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The Wiener index, the Harary index and edge-Wiener index are classic and well-known topological
indices for the characterization of molecular graphs. Firstly, we give the formulae and algorithms
for these topological indices of the complements of trees and cographs. Secondly, we present some
sufficient conditions for a cograph to be Hamiltonian.
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1. Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). The order of a graph G
is the number of vertices in G; it is denoted by n(G) = |V(G)|. The size of a graph G is the
number of edges in G; it is denoted by m(G) = |E(G)|. The complement of G is denoted by
G = (V(G),E(G)), where V(G) =V(G), E(G)={xy: 2,y € V(G),zy & E(G)}.

If e =2y is an edge of a graph G, then x and y are adjacent, while « and e are incident, as
are y and e. If zy € E, we also use = ~ y, and = ~ y whenever z,y are not adjacent in G. If
A, B CV are disjoint and ab € E for every a € A and b € B, we say that A and B are totally
adjacent and we denote them by A ~ B, while by A = B we mean that no edge of G connects
some vertex of A to a vertex from B and, in this case, we say A and B are totally non-adjacent.

The neighborhood of the vertex v € V is the set Ng(v) = {u € V : wwv € E}, while
Nglv] = {v} U Ng(v); or we just denote N(v) and N|v], when G appears clearly from the
context. The degree of v in G is dega(v) = |Ng(v)|. The neighborhood of the vertex v in the
complement G of a graph G will be denoted by N(v). The neighborhood of S C V is the set
N(S) =U,cg N(v) =S and N[S] =S UN(S).

If U CV, by GIU] we denote the subgraph of G induced by U. By G — X we mean the
subgraph G[V — X], whenever X C V, but we simply write G — v, when X = {v}.

A graph is complete if every pair of distinct vertices is adjacent. By P,, C,, K, we mean a
chordless path on n > 3 vertices, a chordless cycle on n > 3 vertices, and a complete graph on
n > 1 vertices, respectively.

The degree sequence of an undirected graph is the non-decreasing sequence of its vertex degrees.
Let (di,da,...,d,) be the degree sequence of G, where d; < dy <--- <d,. Then d; = §(G) is
called the minimum degree of G. In other words, the minimum degree of G denoted by 6(G), is
the degree of the vertex with the least number of edges incident to it.

The union of simple graphs G and H is the graph G U H with the vertex set V(G) UV (H)
and the edge set E(G)U E(H). If G and H are disjoint, we refer to their union as the disjoint
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union, and denote it by G U H. The disjoint union of k graphs G is denoted by kG. By starting
with a disjoint union of G and H and adding edges joining every vertex of G to every vertex of
H, one can obtain the join of G and H, denoted by G V H. Formally,

GVH=(V(G)UV(H),EG)UEH)U{zy |z e V(G) Ny e V(H)).

Note that G V Gy = G U Go.

For any two vertices v and v in G, the distance between u and v, denoted by dg(u,v), is
the number of edges in the shortest path joining w and v. The eccentricity e(v) of a vertex v is
the maximum distance from v to any other vertex. The vertices of minimum eccentricity form the
center. A tree has exactly one or two adjacent center vertices; in this latter case one speaks of a
bicenter. The diameter D(G) of a graph G is the maximum eccentricity over all vertices in a graph,
while the radius r(G) is the minimum eccentricity over all v € V(G). If any vertex v € V(G) is
adjacent to all the other vertices of G then v is called a well-connected vertex. Thus, if v € V(G)
is a well-connected vertex, then eg(v) = 1. For example, all the vertices of a complete graph are
well-connected.

Let F' denote a family of graphs. A graph G is called F'— free if G contains no graph from F'
as an induced subgraph.

The first distance-based topological index was the Wiener index introduced in 1947 by H. Wiener
[80]. Later, in 1988 H. Hosoya [40] introduced some counting polynomials in chemistry, among them
the Wiener polynomial, which is strongly connected to the Wiener index. Nowadays, it is known as
the Hosoya polynomial. Another distance-based topological index, the Harary index, was introduced
in 1993 by Plavsi¢ et al. [65] and by Ivanciuc et al. [47], independently. All these concepts found
many applications in different fields, such as chemistry, biology, networks.

The Wiener index of a graph is defined as the sum of distances between all pairs of vertices of
a connected graph G, i.e.,

W@ = Y da(u,v). (1)

u,veV(G)

The distance dg(v) of a vertexr v is the sum of all distances between v and all other vertices
of G. Thus, one can define the Wiener index also in a slightly different way:

W@ =5 Y del)

veV(G)

where % compensates for the fact that each path between u and v is counted in dg(u) as well as

in dg(v).
The distance matrix D(G) is defined so that (i, j) -entry, d;j;, is equal to dg(vs,v;). Let D;(G)
denote the row sum of D(G) corresponding to vertex v;. Then

W(G) = % > D6,

For disconnected graphs, we set

W(G) = > da(u,v). (2)

u,weV(QG), u—v path exists in G

In other words, we ignore pairs of vertices v and v for which the distance d(u,v) can be considered
as “infinite”.
Let G be a disconnected graph with components G1,Ga,...,Gg. By (2) we get
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Subsequently, several other topological indices were deeply studied. We consider here certain of
them.

Wiener indices of trees [24] and Wiener indices of hexagonal systems [23] have been studied
intensively. A list of some recent work: characterizations of trees with specified order and degree
sequence that maximize the Wiener index [69], the maximum Wiener index of unicyclic graphs with
fixed maximum degree [26], inverse Wiener index problems that search for trees with a given Wiener
index [30], Wiener indices of iterated line graphs of trees [51, 52, 53|, Wiener indices of random trees
[78].

For most general classes of graphs, there is no closed formula to calculate their Wiener indices,
not even a recursive formula. Finding bounds on Wiener indices of a general class of graphs has
attracted many researchers’ interest. Entringer et al. [28] showed that for any connected graph with
a given order, the Wiener index is minimized by that of a complete graph and maximized by that
of a path, and the Wiener index of a tree with a given order attains the minimum value when it is a
star and the maximum value when it is a path. Walikar et al. [79] gave some bounds on the Wiener
index of a graph in terms of the graph order together with one or two other graph parameters such
as size, radius, diameter, connectivity, independent number, and chromatic number.

The Harary index of a graph G, denoted by H(G), has been introduced independently by
Ivanciuc et al. [47] and Plavsic¢ et al. [65] in 1993 for the characterization of molecular graphs. The
Harary index H(G) is defined as the sum of reciprocals of distances between all pairs of vertices of
a connected graph G, i.e.

HE) = Y Q

u,weV(Q), u#v d (u’ U)

Note that in any disconnected graph G, the distance is infinite between any two vertices from two
distinct components. Therefore its reciprocal can be viewed as zero. Thus we can define validly the
Harary index of a disconnected graph G as follows:

H(G) = ZH(GZ% (4)

where G1,Go,...,Gy are the components of G.

For K; weset W(K;)=0 and H(K;) =0.

The edge versions of the Wiener index based on the distance between edges in a graph G were
introduced in 2009 [17, 45, 48|. The edge-Wiener index of G is denoted by W,(G) and defined as

We(G) = Z de(e7 f)y
{e,f}CE(G)

where for distinct pair of edges e = uv and f = zt of G, the distance d.(e, f) is defined as

de(e, f) =1+ min{d(u, z),d(u,t),d(v, z),d(v,t)}.

It is easy to see that, dc(e, f) equals to the distance between vertices e and f in the line graph
of G. This implies that, W.(G) = W(L(G)), where L(G) is the line graph of G.

A Hamiltonian cycle of the graph G is a cycle which contains all vertex of G. A Hamiltonian
path of the graph G is a path which contains all vertex of G. The graph G is said to be Hamiltonian
if it contains a Hamiltonian cycle, and is said to be traceable if it contains a Hamiltonian path. If
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every two vertices of G are connected by a Hamiltonian path, it is said to be Hamilton-connected. A
graph G is traceable from a verter x if it has a Hamiltonian x-path. A graph is traceable from every
vertex if it contains a Hamilton path from every vertex. All these concepts belong to Hamiltonicity
of graphs. The problem of deciding whether a graph has Hamiltonicity is one of the most difficult
classical problems in graph theory. Recently, some topological indices have been applied to this
problem. Up to now, there are some references on the Wiener index, hyper-wiener index and Harary
index conditions for a graph to be traceable, Hamiltonian, Hamilton-connected, traceable from every
vertex. We refer readers to see [16, 9, 42, 41, 50, 61, 60, 57, 58, 83|.

The paper is organized as follows. In Section 2 we present some preliminary results and explicit
formulae for several important classes of graphs.

In Section 3, the formulae and algorithms for some topological indices of the complements of
trees are given.

In Section 4, the formulae and algorithms for some topological indices of cographs are given.

In Section 5 we discuss the Hamiltonicity of graphs in terms of Harary index.

2. Preliminaries

Before giving the proof of our theorems, we introduce some fundamental statements and properties
in this section.

When the underlying graph is a tree (as is true for instance for the alkanes originally studied
by Wiener), the Wiener index may be calculated more efficiently. If the graph is partitioned into
two subtrees by removing a single edge e, then its Wiener index is the sum of the Wiener indices
of the two subtrees, together with a third term representing the paths that pass through e. This
third term may be calculated in linear time by computing the sum of distances of all vertices from
e within each subtree and multiplying the two sums [19]. This divide-and-conquer algorithm can be
generalized from trees to graphs of a bounded treewidth, and leads to near-linear-time algorithms
for such graphs [20].

An alternative method for calculating the Wiener index of a tree, by Bojan Mohar and Tomaz
Pisanski, works by generalizing the problem to graphs with weighted vertices, where the weight of
a path is the product of its length with the weights of its two endpoints. If v is a leaf vertex of the
tree then the Wiener index of the tree may be calculated by merging v with its parent (adding their
weights together), computing the index of the resulting smaller tree, and adding a simple correction
term for the paths that pass through the edge from v to its parent. By repeatedly removing leaves
in this way, the Wiener index may be calculated in a linear time [13].

A tree is a connected, acyclic graph.

A recursive definition of rooted trees: A graph with a single vertex r (and no edges) is a tree with
root r (the sole base graph). Now, let (G,r) denote a tree with root r. Then (G1,7r1) ® (G2, r2)
is a tree formed by taking the disjoint union of G; and G5 and adding an edge (r1,72). The root
of this new tree is r = r;.

Theorem 1 [24]. Let (Th,r1) and (Ta,12) be two rooted trees of orders n1 and ng, respectively.
If T = (T1,7m1) ® (Tz,72) then

W(T) = W(Ty) + W(Ts) + nidr, (r2) + nadr, (r1) + nina.

The correctness of the following algorithm is justified by Theorem 1.
Algorithm: finding the Wiener index of a tree

WT(T,r)

Input: a root tree (T,7).

Output: the Wiener index of (7', r); distance dr(r) of the root; the order of 7.
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begin
if [V(T)|=1 then
W« 0;
d <+ 0;
n <+ 1;
else
if (T,r)=(T1,r1)® (T2,72) then
(Wl, dl, nl) < WT(Tl, Tl);
(Wa,da,ng) + WT (T, 12);
W <« Wi + W + nids + nady + ning;
d<+dy+dy+ n9;
n < ni + ng;
end if
end if
return (W,d,n).
end.

3. Indexes of the complements of trees

For a>1, b>1, let K1, and K;; bestarson a+1 and b+ 1 vertices, respectively. Then
the double star DS, is the tree obtained by connecting an edge between two centers of K;, and
K. For the double star DS, of order n a+b=n+2.

Theorem 2 [68]. Let T be a tree on n wvertices, then

0, if n < 3;
W(T) = n(n;l), if T is a double star;

w , otherwise.

Theorem 3. Let T be a tree on n wertices, then

W.(T) = %(nQ —3n+2)(n® —3n)— Y (” N degT(”))

2
veV

Proof. Let z,y € V then

L, if zy & E(T);
dr(x,y) = < 3, if the diameter d(T") = 3 and {xz,y} is the bicenter of T}
2, otherwise.

Let us prove that for any two edges e, f of T dc(e,f) < 2. Consider two non-edges {a,b}
and {p,q} of T. If the non-edges share an endpoint then they are adjacent in L(7") and therefore
de({a,b},{p,q}) = 1. Otherwise, since T is a tree, at least one pair of {a,p}, {a,q}, {b,p} and
{b,q} is anon-edge in T, otherwise T has a 4-cycle. Therefore d.({a, b}, {p, ¢}) < 2. So all distinct
edges of T are either at distance 1 or 2.

Let @ be the set of all pairs of edges of T. We partition @ into two disjoint sets as follows
Qi ={{e,f}:e,f € BE(T), dele, f) =1},

Q> ={{e,f}:e,f € E(T), de(e, f) = 2}.
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The edge-Wiener index of T is obtained by summing the contributions of all pairs of edges over
those two sets:

We(T) = |Q1] +2|Q2| = 2|Q[ — |Q1]-
A pair of edges of T belong to @1, if it shares an endpoint. Therefore

=% ("),

veV

The number of edges of T isequal to m= (3) — (n—1) = % The total number of all
pairs of edges of T' is equal to (”21) Hence

We(T)—2< ) Q1] = (n —3n+2)(n2—3n)—;(n_d;gT(v)).

This completes the proof. O
Theorem 4. Let (Th,r1) and (Ts,r3) be two rooted trees of orders ny and ng, respectively.
If T'=(Tv,r1) ® (Tz,r2) and n=|V(T)|, then

We (T) = We (Tl) + We (E)"’

+= ((n® = 3n+2)(n* — 3n) — (n] — 3n1 +2)(n] — 3n1) — (n3 — 3n2 + 2)(n3 — 3ny)).

=

Proof. Let Q1 = {{zy,yz} : vy,yz € E(T)} then
W) = 0% = 30+ 2) (% — 3) ~ Q1|
by Theorem 3. We partition ); into four disjoint sets as follows
Qu = {{zy,y2} 1 ay,yz € E(T){=z,y,2} C V(T1)},

Q2 = {{zy,y2} : 2y, yz € E(T){x,y,2z} C V(T2)},
Qi3 = {{zy,y2} : zy,yz € E(T){x,y} CV(Th),z € V(T2)},
Qs = {{zy,y2} : 2y,yz € E(T){z,y} CV(T2),z € V(T1)}.

We have
We(Tl) = *(n% — 3711 + 2)(”% — 3711) — |Q11’,

We(To) = Z(n% — 3ny +2)(n3 — 3nz) — | Q12|

by Theorem 3.

Qusl = Y (n1 —degr,v)na + (n1 — degr,r)(na — 1) =
veVi\{r1}
= Z (n1 — degr,v)ng — (ny — degpy 1) =
veEV]

= n3ng — 2(ny — 1)ny
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By symmetry,
Q14| = n3n1 — 2(ng — 1)ny.

We have

We(T) = %(ng = 3n +2)(n” — 3n) — |Qu| — Q2| — |Qus] — |Qua| =

1 1 1
= Z(n2—3n+2)(n2—3n)+We(T1)—1(n%—3n1 +2)(n%—3n1)+We(Tg)—Z(n§—3n2+2)(n%—3n2).

This completes the proof. O
The correctness of the following algorithm is justified by Theorem 4.

Algorithm: finding the edge-Wiener index of the complement of a tree
WE(T,r)
Input: a root tree (T,r).
Output: the edge-Wiener index of T; the number A(n); the number of vertices of T.
begin
if |V(T)]=1 then
WE + 0;
A+ 0;
n < 1;
else
if (T, 7") = (T1,7“1) & (Tg, 7”2) then
(WEl, Al, nl) — WE(Tl, 7"1);
(WEQ, AQ, ng) < WE(TQ, 7"2);
n < ni1 + no;
A+ $(n* = 3n+2)(n* - 3n);
WE <+ WE,+WEy+ A— A; — Ayg;
end if
end if
return (WE, A n).
end.

Theorem 5. Let T be a tree on n wvertices, then

(71—1)2&7 if T is a star;
H(T) = (”J;l) — &, if T is a double star;
W, otherwise.

Proof. Let V =V(T)=V(T). If T is a star then T =~ Ky UK,,_1 and H(T) = H(K;) +
H(K, 1) =0+ =1n=2),
Let v(G, k) be the number of vertex pairs of the graph G that are at distance k. Then
1
H(G) =) 7(G.k). (5)
E>1
Let z,y € V then
L, if zy & E(T);
dr(x,y) = < 3, if the diameter d(T") = 3 and {xz,y} is the bicenter of T}

2, otherwise.
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If the diameter d(T") > 3 then

H(T) =+(T,1) + 31(T,2) =

n(n—1) 1 _ (n+1)?
— (n—1)+ §(n 1) = 5
If the diameter d(7') =3 then T is a double star DS, of order n. In this case

— _n(n—l)

2 _(n_1)7

Hence

This completes the proof. O
4. Indexes of cographs
4.1. Join operation

The next fact is useful. Since its proof is simple, we omit it.
Fact 1. Let G and Go2 be graphs, G = G1V Ga, z,y € V(G). Then
() [V(G1V Go)| = [V(G1)| + [V (Ga)l;
(ii) [E(G1V G| = |E(G1)|+[E(G2)| + [V(G1)| - [V(G2)l;
0, if z = y;
(ili) da(z,y) =< 1, if xy € E(Gy) or xy € E(Gs) or (x € V(Gy) Ay € V(Gs));
2, otherwise.
Theorem 6. Let G and Gy be graphs. Let the graph G = G1V Gy has n wvertices and m

edges. Then
W(G) =W(G1V Gs) =n* —n —m.

Proof. Let n; = |V(G;) and m; = |E(G;)|. By Fact 1, we have:

-1 -1
W(G1VGy) = m1+m2+n1n2+2<nl(n;)—m1>+2<n2(ng)—m2>

= nQ—n—m.

g

Let G be a graph and m = |E(G)|. Let p1(G) be the number of the pairs of edges at distance

1 and p2(G) be the number of the pairs of edges at distance 2 in G. The number of all other pairs
of edges we denote by p3(G). Then p3(G) = () — p1 — p2.
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Theorem 7. Let G and Gy be graphs, n; = |V(G;)| and m; = |V(G;)|, where i € {1,2}.
Let the graph G = G1V G have n wvertices and m edges. Let P3 be the set of all pairs of edges
at distance 3 in G. Then
(i) pl(Gl U G2) = pi(G1) + pi(Ga), where i € {1,2};

(11) (G1 U GQ) We(Gl) + We(GQ);
(iii) p ( ) = p1(G1) + p1(Ga2) + 2(ming + mant) + gnina(n1 + ng — 2);
(iv) p2(G) = (%5) — p1(G) — p3(G);
) p < ) = IB5(G)] = ps(Gh) + ps(Ga);
(Vi) We(G) = p1 + 2p2 + 3ps.
Proof. The proofs of (i) and (ii) are obvious.
Let G=G1VGy and S ={{z,y} |2z € V(G1) ANy € V(G2)}. Then

V(G) =V (G1) UV(Ga),
E(G) = E(Gl) U E(Gz) UsS.

By fact 1 all distinct vertices of G are either at distance 1 or 2. The vertices at distance 2 are
precisely those of GG; that are not adjacent in G, and those of G2 that are not adjacent in Gs.
So all distinct edges of G are either at distance 1, 2 or 3. Therefore (iv) and (vi) are true.

Let F' be the set of all pairs of edges of G. We partition F' into six disjoint sets as follows

Fr={{g, g, f € E(G1)},

Fy={{g, g, € E(G2)}

F3={{g, f}lg € E(G1), f € E(G2)},

Fy={{g, f}lg € E(G1), f € S},

s ={{g, f}lg € E(G2), f € S},
={{g, f}g,f €5}

Let P; be the set of all pairs of edges at distance ¢ in G. Let sz = F;NP;, where i € {1,2,3}
and j € {1,...,6}. Then pi(G) =Y0_, |F}|.
Let {g,f} € F1, where g =wuv, f = zt. Then

)

dejc(g, f) = min{d(u, 2),d(u,t),d(v, z),d(v,t)} + 1.

If the edges ¢ and f share a vertex then exactly one of these four distances is equal to 0. So
dejc(9: ) = dejci, (9, f) = 1. Therefore |F)| = p1(G1). By symmetry, |F3| = p1(Ga).

There are no edges sharing a vertex in Fj. Therefore |F}| = 0.

There are 2ming pairs from Fj sharing a vertex. Therefore |F}| = 2mins. By symmetry,
‘F 5 | = 2m2n1

There are n1( ) + ng( 21) pairs from Fg sharing a vertex. Therefore |F}| = ny ("22) + ng ("21)

The total number of pairs of edges at distance 1 is

6
ning(ny + ng — 2
ZF1|—291 (G1) + p1(Ga) + 2mng + 2many + — ] 12 - )-
Equality (iii) is proved. Let us prove (v).
The vertices at a distance of at least 2 are precisely those of (7 that are not adjacent in G1,
and those of G5 that are not adjacent in Gs5. Only such vertices are at a distance 3 in the graph
G. Therefore p3(G) = p3(G1) + p3(G2). This completes the proof. O
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Theorem 8 [20|. Let G1 and Go be graphs. Let the graph G = G1V G have n wvertices and
m edges. Then

1 1 1 1
H(G1 \Y GQ) = §(N1NQ +m1 + mg)) + Z(nl —i—ng)(m + ng — 1) = §m+ 1(712 — n)

4.2. Cographs

A graph is a cograph if it can be constructed from one-vertex graphs by disjoint union and
complement operations.
Cographs can be recursively defined as follows: a graph G is a cograph if and only if

(i) G is an one-vertex graph, or
(ii) G is the union of two cographs G; and Ga, or
(i) G is the join of two cographs G and Go.

Every cograph has a binary cotree representation which can be computed in a linear time [13].
A binary cotree is a rooted tree in which each leaf corresponds to a vertex in the cograph and each
inner node either represents a disjoint union or a join of its children.

Algorithm: finding the edge-Wiener index of a connected cograph

Input: a connected cograph G and its binary cotree T'(G).
Output: the first edge-Wiener index of G
Let r be the root of T'(G).

begin

if [V(G)]=1 then
WE(r) « 0;

else

Mark all nodes of T'(G) as unfinished;
while exists an unfinished node z with all children finished do
if x is a leaf then

n(x) < 1;

m(zx) < 0;

pl + 0; p2 + 0; p3 < 0;

else

Let y, z be the children of the node x in the cotree.

if x is a union node then
n(z) < nly) +n(2);
m(x) < m(y) + m(z);
pl < pl(y) +pl(2); p2 < p2(y) + p2(2);
p3 < gm(z)(m(z) — 1) — pl(z) — p2(z);
WE(x) < WE(y) + WE(z);

end if

if x is a join node then
n(z) < n(y) + n(z);
m(x) « m(y) +m(=) + n(y) - n(2);
Pl pl(y) + pL(z) + 2m(z)nly) + m(y)n(z)) + tn()n(=)(n(y) + n(z) - 2);
p3 < p3(y) + p3(2);
p2  tm(z)(m(x) — 1) - pl(x) - p3();
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WE(x) < pl(x) + 2p2(x) + 3p3(x);
end if
end if
mark p as finished
end while
end if
return WE(r).
end.

Theorem 9. Algorithm finds correctly the edge- Wiener index for cographs and can be implemented
in O(m+mn) time.

Proof. We can prove the correctness of the Algorithm by using induction on n, the number
of vertices. The Algorithm is obviously correct for n = 1. Let the Algorithm be correct for all
cographs with fewer than n vertices. The correctness of Algorithm for cographs with n vertices
follows from Theorem 7.

This completes the proof. O

4.3. The weak decomposition of a graph.

We remind the characterization of the weak decomposition of a graph.

Definition 1 (73, 74]. A set A C V(G) is called a weak set of the graph G if Nq(A) #V(G)—A
and G(A) is connected. If A is a weak set, mazimal with respect to set inclusion, then G(A) is
called a weak component. For simplicity, the weak component G(A) will be denoted with A.

Definition 2 [73, 74|. Let G = (V, E) be a connected and non-complete graph. If A is a weak
set, then the partition {A,N(A),V—(AUN(A))} is called a weak decomposition of G with respect
to A.

The name of a weak component is justified by the following result.

Theorem 10 |73, 74|. Every connected and non-complete graph G = (V,E) admits a weak
component A such that G(V — A) = G(N(A)) + G(N(A)).

Theorem 11 [14, 15|. Let G = (V, E) be a connected and non-complete graph and A C V.
Then A is a weak component of G if and only if G(A) is connected and N(A) ~ N(A).

The next result, that follows from Theorem 11, ensures the existence of a weak decomposition
in a connected and non-complete graph.

Corollary 1. If G = (V,E) is a connected and non-complete graph, then V admits a weak
decomposition (A, B,C), such that G(A) is a weak component and G(V — A) = G(B) + G(C).
Theorem 11 provides an O(n+m) algorithm for building a weak decomposition for a non-complete
and connected graph.

Algorithm: finding the weak decomposition of a graph ([73])

Input: a connected graph with at least two nonadjacent vertices, G = (V, E).
Output: a partition V = (A, N, R) such that G(A) is connected, N = N(A), A = R = N(A).
begin
A := any set of vertices such that AUN(A) #V,
N := N(A),
R:=V —(AUN(A)).
while (3n € N, 3r € R such that nr ¢ E) do
A= Au{n},
N:= (N —-{n})U(N(n)NR),
R:=R—-(N(n)NR)
end while
return (A, N, R)
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end.

4.4. Wiener polynomial of a cograph

A polynomial of distances has been introduced in [40] as: H(G,z) = >, d(G,k)zF, where
d(G,0) = |V(G)],d(G,1) = |[E(G)| and d(G,k) is the number of vertex pairs of G, the distance
of which is equal to k. This polynomial was named Wiener, by its author Hosoya in many articles
[37, 71]

The Wiener polynomial H(G,z) has the property that its first derivative evaluated at point
x =1 equals the Wiener index, i.e. H'(G,1) = W(G).

More information about the calculation of the Wiener polynomial for different types of graphs
can be found in [32, 40, 56, 71|

For a given integer k the inverse Wiener index problem is a problem of finding a graph G, such
that W(G) = k. The problem was proposed in 1995 by Gutman and Yeh [39], where they posed
the following conjecture:

For all but finitely many integers w, there exist trees with Wiener index w.

Li and Wang [59] give solutions to the two conjectures on the inverse problem of the Wiener
index of peptoids. Wagner et. al [77]: every sufficiently large even integer is the Wiener index of some
hexagon type graph. Wagner [76]: prove that every positive integer which is the Wiener index of
some graph (every positive integer other than 2 and 5) is Wiener index of a graph whose cyclomatic
number is at most 6.

Conjecture 1. With the exception of a finite set, each positive integer is the Wiener index of a
binary tree.

In [55] the so-called Wiener inverse problem interval has been considered.

Problem 1. For given n, find all values w that are Wiener indices of graphs with n nodes.

Regarding the above problem, let WG(n) be the corresponding set of values w for graphs on
n vertices.

Conjecture 2. The cardinality of WG(n) is of order %n?’ — %n2 —O(n).

Next, we determine the Wiener index and Wiener polynomial and find all values w which are
Wiener indices of cographs on n vertices.

Theorem 12. Let G = (V, E) be a connected non-complete cograph. Then its Wiener polynomial
is:

1 1
H(G,2) = |5 VI = 5 VI = |Bl| 2% + |Elz + V],

its Wiener index is equal to

W(G) = V|- V|- |E],

moreover for any w € WG(n)

VI +3|V
VE+3IV] gy
and its Harari index is equal to
VIP=[V] | |E]
HG =——F+—.
(@) T T3

Proof. Let us denote the order and the size of the graph G by n and m, respectively, and let
us consider a weak decomposition V(G) = AU N U R where induced graph G(A) is a connected
weakly component, N = N(A) is the neighborhood of set A, N(A) is the neighborhood of set A
in the complement G of graph G and G(V — A) = G(N)VG(R). Hence N ~ R and G(A),G(N)
and G(R) are cographs as subgraphs of cograph G.
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Note, that A ~ N as well. Indeed, let there exist a € A and b € N, such that ab ¢ E(G).
Since N = N(A) then there exists ¢ € A, such that c¢b € E(G). Since G(A) is connected, then
there exists a path Py = (a = a1, a2, ...,a = ¢) € G(A). Obviously, there exists i,1 < i < k, such
that a;b ¢ E(G), but aj+1b € E(G). Then the path Py = (a;,a;4+1,b,7),¥r € R is an induced
4-path in G, contradiction, because G is a Py -free graph.

Thus, for any a,a’ € A,b,b' € N,r,v’ € R we have d(a,b) = d(b,r) = 1, d(a,r) = 2 and
d(a,a’) <2, d(b,b) <2, d(r,r) < 2.

Hence, since the number of pairs of vertices at distance 1 is equal to m, then the number of
the remaining pairs of different vertices at distance 2 and is equal to

So, the Wiener polynomial is:

1 1
H(G,x) = [2n2—2n—m} 22+ mx+n

and the Wiener index is:

W(G) = %H(G,w) lp=1 =n% —n —m.

Since the maximum number of edges of an undirected connected graph G with n vertices is
(n —1)n/2 and the minimum number of its edges is n — 1, then for any w € WG(n)

-1
n2—n—n(n2) <w<n?®—n-—(n-1),
i.e. )
n —&2—3n <w< w241
Finally,
1 /n(n-1) nn—1) m
H = - — = —
(G)=m+ 5 < 5 m> 1 5
This completes the proof. O

Corollary 12.1. For any connected non-complete cograph G of the order n and the size m

we have ( ) )
mi2m—+2—n m
— < W
2 po1 = Wel€)

and equality holds only when G is a star graph.
Proof. For any edges e = (v,u), f = (s,t) we define the distance between them by

d(e, f) = min{d(v, s), d(v, t),d(u, s), d(u,t)}.

Let . R
We(@) = >, dlelf).
{e.f}CE(G)
Let |E(G(A))| = a, |E(G(R))| = r and the induced graphs G(A) and G(R) have k and
I pairs of edges at distance 2 respectively. Since the number of pairs of adjacent edges in graph
deg(v)(deg(v) — 1)
2

G is equal to ) 4 and the number of pairs of edges (e, f) at distance 2

120



~

(c?(e, f) =2) isequal ar+k+I, then the number of pairs of edges (e, f) at distance 1 (d(e, f) = 1)
is equal to

mlm —1) _ -~ deg(o)(deg(v) ~ 1

5 5 —ar—k—1,

veEG
then

We(G) = <m(m2— D _ Z deg(v)(d;g(v) - _ ar —k — l) +2(ar+k+1) =
veG

:2—2§deg(v) —|—21§deg(v)+ar+k+l:2—21§:deg(v) +ar+k+1

2
It remains to note that for the first Zagreb index > deg(v)? < m<7m1 +n— 2) and equality
n [e—

holds only when G is a star graph or a complete graph [19] and W, (G) = WB(G) + () as well.
This completes the proof. O

5. Index Harary and Hamiltonicity of graph

In 1976 Bondy and Chvatal introduced the closure concept, which plays an important role in the
cycle theory. For a graph G of order n and integer k = k(n) > 0, the k— closure of G, denoted
by cli(G) is obtained from G by sequentially joining pairs of non-adjacent vertices whose degree
sum is at least k, until no such vertex pairs exist. They proved the following statements as well:

Theorem 13 |7]. A graph G is Hamiltonian if and only if n— closure cl,,(G) is Hamiltonian.

Theorem 14 [7]. A graph G is Hamiltonian connected if and only if (n+ 1)— closure clp+1(G)
is Hamiltonian connected.

The following Lemmas are well-known.

Lemma 4.1 [12]. Let G be a graph of order n > 3 with degree sequence (di,da, ...,d,), where
dy < dy < ...<d,. If there is no integer k < n/2 such that dy <k and d,,_x <n —k — 1, then
G is Hamiltonian.

Lemma 4.2 [6]. Let G be a graph of order n > 3 with degree sequence (d1,ds,...,d,), where
dy <ds < ... <d,. If there is no integer k < n/2 such that dy_1 <k and d,_r <n—k, then G
is Hamiltonian connected.

We have obtained sufficient conditions for Hamiltonicity and Hamiltonian connectivity of a
graph depending on the law bound of Harary index of a graph G.

We use the following recently established facts.

Theorem 15 [84]. Let G be a graph of order n > 6k?+4k+2 with minimal degree §(G) > k >

o n? — (2k+1)n
1. If its size e(G) > ——————
or clp(G) =KV (Kp—or + kK1).

Theorem 16 [11]. Let G lt2)e a graph of order n > 6k? — 8k + 5 with minimal degree 6(G) >
k > 2. If its size e(G) > il Ul ;)n+2k: — 2, then G is Hamiltonian connected unless
Cln+1(G) =KoV (Kn—k;—l + Kk_1) or Cln+1(G) =KV (Kn—2k+1 + (k’ — 1)K1).

We establish the following statements.

Theorem 17. Let G be a graph of order n > 6k%>+4k-+2 with minimal degree 6(G) > k > 1. If
nin—k—1)

, then G is Hamiltonian unless ¢l,,(G) = K1V (K + Kp—g—1)

its Harary index H(G) >

or cln(G) =KV (Kp—or + kK1).

Proof. Let G not be Hamiltonian. Then by Theorem 1 I' = ¢l,,(G) is not Hamiltonian as well.
Note that e(G) < e(I') and for any vertices v,u dg(v,u) > dr(v,u) and hence H(G) < H(T).
Then we have

, then G is Hamiltonian unless cl,,(G) = K1V(Kr+K,—k—1)
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> de(w)+ 5 (01— dr(v)) | =

veV(T)

N | —
N | —

> D,(I) <
veV(T)

(n—l 1 nn—1) 1

Thus we have
nn—k—1) nn—1) 1
Lk ) M=) 4 o).
2 i a0
It follows e(T') > 3(n* — (2k + 1)n). Then by Theorem 3 I' = K1 V (Kj + K,,_j_1) or I' =
Ky V (Kp_or + kK1),
By a direct computation, for I' = K1V (Ky+K,,_;_1) we obtain H(T') = in(n—k—1)+3k(k+
1) > in(n—k—1) and for I' = K}V (K,_ox +kK1) we obtain H(I') = in(n— k 1)+ 1k(3k+1) >
tn(n—k—1).
This completes the proof. O
Theorem 18. Let G be a graph of order n > 6k* — 8k +5 with minimal degree §(G) > k > 2.
—kn+k—1
If its Harary index H(G) > n n2+ , then G is Hamiltonian connected unless cly,4+1(G) =
Ky Vv (Kn—k—l + Kk—l) or Canrl (G) = Kk V (Kn—2k+1 + (k - 1)K1).
Proof. Let G not be Hamiltonian connected. Then by Theorem 1 I' = cl,,4+1(G) is not
Hamiltonian connected as well. Note that e(G) < e(T") and for any vertices v,u dg(v,u) > dr(v,u)
and hence H(G) < H(I'). Then we have

<H(G)<HI)<

l\DM—t

Z Dy > dr(v n—l—dp( N\l =

vGV veV(T)
nn—1) 1 nn—1) 1
=——1—+7 %: dy(v) = ——= + —¢(T).

Thus we have

2 _ _ _
n kn;—k 1§H(G)§H(F)§n(n4 1)+;e(r).

n? — (2k — )n + 2k — 2

It follows e(I') >
I'=K;V (Kn,QkJrl + (k - 1)K1)

. Then by Theorem 4 T' = KoV (K,,_f_1+ Kk_1) or

P —kn+k* -2
By a direct computation, for I' = K; V (K + K,,—x—1) we obtain H(I") = n n2—i—

n?—kn+k—1 n? —kn

5 when k& > 2 and for I' = Ky V (K, —9r + kK1) we obtain H(I') = 5 +
_ 2 _ _
k(3k 1)>n kn+k—1 when k> 1.
This completes the proof. O

Theorem 19. Let G be a cograph of order n > 8 with minimal degree §(G) > 2. If p*(G) >
gn —2, then G is Hamiltonian unless G € {5K;V Ky, K3V (K14+ K1), KoV (Kp—4+2K1), Ky V
(Kp—3+ K»)}.
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Proof. Note that RD(G) = A(G)+3A(G). Then by Weil inequality [8] we have p*(G) < p(G)+

_ — ) 4
p(5G) = p(G)+2p(G) = 1p(G)+3(p(G)+p(G)). By Theorem of Teprai [75] p(G)+p(G) < 3N 1.
Hence, p(G) > 2p*(G < n— 1) — 3. Then by Theorem 3 [5| G is Hamiltonian.

This completes the proof. O
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