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Abstract. For a semilinear hyperbolic equation of the third-order given in the first quadrant we study a mild solution of
amixed problem in which the initial conditions are specified on the spatial half-line and the mixed conditions are specified
on the time half-line. The operator in the equation is a composition of the wave operator and the transport operator. Mild
solution is defined as a solution to coupled integral equations that are satisfied by a classical solution. It is shown that
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and uniqueness of the mild solution. It is established that the twice continuously differentiable mild solution is the limit
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Introduction and statement of the problem

Third-order differential equations arise in the description of certain physical phenomena. For example, we
use such hyperbolic equations of the indicated order in modelling the propagation of linear acoustic waves in
a medium with dispersion [1]. Mathematical models of such problems were considered in papers [2—4].

In the domain QO = (0, 00) X (O, 00) of two independent variables (t, x) we consider one dimensional non-
linear equation of the third-order

(5 +bﬁj[i Cﬁi},(;, x)=f(tx, u(t x)), (t,x)€Q, (1)

5 ox )\ or? - ox?

where a and b are positive (to be definite) real numbers, a # b. On the lower part ¢ = 0 of the boundary 6Q we
supplement equation (1) with the initial conditions
Ou

0
u(0,x)=00(x). (0, x)=a1(x), "
and on the lateral part of the boundary 00 we supplement it with the mixed conditions
0
u(t,0)=pq(2), a—Z(r 0)=p,(2), 1€[0, ). 3)

In the paper [5] a mild solution to the Cauchy problem for equation (1) is considered. The authors of the
work [6] obtained a mild solution to a similar equation

0’ o’ ? 0’ Ou
[Ty + Oty — czy — baxzat]u(t, x)=f(u(t, X), 5(f, X)j

in a Hilbert space H>(Q) N Hy(Q), where Q  R. As a result of the work [7] it was constructed a generalised
solution to the Jordan — Moore — Gibson — Thompson equation

i (0, x) =(p2(x), X e [0, oo), 2)
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& N, 10( (ou > (éu g
(Ta7+a7—(8+’[c )8)(;261‘ —-C y M(t, X):Ea K[E(t’ X)j +G(a(l‘, x)j .

In the article [8] a weak solution for an equation similar to equation (1) with power non-linearity is considered.

Mild solution

In our paper [9] it was proved the following statement.

Theorem 1. Let the conditions ¢,e C3([O, oo)) ¢ € Cz([O, oo)) 0, < CI([O, oo)) Wy € C3([0, oo)) TS
eC 2([O, oo)) and feC' (Q X R) be satisfied, and let the function f satisfy the Lipschitz condition with a func-
tion Le C (Q) with respect to the third variable, i. e. for any pair (t, x) € O and any real numbers z, and z, the
inequality |f(t, X, z, ) - f(t, X, Z, )| < L(t, x)|z1 - z2| holds. Problem (1) — (3) has a unique solution u : Q + R in
the class C3(Q) if and only if the matching conditions

Mo (0) =@, (0). @)
“6(0):@1(0)’ HI(O)Z(PE)(O)r (5)
15(0) =, (0). 1i(0)=¢}(0). ©6)
15 (0)= /(0 0, 0g(0)) = b} (0) + a’e{ (0) + a’bog (0). ui(0) =5(0) (7)
are satisfied. This solution is determined by the formulas
u(l, x) = u(j)(t, x), (t, x) € Q(j), j=1,2,3, (8)
fatt-9+x £(1, 2, uV(, o) 4y —
u(l)(t, x)=v(t, x) + I f(T o (T Z))(a( T) ’ Z)dz+
0 0 2a(a + b)

+xb‘(._’1)f(r, z, u(l)(r, z))(b(t— r) —x+ z)
0 (a—b)(a—i—b)

x-a(f—T)f(ﬂ:, z, u(l)(r, Z))(a(r—t) +x—z) —
. @
. e iz, (1, )< OO, 9)

dz +

x+a(f—7)(x— zZ+ a(t— ﬂ:))f(r, z, u(l)(r, Z))
2a(a+b)

dz +

x*b(f*T)(z—x+b(t— r))f(r, z, u(l)(r, z)) x*a(f*T)(x— z+a(t- t))f(r, z, u(l)(t, z))
2a(a —b)

dz ydt+

X

Ty x+j{(fT)(x— z+a(t- r))f(r, z, u(z)(r, z)) x*a(f**')(x— z+a(t- t))f(’t, z, u(z)(r, z))

" (‘!. 2a(a+b) et 6f 2a(a —b)

dz —

0

a(f”_f) z+alx+b(t—- 1.z u(z) Tz -
_ I (b ( ZEG _l‘b);zjg ;))a ( ’ )) dz pdt, a<b, (1, X)EQ(z)’ (10)
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, x+a'('.t‘r)(x_z+ a(;—r))f(r, z, u(l)(r, Z))

(3) _
u (1, x)=v(t, x) + _[x ) 2a(ar D) dz +
t77
b
x=b(-9)(z—x + b(t—1)) f (1, z, u(x, 2 s=a(t=9)(x -z + a(t—1)) £, 2z, uV(x, z
b (nzaez) Iz f(m O m ) |

(a—b)(a+b) Za(a—b)

S

+,jg J 2a(a+b) R 2a(a =) o
_a(tjgTj(bz+a(x+b(T—f)))f(T, falwa) |
: a(a—b)(a+b)
) J x+j(,_1)(x_ oy a(,_z :21 f+(z)z, WO, Z)) . +a(z -Or>-x(x+ Z+ a(r;;z)a f_(;,)z, WO, Z))dz .
o) or(ion) ’Ji{mjzr) (x—z+a(r —2 Z)af +(;,)z, Wz, 2)) .
+x—b<f—r>(_x+Z+b(t_r))f(r, 2 (x, z))dz+“(f—f)—x(x+z+a(r—t))f(r, 2 u9(x, z))dz o

0 a’- b’ 0 2a(a—b)

x+“(t—f)(x —z+a(t- 1))f(r, z, u(])(t, z)) x—b(’—f)(—er z+b(1- T))f(‘t, z, u(])(r, z))

2a(a +b) “ J (a—b)(a+b) “

t

+
(o X
a

0

+

x—a(f—f)(x—era(r—t))f(t, z, u(])(r, Z)) —
(2)
6[ 2a(a —b) dz +dt, b<a, (t, x)eQ , (12)

X

ta{x+a.(|.t‘c)(xz+ a(t—t))f(‘t, z, u(z)(r, Z))

dz +

u® (1, x)=v (1, x) + .[x 2a(a +b)

PR
b

0

. bef)(—x +z+b(1- t))f(r, z, u(z)(r, Z)) s a(t Jf)—x(x +z+a(t— t))f(r, z, u(2)(t, z))

dz vd
] a*— b2 : 2a(a—b) et
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x+“(f—r)(x —z+ a(l— 'c))f(t, z, u(l)(t, Z)) x*b(fff)(—er z+ b(t— r))f(‘c, z, u(l)(r, z))

]

dz + daz +
o (').‘ 2a(a+b) 5 (a—b)(a—i—b)
+x—ajjf)(x—z+a(r—t))f(t, z, u(l)(r, Z))d .
2a(a—b) 17

0

X

% x+j’_(f’~')(x —z+a(t- T))f(’t, z, u(3)(r, z)) “("T)—x(x+ z+a(t— t))f(r, z, u(s)(r, Z))

d. dz —
" 6‘- 2a(a+b) o 2a(a—b) -

0 0

a(hgfr) z+a(x+b(t- T, z, u(1, 2 o
| _— :Ea_2;2;£b) = ))dz dv b<a,(t,x)e0”, (13)

where v is a function defined by the formula
2 (—l)k((a +(=1)'p) 30 ]+ 39, + ab(po)(x F(0ar) (aoy- Fou])(x—b)
J’_
k=1 2a(a+ (—l)kb) a*-b*

o (1) {(a+ (18 ) 3o ] + o] + aboy )(x+ (-1far) |, o
v(t, x)ZkZ::l 2a(a+(—l)kb) + b gd[%](at—fj—

(2 x)eE,

v(t,x)=

- ax ax

_abS[ul](t—%) + D) + p— + a(p(O)—pr(

X
{— —

b) ,a<b, (t, x)eQ(z),

((a +b)3[ ] + 32[(p2] + ab(po)(x + at) (acho - 32[@2])(x —bt) 1

v(t, x): + _

2a(a+b) a’-b* Za(a—b) 8

. [((a +8)3{0]+ Foa] + aboy )t -x) - 203 1 2]+

+2a%¢,(0) - 2azu0(t - gn b<a (1,x)e 0",

V(e 1) = %3[@1](at - %) - abS[ul][t—%j e [%](at_ abx) . bz%("’_ CZJ i

a(a+b) a+b

x ((a+b)3[(p1]+32 [(p2]+ab(p0)(x+at)
_buo(t_Zj " 2a(a+b)

1
2a(a - b)

[((a +b)3[oy] + 3 [0,] + abe, )(at — x) - 2a2b3[u1](z_ g) _

“2h (" ED (t,x)e 0",
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where 3 is the integration operator acting by the formula S[h](x) = jh(z)dz, and
0

Q(l):{(t, X)|x—at>0Ax—bt> 0},

Q(z) =0\ Q(') U Q(3),
Q(S) = {(t, x)|x— at<0Ax—-bt< O}.

Representation of the function « in the form of equations (8)—(12) is well defined even if the functions
ut/ )(t, x), j=1,2,3, are not differentiable, prompting a generalisation of the classical solution using a weak

type of solution that has the same form as the classical solution and will be one, when certain smoothness con-
ditions and comparability conditions are fulfilled. This is roughly the same motivation that encourages looking
for solutions in various Sobolev spaces [10; 11], in the form of power series (often formal or convergent in
the sense of Cesaro) [12], or in the sense of generalised functions [13; 14]. Moreover, in many cases of linear
abstract Cauchy problems, the concepts of mild and weak solutions (in the dual sense, in the sense of distribu-
tions) are equivalent'.

Based on sources [15; 16], we introduce the following definition.

Definition. We call the function u representable in the form of equations (8)—(13) a mild solution of prob-
lem (1)—(3).

Definition introduces the notion of mild solution [16]. However, in the literature such solutions are also
called solutions in the broad sense [17; 18], weak solutions [19] and generalised solutions [20].

The results of the work [9] yield the following statements.

Remark 1. Any classical solution of problem (1)—(3) is also a mild solution of this problem.

Remark 2. 1f the additional smoothness conditions ¢, € C3([0, oo)), Q€ Cz([O, oo)), 0, € Cl([O, oo)), o€
eC? ([0, oo)), weC? ([0, oo)) and fe CI(Q x R), and the matching conditions (4)—(7) are satisfied, then the
mild solution of problem (1)—(3) is classical.

Denote O =0\ {(t, X)x—at=0vx—bt= 0}. The following statement holds.

Theorem 2. Let the conditions @, € C([O, oo)) o€ Llloc([O, oo)) @, ew ! ([0, oo)) W€ C([O, oo)) TS
el ([O, oo)) and fe C(Q X R) be satisfied, and let the function f satisfy the Lipschitz condition with a func-

loc
tion LeC (Q) with respect to the third variable, i. e. for any pair(t, x) € Q and any real numbers z, and z,
the inequality |f(t, X, Zl) —f(t, X, Z, )| SL(t, x)|z1 - zz| holds. Problem (1)—(3) has a unique mild solution
u:0 > Rin the class C(Q)

Proof. The solvability of equations (9)—(13) in the class of continuous functions follows from the article [9].
For a mild solution, smoothness can be increased if the matching conditions (4)—(7) are partially satisfied,
as it is done in the following theorem.

Theorem 3. Let the conditions ¢ C([O,oo)), o= Llloc([O,oo)), 0, € qu(;c"‘([o,oo)), [T= C([O,oo)), =
el ([O,oo)) and feC (Q X ]R) be satisfied, and let the function f satisfy the Lipschitz condition with a func-

loc

tion LeC (Q) with respect to the third variable, i. e. for any pair (t, x) € Q and any real numbers z, and z,
the inequality |f(t, X, z, ) —f(t, X, 2, )| < L(t, x)
u:0 > Rin the class C(Q) if and only if the condition (4) is satisfied.

Proof. If uy(0) = ¢,(0), then a mild solution u of problem (1)—(3) is continuous on the set {(t, X)|x—at=

zZ,— 22| holds. Problem (1)—(3) has a unique mild solution

=0vx->bt= 0} due to the relations

"What «mild solution» means, and how to find it? // Mathoverflow : website. URL: https://mathoverflow.net/questions/320300/what-
mild-solution-means-and-how-to-find-it (date of access: 21.07.2025) ; Is a mild solution the same thing as a weak solution? // Mathe-
matics : website. URL: https://math.stackexchange.com/questions/708407/is-a-mild-solution-the-same-thing-as-a-weak-solution (date
of access: 21.07.2025).
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[(u)+ B (u)_}(t, x=bi)= b((Po((;):buo(O))’ [(u)+ B (u)_J(t, x=bt)=

_a(@(0)-m(0) (14)

()~ () J(t=br)= b(“O(?_‘b“’"(o)), ()~ () |t =br)=

_ a(Ho(O) B (PO(O))

a—>b

,b<a, (15)

which follows from the equations (8)—(13). Here by (u)i we have denoted the limit values of the function u
calculated on different sides of the curve x = r(t), where r is a real-valued function, 1. e. (u)i(t, x= r(t)) =

= 8lirr(} u(t, r(t) + 6). Thus, the solution not only satisfies u € C (Q) but is also a continuous function on the
— 0+

closure O, u € C(Q)

However, if o (0) # ¢, (0), then a mild solution u of problem (1)—(3) cannot be continuous on the set O by
the relations (14) and (15). The proof of the theorem is complete.

Following the work [21] and assuming that ¢, € Cz([O, oo)), o€ Cl([O, oo)), 0, € C([O, oo)), o€ Cz([O, oo)),
TS Cl([O, oo)), fe C(Q X R), we prove that a mild solution u of problem (1)—(3) from the class Cz(é) is
a limit of the classical solutions of problem (1)—(3).

Since the spaces Cé(Q) and Cl(é X R) are dense in CZ(Q) and C(Q X ]R), respectively [22], there are se-

quences w'") e Cé(é) and /" e CI(Q X R) such that lim p(w("), u)CZ(Q) =0and lim p(f(”), f)C(Q ) =0,

where p(x;, x,)  1s the distance between elements x; € X and x, € X in a metric space X. Additionally, we want

to choose the sequence w" so that the condition

53W(") 5 a3w(”) 5 53W(")
t,x)+a t,x)+ab———(t, x
ot*ox otox® (1) o’ (5.%)

a3w(”)
or

(t,x)= f(")(t, X, w(")(t, x)) -b

is also satisfied.
Let us consider on the closed ray [O, oo) a continuous function hs(x) with the parameter 6 € (0, oo):

X
ha(x): B <o
1, x>98
There are obvious equalities
n n ow'”) 2 8*w" 1 2 G
W (1, x) = w0, x) + 1 —(0.0)+ > ——(0, x)+_0j 1= 1) (5 ),
" " ow™) x2 &2l 1¢ 2 8w
W (e, x) = (1, 0) + 2= (1, 0) + - S (1,0)+5 J (x=8f —5(r.8)de,
which imply
() () ow'” x2 32w 1 2 3w
w1, x) =" (0, 0) + x — (0, o)+7 — (0, 0)+—£(x— ) = (0, &)d& +
o™ £ ") 1 ot
+1t (0, X 3 o (O, x) + EJ(I_ ) pv: (r, x)dr.
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Let
. ow'™ 2 32 PG 2 52
(e, x)=w!"(0,0) + x = (o,o)+78x—2(o,o)+z > (0,x)+? (0.0
1x &) 1 aow”
E(Jx £) {hs(a) - (0,8)+a(l- hs(é))}d§+5(!‘(t—r) — = (v, x)dr,
where
1 [ o*w” R , Pwl”) () ()
=——|4———(0,0)+0 0,0) - 0,0 0, 0, 0,0)) |
* azbl or’ (0.0)+ 8t28x( )aazax( )f( W ))
It is easy to see that the function Z(")(t, x) belongs to the class C* (Q) Let us denote
i (n)
o) (x) = aazi (0, x),i=0,1,2, xe[0, ),
t
~(n) o'z :
" (1)=——(1,0),i=0,1,1€[0, ).

ox'

(16)

(17

(18)

Similarly to theorem 1 from the article [9], we derive the following matching conditions by differentiating «con-

ditions» (17) and (18) and taking into account the formula (16):
iy (0) =4 (0), DRy (0) =" (0), & (0) = D} (0),
D" (0)=41"(0), D" (0) = D" (0), D" (0) = D" (0),
Dl (0)= (0, 0, y(0)) - bDGY(0) + a* DG\ (0) + a*bD*3"(0),

where D is the Newton — Leibnitz operator.
We consider the difference

2(1, x) = " (1, x) = w(0, 0) = W) (1, x) + x ——(0,0)+
X
X2 o) owl") > 2w
= 0,0 0 —
2 ax2 2 )+t 5t ( 2 2 t2 2 x)+
17 2 &*wl" 1¢ 2 8*wl"
+5f(x— )| As(8)— 5 (0. &) +a(l-4(2)) dEﬂng(f—T) — 5 (mx)dt=
0 0

Oox

3,00
2| (@0 08 - i) -

- o + %j(x— ) (hs(8) —1)?(0, £)dE,

Therefore, the value

z(”)(t, x)— w(")(t, x)‘ can be estimated as

&e[O 8] ax
24 ‘

)
5(5”+ 6x* - 46x)(0t ~ max L(O, g)}‘

Z(")(t, x) — w(")(t, x)‘ <

22

(19)

(20)
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Let us introduce in the Fréchet space C (Q) a countable system of seminorms

P
(g)= (r.x)e [ [0 m]
If & is small enough, then estimate of the expression (20) yields the inequality

p, (2" =)< % 1)

|g (1, x|exp( x), meN.

Now let us consider the inequality
0< pm(z(") — u) <p, (z(") - W(")) +p,, (w(") - u)

From estimate of the inequality (21) it follows that p,, (z(") — )) 50 as n — 0. And since w!” Q — R con-
verges to u : O > R in the space C (Q), which obviously implies lim p,, (w(") - u) for any m € N. Then by the
n— o

squeeze theorem, we have that lim 2=y, Thus, we constructed a sequence e c? (Q), which converges

n—> o
to the function #: O — R in the space C(Q), and matching conditions (19) are satisfied.
In addition, we note that

N alu aiz(n)
= —- 0,21 - 0,'7. 051323
’ at’( ) no of (0.))1
and i_(n)
o'u o' z\"
h=—-1(,0)=1 —(-0),i=0,1,
l 6x’( ) n—>o QOx' (0.1

where the limits are understood in the spaces C* ™" ([O, oo))
Let us introduce the function v(")(t, x) and the operator K, :C (Q) —C (Q)

(—l)k((a # (=0 p)3[al" |+ 5[ @] + abd ) o+ (1) a)

:"Zzll 2a(a+(—1)kb) *
. (a2<pgn) . SZ[_@IE';)J)(x - bt), (1)e E
(1) = 22: (—l)k((a+(—1)kb)3[¢)£n)} +32[¢)({)J +ab®(0n))(x+(_1)kat) +
k=1 2a(a+(—1) b)

23
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dz +

(')[ Za(a +b)

dz +

ro|xtat-t)(x—z+a(t—1 f(") 1,z uV(x, z
Kn[”](t’x).[{ .[ ( ‘ 26)1)(a+£9) ! ))

PR
b

x*b(’”)(z—x+b(l—r))f(n)(r, z, u(l)(r, z)) x*“(’*)(x— z+a(t- t))f(n)(T, z, u(l)(r, z)) }
dz rdt+

+

) (a—b)(a+0) et Of 2a(a—b)

X

% x+a(t—1)(x— z+ a(t—t))f(")(r, z, u(z)(t, Z)) x—a(f—f)(x— z+a(t— t))f(")(r, z, u(z)(t, z))

" (')[ 2a(a+b) e+ J Za(a—b) -

0

a(hriﬂ bz+a(x+b(t— f(") T, Z, ul? T,z —
e ],

/ xﬂl(’*f)(x—z +a(r- r))f(")(‘c, z, u(l)(r, Z))

Kaleltex)= J.x ()[ 2a(a+Db) dz+
e b= 0) e 2w 2) e ez a(emn) /s 2 (s <))
' E)[ (a—b)(a+Db) dz+ 6[ 2a(a—b) dz pdt+
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'_% x+aJ(_t—T)(x— z+ a(l—r))f(”)(t, z, u(z)(t, z)) x*a(fff)(x— zZ+ a(t— t))f(n)(r, z, u(z)(r, z))

+ |

z 5 2a(a+b) dz ('!. 2a(a—b) -
a(lfgfrj (bz+ a(x+ b(r— t)))f(")(r, z, u(z)(r, z))
- a(a—b)(a+b) i

a x+a(t—f)(x— z+ a(t—r))f(")(r, z, u(3)(r, z)) a(,,r),x(x+ z+a(t- t))f(")(r, z, u(3)(r, z))

i o 0 2a(a+b) dt H 2a(a—b) d -

"("Z‘f)(bﬁ a(x+b(z=1)) /" x, 2,48z, 2)) —

_ a 3)

()[ a(a—b)(a+b) d. dr,a<b,(t,x)eQ ,

a XM(FT)(x— zZ+ a(l—t))f(")(r, z, u(z)(r, z))
K, [u](z, x)= 6[ { (')[ 2a(a+b) dz +
+x*b(f*1)(—x+ z +b(t—r))f(")(r, z, u(z)(r, Z))d +a(fj’j)x(x+ z+a(t- t))f(")(‘c, z, u(z)(r, Z))d .
0 a’- b’ - 0 2a(a—b) 1"
t | x+at-9)(x—z 4+ qt— (n) , Z, ) , x=b(t-1)(—x+ z+b(t— (n) ) 2, ® ,

N J_ J_ (x z a( r))f (T Z,u (r Z))dz+ ( X+ z ( ’E))f (r zZ,u (r Z))dz+

x 0 2a(a+b) o (a—b)(a+b)

J’_

xf(l(t*":) xX—z+alt—t f(n) T, 2z, u(l) T,z A2)
J' ( ( )) ( ( )) dz ydt, b<a, (t, x)EQ(z)’
; Za(a—b)

d.
o 2a(a+b) °t

tg{xﬂljff)(x zZ+ a(t— t))f(")(r, z, u(z)(r, z))

+

x*b(f*T)(—x+ z+b(t— r))f(n)(r, z, u(z)(r, z)) a(’*T)*X(x+ z+a(t- t))f(")(r, z, u(z)(t, z))
| E dz + J Ya(ah) dz ¢ dt +

) I mj,_ﬂ(x_“a(,_r)) 7O ez, Z))dz_'_x—b(’—f)(—x—i—z+b(t—t)) 7z 200z, 2)

) 2a(a+ ) ) (a—b)(a+2) “

t—

Q%

+

x—a(t-1) —z _ (n) , Z, (1) , Z
j (x=z+a(t=0)) /" z 2wz ))dz}dT+
0 2a(a—b)
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3 x*“(’”)(x— zZ+ a(t—r))f(”)(r, z, u(S)(r, z)) a(’*f)*x(x+ z+a(t- t))f(")(t, z, u(3)(r, z))
" 6[ (-!. 2a(a+b) d o Za(a—b) -

a(f—%—rj bz+a(x+b(t—t f(n) - Z,u(3) . o
- 6“ ( ( C(l(a _)2))((1 +(b) ( )) dzpdr,b<a,(t,x)e Q(3).

For the sake of notation we also set f (=) f. We note that the operator K, : C (Q) —C (Q) is well-defined and
continuous, since the smoothness conditions

e (0), fMec(0). 3" e ([0, »)), §" e C*([0, ),

(22)
3y e ([0, ), il e C3([0, ), i e C*([0, )
and the matching conditions (19) are fulfilled.
Now we construct a sequence u,, by the formula
u,=K, [z("q ) (23)

By virtue of conditions (19) and (22), the function u, belongs to the class C* (Q) Taking into account the re-
lations

. du 9" .
7= 5 (0= Jim = (0.). i=0.1.2
and ( )
o'u o'z
(1. = . 0)= 1 5 0 5 ] Oa la
o= (- 0)= lim —=-(. 0).

we pass to the limit in formula (23) and get

lim u,= lim (Kn [z(")} +) ) =K, [u]+v=u.

n—>® n—®

Direct verification proves that the function u,, is a solution to the problem

2 2
(5 * %] [57 ) ai}(t x)= /(12 2 (1, 2). (%) < 0,

aauin (0, x) = (pgn)(x), i=0,1,2 xe [0, oo),
¢

'u, ()

= (£,0)="(¢), i=0,1,¢€[0, ).

Due to the continuity of the Nemytskii operator,
. [(e o)\ @ 0’ : (. (n
nlgl})o{(a + baj{y ~d’ ax_zJu”() -7(- “n())] = lim (f( )('7 2t )()) -7 (- un())) =0

in the space C (Q) In addition, the relations

0= (0)= Jim (0 ) =01, 2
o'u o'u
= — ,0 :1‘ n ',O, _0717
l"l'l axl( ) nljgo axl ( ) !

26
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where the limits are understood in the spaces C? _i([O, oo)) hold.
Thus, we have proven the following theorem.

Theorem 4. Let the conditions @€ Cz([O, oo)) 0 € Cl([O, oo)) OIS C([O, oo)) ThN= Cz([O, oo)) TI=
€ C([O, oo)) and fe C(Q X R) be satisfied. Then a mild solution u : Q > R of problem (1)—(3) from the class

C? (Q) is the limit of classical solutions, i. e. there exists a sequence of functions u,, € C3(Q) such that

) 0 o\ & ) & =
nlgl’iop((a + ba}(a? —da ax_zjun()’ f(’ un('))JC(QXR) - 0;

lim p(u, u,) ) =0 im (@0, 14,(0:)) oy yy =0 i P(Ros 21,5 0)) oy = O

n— o ce

hm p((pl’ —-(0, j =0, ,,lif},op(““ aaﬁ(’ 0)] =0,
c'([0.=)) o c'([0,%))
2
lirriop((pz, oy l;" (O, )] =0.
" ot C([O,oo))

It turns out that the statement opposite to theorem 4 is also true.
Theorem 5. Let the conditions @€ C2([0, oo)) 0 € Cl([O, oo)) 0, € C([O, oo)) o€ Cz([O, oo)) W e
€ C([O, oo)) and fe C(Q x R) be satisfied, and let there exists a sequence of functions u, € C3(Q) such that

equalities (24) hold, where u € CZ(Q). Then the function u : Q +— R is a mild solution of problem (1)—(3).
Proof. Itis easy to see that u, is a classical solution of the mixed problem

[% + bg][a—z - a? i]un(z‘, x) = f(")(t, X, un(t, x)) = f(t, X, un(t, x)) + sn(t, x), (t, x) €0,
X

ot ox?

24)

(0, 2)={")(x). 1=0.1,2, ve [0, )

%y (1, 0)= i (1), i=0,1, 1[0, ),
x

where lim p(s,,, O) (o)™ 0. In this case the matching condition (19), which can be deduced according to

n—» 0
the scheme we outlined in the work [9], is satisfied. Then by theorem 1 from the article [9], the function u,, is
a solution to the integral equation

u, =K, [u,]+ ), (25)

Taking into account lim p(sn, O)C(Qx R)= 0 and the continuity of the operator K, and passing to the limit in
n—> 0

the equation (25), we obtain

u=lim u,= lim (Kn [u,] +v("))=Kw[u]+v.

n—® n—>®

The theorem is proved.

Conclusions

The sufficient conditions under which there exists a unique mild solution of a mixed problem for a third-or-
der non-linear strictly hyperbolic equation with the wave operator are presented.
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