by (4) a nontrivial asymp-toti
 solution of the "in�nitely narrow soliton" typeof order m with the depth u0 = f(�1) = V=2�B=2and the e�e
tive amplitudeA = Z +1�1 [f(x)� u0℄dx:Proof. The fun
tion (14) is a solution of the equa-tion V f 0+(f2)0 = g and it has desirable properties.We remark that from g 6= 0 follows that B > 0and the 
ondition �V + 2u0 6= 0 is true be
ausej � V + 2u0j = B.Corollary. For all V and u0 su
h that �V +2u0 6= 0 there exists a nontrivial asymptoti
 solu-tion of the order in�nity with the depth u0 and thevelo
ity V.Proof. Let  2 S(R) and its the Fourier trans-form  ̂(�) = 0 at a neighborhood of zero. ThenMj( ) = 0; j = 0; 1; :::; and  (x) = o(jxj�p) forall p. Let C = �min 0(x); B = 2u0 � V: If we setg = B24C then the fun
tion f de�ned by (14) givesan asymptoti
 solution of the order in�nity.Fun
tions J des
ribed by the proposition ii) ofLemma 1 
an be produ
ed easily in an expli
it form.Example 1. Let J(x) = 1=(1 + x2) andg0(x) = J (m�1)(x) = C(1 + x2)m=2 sin[m ar
tan x℄;where C = (�1)m�1(m� 1)! . Then the fun
tionf(x) = V=2�sB2=4 + C1(1 + x2)m=2 sin[m ar
tan x℄gives an asymptoti
 solution of order m � 1 ofthe "in�nitely narrow soliton" type if C1 is smallenough.Example 2. The fun
tion J(x) = exp(�x2) sat-is�es the 
ondition ii) of Lemma 1 and the fun
tiong0(x) = (exp(�x2))(m) generates an asymptoti
 so-lution by (14). We remark that this fun
tion g isup to a multiplier is the Hermite fun
tion and hasthe form H�(x) = 
onstE�(x) exp(�x2);

where E�(x) is the Hermite polynomial.Note that some asymptoti
 solutions with newproperties appear if B2=4 = �min g0: Let us 
on-sider a parti
ulary 
ase. Let min g0(x) = g0(x0) andg0(x) > g0(x0) for all x 6= x0. Then a solution of the
lass AC(R) of the equation (1) of the form di�erfrom (14) existsf(x) = V=2 + sign(x� x0)qB2=4 + g0(x):For this fun
tion we have f(+1)�f(�1) = B 6= 0and the formula (4) gives a solution of the "sho
kwave" type by Theorem 3. Note that in this 
asethe parameter B, introdu
ed here, have the samesense that the height B in Theorem 3.If M0(g) =M1(g) = 0 then lim g0(x) = 0 as x!1 and M0(g0) = 0. It follows from this that thefun
tion g0 has both positive and negative values.Therefore the setS(g) = fx 2 R : g0(x) = min g0gis not empty, 
losed and bounded. The 
omplement~S(g) = R n S(g) 
onsists of two half-lines (�1; x1)and (x2;+1) and some �nite (
an be empty) ordenumerable set of intervals. We 
an 
hoose an ar-bitrary the sign in (14) at every 
omponent of ~S(g).As a result we obtain a large set of ex
lusive asymp-toti
 solutions. Among them there exist solutions ofthe "sho
k wave" type and solution of the "in�nitelynarrow soliton" type. More a

urately the followingtheorem holds. Let !(x) be a fun
tion on R su
hthat !(x) = 0 if x 2 S(g) and !(x) = 
onst = �1on ea
h 
omponent of S(g). Denote by 
(g) the setof all su
h fun
tions ! and let 
�(g) be a subset of
(g) of the form
�(g) = f! 2 
j !(+1)!(�1) = �1g:Theorem 6. Let the fun
tion g satis�es the
onditions of Theorem 5, B2=4 = �min g0; ! 2 
and f(x) = V=2 + !(x)qB2=4 + g0(x): (15)If ! 2 
� then f satis�es the 
onditions of Theo-rem 3 and gives birth to an asymptoti
 solution ofNonlinear Phenomena in Complex Systems Vol. 3, No. 4, 2000
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h and O.N. Pyzhkova: On High Order Asymptoti
 Solutions . . . 359order m of the "sho
k wave" type with height B. If! 2 
+ then the fun
tion f satis�es the 
onditionsof Theorem 4 and gives birth to an asymptoti
 so-lution of order m of the "in�nitely narrow soliton"type.4 On the pro�le of asymptoti
solutionThe fun
tion f des
ribes a pro�le of the movingwave. It is natural to believe that the asymptoti
solution of high order des
ribes the essen
e of thematter more exa
tly and therefore an informationabout the properties of su
h fun
tions, giving anasymptoti
 solution of the high order presents aninterest.Theorem 7. Let f be a fun
tion of the form(14) (it gives an asymptoti
 solution of order m ofthe "in�nitely narrow soliton" type). Then it os-
illates near mean value u0 at least m times, i.e.there exist some points y0 < x1 < y1 < x2 < y2 <::: < xm < ym su
h that f(xj) = u0;�f(y2l) �u0��f(y2l+1)� u0� < 0:This proposition means that "in�nitely narrowsoliton" of the order m is a 
olle
tion of waves be-
ause it has some number of nodes.A similar proposition is true for ex
lusive solutiondes
ribed by Theorem 6.Theorem 8. Let g 2 Gm and f be a fun
tion ofthe form (14) (it gives an asymptoti
 solution of theorder m). Denote W (x) = V=2+B=2!(x). Then fos
illates near the fun
tion W (x) at least m times,i.e.there exist points y0 < x1 < y1 < x2 < y2 <::: < xm < ym, su
h that f(xj) =W (xj);�(f(y2l)�W (y2l)��f(y2l+1)�W (y2l+1)� < 0:The family (13) is exa
t solution of (5) and itis not os
illated fun
tion. There is not a 
ontra-di
tion with Theorem 7 be
ause this family is anasymptoti
 solution of the order 1 only of the Hopfequation. The equation (5) takes into a

ount an

in�nitely small dispersion. The solutions are moresmooth by this dispersion.5 On intera
tion of "in�nitelynarrow soliton" type solutionsNow let us 
onsider a problem of intera
tion. Letwe have two asymptoti
 solutions of the "in�nitelynarrow soliton" type of the form similar (4) withthe same order m and the same value of u0:uj(x; t) = u0 + fj(x� Vj(t� t0)" ); j = 1; 2;where suppfj are 
ompa
t sets and t0 > 0.We 
onsider an initial 
ondition for equation (1)of the formu(x; 0) = u0 + f1(x+ V1t0" ) + f2(x+ V2t0" ): (16)For t < t0 the expresionu"(x; t) = u0+f1(x� V1(t� t0)" )+f2(x� V2(t� t0)" )(17)give us an asymptoti
 solution of (1) of order m.This solution has asymptoti
 expansion of the formu � u0 +A1Æ(x� V1(t� t0)) +A2Æ(x� V2(t� t0))and represent two "in�nitely narrow solitons" lo-
alized at the point x = V1(t � t0) and pointx = V1(t� t0) respe
tively. At the moment of timest = t0 these points 
oinsid, an intera
tion of twosolitons take pla
e and (17) is not an asymptoti
solution at this moment of times.In order to obtain an asymptoti
 solution of theinitial problem (1)(16) for all t we will 
onstru
t thissolution in the formu"(x; t) = u0 +K1(t=")f1(x� "S1( t�t0" )" )+K2(t=")f2(x� "S2( t�t0" )" ); (18)where K1;K2; S1 and S2 are some unknown fun
-tions. These fun
tions must dis
ribe 
hange of am-plitudes and velo
ities.Nonlinear Phenomena in Complex Systems Vol. 3, No. 4, 2000
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h and O.N. Pyzhkova: On High Order Asymptoti
 Solutions . . .If we require that (18) is an asymptoti
 solutionby de�nition 1 we have not a new 
ondition for fun
-tions K1;K2; S1 and S2.In order to obtain su
h a 
ondition we give a newde�nition of an asymptoti
 solution.De�nition 3. The family (18) is 
alled a mi-
rolo
al asymptoti
 solution of order m of (1), ifthe equality (2) holds not only for all real values oft but also for in�nitesimally 
lose to t moments oftimes of the form t+ "� .If a family of the form (18) is an asymptoti
 solu-tion in the sense of de�nition 3, it is also an asymp-toti
 solution in the sense of de�nition 1.The request that (18) is a mi
rolo
al asymptoti
solution of (1) of the order 4 leads by using of Propo-sition 1 to a system of four di�erential equationswith respe
t to K1;K2; S1 and S2 of the formK 01(�)Mk(f1(y�S1(�))+K1Mk(f 01(y�S1(�))S01(�)+K21 (�)Mk((f 01(y � S1(�))2(�)) +K 02(�)Mk�(f2(y � S2(�)) +K2Mk(f 02(y � S2(�))S02(�)+K22 (�)Mk((f2(y � S2(�))2(�))= K1(�)K2(�)Mk(f1(y � S1(�)f2(y � S2(�)); (19)k = 0; 1; 2; 3:We remark that M0(f 0j) = 0; M0((f2j )0) = 0 forj = 1 and j = 2 and M0(f1(y� S1)f2(y � S2)) = 0.Let m � 4. Then by theorem 2 the relations(2u0 � Vj)Mk(f 0j) + Mk((fj)2) = 0 hold for k =0; 1; 2; 3 and theses relation hold for f 0j(y � Sj(�))and (f2j )0(y�Sj(�)). Therefore the system (19) 
anbe transformed to the formK 01(�)Mk(f1) + [K1S01(�) +K21 (�)(2u0 � V1)℄�Mk((f 01)(�)) +K 02(�)Mk(f2)+[K2S02(�) +K22 (�)(2u0 � V2)℄Mk((f 02)(�))= 2K1(�)K2(�)Mk((f1 � T�f2)0); k = 0; 1; 2; 3:Left hand side of this system is linear with respe
tto fun
tions K 01;K 02; [K1S01(�) + K21 (�)(2u0 � V1)℄and [K2S02(�)+K22 (�)(2u0�V2)℄: Therefore the sys-tem 
an be writtenM(S1; S2)W = K1K2R(S1; S2); (20)

whereW = (K 01;K 02; [K1S01(�) +K21 (�)(2u0 � V1)℄;[K2S02(�) +K22 (�)(2u0 � V2)℄);M = 0BBB� M01 M02 0 0M11 M12 M 011 M 012M21 M22 M 021 M 022M31 M32 M 031 M 032 1CCCA ;Mij =Mi(fj(y � Sj)), M 0ij =Mi(f 0j(y � Sj)),R = R(�) = (0;M1(f1(y � S1) � f2(y � S2));M2(f1(y�S1)�f2(y�S2));M3(f1(y�S1)�f2(y�S2))):We remark thatM0(fj(y � Sj)) =M0(fj(y));M1(fj(y � Sj)) =M1(fj(y)) + SjM0(fj);M2(fj(y�Sj) =M2(fj(y))+2SjM1(fj(y))+SjM0(fj(y);M3(fj(y � Sj) =M3(fj(y)) + 3SjM2(fj(y))+3S2jM1(fj(y)) + S3jM0(fj(y)):It follow from this thatdetM(S1; S2) = detM(0; 0) = 
onst: (21)We remark as well that Mk(f 0) = kMk�1(f) andthe matrix M(0; 0) have the formM(0; 0) = 0BBB� M0(f1) M0(f2) 0 0M1(f1) M1(f2) M0(f1) M0(f2)M2(f1) M2(f2) 2M1(f1) 2M1(f2)M3(f1) M3(f2) 3M2(f1) 3M2(f2) 1CCCA :De�nition 4. Two fun
tions f1 and f2 are 
alledfour � independent if detM(0; 0) 6= 0.If the fun
tions f1 and f2 are four-independentwe 
an transform system (20) to the formW = K1K2M(S1; S2)�1R(S1; S2):Initial 
onditions must beK1(0) = 1;K2(0) = 1; S1(0) = V1t0; S2(0) = V2t0;It follows from the (21) that the terms of matrixM(S1; S2)�1 are polynomials of the order 3.Nonlinear Phenomena in Complex Systems Vol. 3, No. 4, 2000



A.B. Antonevi
h and O.N. Pyzhkova: On High Order Asymptoti
 Solutions . . . 361The most important property of the system (20)is the following: there exists a 
onstant C su
hthat R(S1; S2) = 0; if jS1 � S2j > C. It followfrom this property that, if we have some solutionof (20) su
h that jS1(t) � S2(t)j > C for somet1 > t0, then K1(t);K2(t); S01(t); S02(t) are 
onstantfor t > t1. This means that in this 
ase we obtaintwo new in�nitely narrow solitons with some newamplitudes and new velo
ities after intera
tion oftwo initial solitons. One more 
ase is possible toojS1(t) � S2(t)j � C for all t > t0. In this 
ase twoinitial solitons sti
k together.We 
onstru
ted some set of weak asymptoti
 so-lutions of arbitrary order and des
ribed their in-tera
tions. However it should be pointed out thatthis set is very extensive. This is an e�e
t of thethefa
t that de�nition of weak asymptoti
 solution 
on-tains few limitations for 
onsidered family of smoothfun
tions. We 
an give an example (the S
hr�odingerequation with a Æ-potential [1℄) when there existsan unique exa
t solution and there are a lot of weakasymptoti
 solutions whi
h are very di�erent fromthe exa
t one. It follows from this that not all weakasymptoti
 solutions have a physi
al sense.A
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