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PREDATOR FUNCTIONAL RESPONSE IN MATHEMATICAL
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Abstract. The problem of predator interference and the associated choice between two types of
functions describing the functional response in mathematical modeling of population dynamics are
widely discussed. It is the choice between predator-dependent and prey-dependent functions. Here we
present the results of comparing a wide range of the functions describing the functional response,
which are used in modeling trophic interactions, with the functional response that is characteristic
of interactions between phytoplankton and zooplankton populations in the ecosystem of the Naroch
Lakes (Belarus). We apply the knowledge-and-data-driven, or KDD, approach, which allows us to use
the results of the monitoring of the Naroch Lakes ecosystem, to identify the time-dependent functional
response in each of the reservoirs of this ecosystem. The KDD approach provides for direct input of
monitoring data into the mathematical description of population dynamics. As a result, we show that
predator-dependent functional responses best match the environmental processes in the ecosystem of
the Naroch Lakes. At the same time, we have identified predator-dependent functions that meet the
monitoring data even worse than prey-dependent functions.
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1. INTRODUCTION

One of the main problems facing ecologists is to identify the mechanisms underlying the dynamics of pop-
ulations involved in trophic interactions [1-5]. The complex structure of diverse trophic webs (see [6], as an
example) often prevents identification of fundamental principles that could characterize the functioning of a
wide variety of population communities. This circumstance forces researchers to resort to simplifying, reducing
complex natural ecological systems when modeling population dynamics in order to make the mathematical
description of the ecological processes more readily understandable. Despite the fact that “the whole is some-
thing else than the sum of its parts” [3], the reductionist approach is widely used in scientific research and is
sometimes even considered as the most useful way to understand the dynamics of populations [2]. In particular,
this approach is often used within the framework of the knowledge-driven, or KD, paradigm, when simple mech-
anistic models are aimed to describe the predator-prey (consumer-resource) interactions. In the most general
way, such a description can be presented in the form of the Gause-Kolmogorov model [7-9]:

dx
% = Gl ~ Fila.y). (1.1
dy

In the context of predator-prey interactions, x and y can be considered as spatially averaged densities of prey
and predator populations, respectively. G(x) in equation (1.1) is the intrinsic prey growth rate. Fj(z,y) in
equation (1.1) is the function characterizing the consumption of prey by the predator per unit of time. The
function F(z,y) is usually represented as follows:

where ¢(z) is a prey-dependent functional response, or

where ¢(z,y) is a predator-dependent functional response. Fs(x,y) in equation (1.2) is the function character-
izing simultaneously natality and mortality of the predator.

A qualitative analysis of the solutions to equations (1.1)—(1.2) can be carried out without specifying both
the functional dependencies G(x), Fi(z,y) and Fy(z,y) and the numerical values of the parameters of these
functions. The only limitation is that the functions are assumed to be continuously differentiable [8, 9]. However,
when trying to link a mathematical model to a specific ecosystem, it becomes necessary to explicitly specify
functions describing the growth and trophic interactions of specific populations as well as the dependences of
population dynamics on environmental factors. In this case, both the number of equations and the number of
model parameters can increase significantly. This situation is aggravated by the fact that in real ecosystems,
unlike their representation in the form of mathematical models (see, for example, [10, 11], it is usually not possible
to separate the deterministic component of population dynamics from the influence of stochastic factors. In
addition, changes in the numerical values of the parameters of mathematical models can cause transformations of
the basins of attraction that determine the nature of the dynamics of the system under study [12]. Unfortunately,
such transformations may not always be related to the results of field measurements of the characteristics of
real ecosystems. As a result, the researcher is faced with the problem of the adequacy of the model under study,
or, in other words, with the problem of linking this model to reality. This problem is caused by the fact that
the solutions of ecological models depend, firstly, on the choice of variables describing the state of the system
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(state variables), secondly, on the choice of functions describing the dynamics of these variables, and, thirdly,
on the choice of numerical values of the model parameters [2].

Now, however, there is an opportunity to look at this problem from a different angle. This opportunity
has been implemented by direct input of the data obtained during ecosystem monitoring into a mathematical
model. This approach was designated as knowledge-and-data-driven, or KDD, modeling [13]. In this approach,
the discrete time series resulting from the ecosystem monitoring are considered as solutions to the equations
of population dynamics, which have the form of discrete-time equations (maps). Note that the time scale
corresponding to the time step of maps usually corresponds to some characteristic time interval of the dynamics
under study (see, e.g., [3, 4]). However, when using the KDD approach, “reality” appears to the researcher
exclusively in the form of monitoring results of the ecosystem under study (for example, in the form of time
series).Therefore, the time step of the maps is completely determined by the frequency of sampling during
monitoring. The KDD approach makes it possible to specify (in the form of time series) those functions on
which the population dynamics depend. It is necessary therewith to take into account the structure of the
equations, as well as estimates of the numerical values of the model parameters based on the results of previous
observations (in our case, the number of parameters is two). An example of such a function is the time-
varying growth rate of lake phytoplankton [13]. Here, we apply the KDD-approach to reveal the zooplankton
functional response in the ecosystem of the Naroch Lakes (Belarus). The Naroch Lakes ecosystem includes
three water bodies, Lake Batorino, Lake Myastro, and Lake Naroch, which are interconnected by channels
(see Supplementary information). We show that the Bazykin—Crowley—Martin predator-dependent functional
response best matches reality for the ecosystem of these lakes.

2. METHODS
2.1. The model

In this work, the KDD approach is used to identify the dynamics of the functional response of zooplankton,
taking into account the discrete nature of the data obtained during monitoring of the lake ecosystem. The
structure of the mathematical description of the relationship between phytoplankton and zooplankton there-
with corresponds to the structure of equations (1.1)—(1.2). The corresponding discrete model has the following
form:

AP(n) =G(n)— f(n)Z(n
AZn) _ n)P(n) — «
Z) = Bf(n)P(n) — a, (2.2)

to model the dynamics of plankton in the ecosystem of the Naroch Lakes. In (2.1) and (2.2) n is the time
step number, P(n) and Z(n) are the abundances of phytoplankton and zooplankton, respectively; AP(n) =
P(n+1)— P(n) and AZ(n) = Z(n+1) — Z(n). G(n) is the intrinsic phytoplankton growth rate; f(n) is the
trophic function that describes the intensity of zooplankton predation per unit of phytoplankton biomass; a and
B are constants; « is the intensity of the decline in the zooplankton abundance unrelated to trophic interactions
between zooplankton and phytoplankton, and 3 is the efficiency of turning the phytoplankton biomass into the
zooplankton abundance. Note that although the terms ‘trophic functions’ and ‘functional response’ are usually
used as synonyms, in the present work, for the sake of convenience, we define trophic function as the ratio of
the functional response to the phytoplankton density. The plankton sampling and the raw data obtained from
the field measurements, as well as the main characteristics of the Naroch Lakes, have been given in [13, 14]; see
also Supplementary Information.
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FIGURE 1. Time series plot of phytoplankton abundances in the Naroch Lakes (the time step
corresponds to 1 month).

The time series (Figs. 1 and 2), which were a result of raw data processing, represent the phytoplankton
oscillations P(n) and the oscillations of zooplankton Z(n) in each of the reservoirs of the ecosystem of the
Naroch Lakes.

The irregular nature of variations in the amplitude of fluctuations in P(n) in Z(n) may be a manifestation
of the chaotic nature characteristic of fluctuations in the abundance of lake phytoplankton [15, 16].

2.2. KDD modeling as a method for revealing the functional response

In the context of the KDD modeling, unlike the KD paradigm, it is the functions P(n) and Z(n) in the form
of time series that are set initially [13]. Since the functions P(n) and Z(n) are given, it becomes possible to
obtain oscillations of the trophic function f(n) from (2.2) (also in the form of time series). As a next step, the
dynamics of the functional response

o(n) = f(n)P(n) (2.3)

is compared with time series that can be obtained using formulas widely used to describe the functional response
in mathematical modeling of trophic system dynamics (Tab. 1). For this comparison, we perform the following
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FIGURE 2. Time series plot of zooplankton abundances in the Naroch Lakes (the time step
corresponds to 1 month). These time series are the result of analyzing data from monitoring of
the Naroch Lakes. Samples were collected monthly at specific monitoring points at the pelagic
zones of the lakes during the vegetative season (from May to October).

transformations: © — P(n),y — Z(n) where P(n) and Z(n) are the phytoplankton and zooplankton time series
shown in Figures 1 and 2, respectively. As a result, the functional responses ¢(x) or ¢(z,y) are represented as
time series ¢(n). The numerical values of parameters of the functions ¢(n) from Table 1 are selected in such a
way that the time series ¢(n) correspond as well as possible to the time series ®(n) given by equation (2.3). A
method for optimizing and estimating the range of numerical values of the parameters from Table 1 is presented
in subsection 2.4. Bootstrapping as a method for estimating parameter values. Now, the results of monitoring
of the lake ecosystem being incorporated into ¢(n) allow us to juxtapose ¢(n) to ®(n) from (2.3) in order to
assess which of the functional responses, the predator-dependent or the prey-dependent, better corresponds to
the plankton dynamics in the Naroch Lakes.

2.3. Correlation analysis
The Spearman correlation between variables ¢(n) to ®(n) is equal to the Pearson correlation between the

rank values of these two variables:

B cov(p, @)
P~ 5(¢)o(@)
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TABLE 1. Functional responses.

Label

Functional response ¢(z) or ¢(z,y) References

. B . Lotka, [19]
Linear Lotka—Volterra function ax Volterra, [20]
Hyperbolic function .
(Holling’s disk equation) ow/(1 + ahz) Holling, [21]
Exponential Ivlev function R(1 —e~%/a) Ivlev, [22]
The same, but f(z) — f(z/y) —ba/
(ratio-dependent Ivlev function) R(1 —e7/Y) Ivlev, [22]
Sigmoid function no 1 cx?/(d? + z?) Holling, [21]

2
Sigmoid function no 2 ___cr Turchin, [2]
(1+bz+chax?)
6-Sigmoid function cx? /(d? + %) Holling, [21]
Mechanistic interference az/(1+ awy) Hassell, [23]
Linear interference cx/y Hassell & Varley, [24]
Hassell-Varley function cx/y™ Hassell & Varley, [24]
az [y™ Sutherland, [25]
Hassell-Varley—Holling (HVH) function — Arditi & Akcakaya,
(I+awz/y™) [26]
. B . . axr Beddington, [27]

Beddington-DeAngelis function (1+awy+ahx) DeAngelis ef al., [28]

Ratio-dependent Arditi-Ginzburg function

Ginzburg et al., [29]

min(az/y, R) Arditi et al., [30]

Ratio-dependent Arditi-Ginzburg— ax/y Arditi & Ginzburg,
Contois (AGC) function m [31]

ar 1 Bazykin et al., [32]
Bazykin—Crowley—Martin (BCM) function (1+aha) . (+by) Crowley & Martin,

[33]
Tran function T(1—e™) Tran, [34]
axr

Tyutyunov function no 1 -y Tyutyunov et al., [35]

Y 4ol
0 +e Y0 +ahx

Tyutyunov function no 2

ax

Y4 L taha
Y

Y0 1+y0

Tyutyunov et al., [36]
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where cov(¢, ®) is the covariance of the rank variables, o(¢) and o(®) are the standard deviations of the rank
variables.According to [17], the significance was tested using t-test:

n_9\/2
I1—-p
with n — 2 degrees of freedom under the null hypothesis.

2.4. Bootstrapping as a way to assess parameter values

Table 1 shows that the functional response, be it ¢(x) or ¢(z,y), and therefore ¢(n), depends on a certain set
of parameters. For example, the Bazykin—Crowley—Martin functional response (Tab. 1) depends on numerical
values of three parameters: a,b, and h. This means that when comparing the time series ¢(n) and ®(n), the
result of such a comparison can, in particular, depend on the numerical values of the parameters of the functions
¢(x) and ¢(z,y). To estimate the range of parameter values that results in the best match between ¢(n) and
®(n) time series, we use bootstrapping [18]. Bootstrapping is carried out in several stages:

1. Numerical values of parameters of the function ¢(n) at which the minimum Euclidean norm ||Al| is reached
are determined. Here

A= (A1), AQ2)..., An), ..., A(N)). (2.4)

In (2.4), A(n) = ®(n) — ¢(n),n=1,2,...,N, and N is the length of the ®(n) and ¢(n) time series.
2. Then the values of A(n) are shuffled. The result of this shuffling is the vector

A* = (A*(1),A*(2)...,A*(N)).
3. Now, the vector
" = (¢(1) + A™(1),9(2) + A%(2)..., ¢(N) + A*(N)).

is generated. Here, ¢(n),n =1,2,..., N, is calculated for parameter values corresponding to the minimum
of the Euclidean norm ||A*||.

4. In the next iteration, we come back to point (2) and repeat the execution of the following points (2)—(4).
Calculations stop when the relative changes in the standard deviations of parameter values distributions

M‘ < 0.0001, where k is the iteration

do not exceed a predetermined small value, namely when =00)

number.

We used the MatLab platform to perform the calculations. In particular, the MatLab solver “fmincon” was
used, which finds the minimum of a multivariable function using the “Interior-Point” algorithm.

2.5. Missing-data imputation

The raw data contained some missing data (see Supplementary information). This small number of missed
data was imputed by seasonally split missing value imputation (with interpolation) using the impute TS package
[37, 38]. The imputation algorithm splits the time series into seasons and afterwards performs imputation
separately for each of the resulting time series datasets (each containing the data for one specific season).
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FIGURE 3. Fluctuations in the plankton functional response, ®(n), for the Naroch Lakes (time
step is 1 month); a(month™!) = 0.5,1.0,2.0,4.0,8.0 (for graphs from bottom to top); 3 =
0.05,0.1. The years during which monitoring was carried out are marked under the abscissa
axes. During the calculations of the plankton functional response, ®(n), we excluded the cold

period of the year for which data were not available. Thus, the calculations excluded the time
step between the end of one season and the beginning of the next one.

3. REsuLTS

Taking into account equation (2.2), the trophic function can be given as

_ AZ(n) +aZ(n)
I00= 5Pz o

As evident from (3.1), the trophic function f(n) depends on two parameters, a and 8. According to Lin-
deman’s 10 % law [39], the numerical value of 5 should not differ much from 0.1. The numerical values of «
presented in this paper (a = 0.5,1.0,2.0,4.0,8.0) are within the limits that correspond to the results of the
monitoring of the Naroch Lakes [40]. Based on the monitoring data, i.e., on the functions P(n) and Z(n), it is

possible to obtain the dependence f(n), in accordance with equation (3.1), and then determine the functional
response ®(n) as a time series, using equation (2.3) (Fig. 3).
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TABLE 2. The correspondence of the representations of the functional response in the form of
functions presented in Table 1 to the dynamics of ®(n) in Lake Batorino (o =4, = 0.1).

p
(***p < 0.001;

The range of parameter

10} Label Functional values that results in
type (function name) response ¢(x) or IA]] **p < 0.01; the best match between
o(z,y) *p < 0.05) ¢(n) and ®(n) time
series (Q1; Q3)
Bazykin— ax 1 a (378.7,7.9E+18)
x, Crowley— . 45.161 0.435%** h (0.0204;0.0217
T Martin (I4ahx)  (1+by) b ((0.0391;0.0634))
Hassell- az /y™ a (317.4;7044.2)
z,y Varley— s 47.502 0.344** w (0.0225;0.02331)
Holling (I+awz/y™) m (1.0265;2.878)
Ratio—depen-
dent Arditi- az/y a (301.22;613.82)
Y Gingburg- (Itahz[y) 48.003 0.223 h (0.0225;0.0232)
Contois (AGC)
Tyutyunov ax a (2807.911;2807.948)
z,y function no 1 -y 48.003 0.223 h (0.0224;0.02314)
%+e Y0 +ahx Yo (0.0868;0.2817)
Tyutyunov ax a (3283.95;71044.62)
xz,y function no 2 Y 1 48.003 0.223 h (0.0223;0.0231)
o+ 1+% tahz o (0.0101;0.5036)
Beddington— ar a (9997.159;9997.1601)
x,y DeAngelis (1+awy+ahx) 48.043 0.218 1}111 ((88321;:88;)3%))
Ratio—depen- b b (2.5431;3.595)
Y dent Ivlev R(1 — et/ 48.210 0.226 R (42.2095:42.7312)
Ratio—depen- a (52.55;59.05)
xz,y  dent Arditi- min(ax/y, R) 48.351 0.28 R (42.0640;42.2763)
Ginzburg
Exponential Yy B a (0.162;0.9859)
T ey R(1 = em™%) 49.395 0-195 R (41.8624:42.3070)
¢ (41.8583:41.8584)
z  6-Sigmoid cx?/(d? + ) 49.651 0.093 d (1.1455;1.2244)
6 (33.8654;33.8657)
Sigmoid 2/ 12 9 N ¢ (41.8583;42.2625)
¥ function no 1 cx”/(d” + %) 49.651 0-195 d (0.0004:0.5148)
Hyperbolic a (387.0231;2.17E+152)
x (Holling’s disk ax/(1+ ahx) 49.651 0.098 h (0.0235;0.0239)
equation)
Sigmoid o ¢ (3.37E+09;2.037E+11)
T function no 2 TN 49.666 -0.195 b (2.62E+6;6.71E+7)
(1+ba—+chz?) 1(0.0234:0.0238)
.y Hassell- cxfym 104.543 0113 ¢ (2.6601;3.1792)

Varley

m (0.1034;0.3576)
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TABLE 2. continued.

Mechanistic a (2.5456;3.13547)
©Y interference az /(1 + awy) 195.878  ~0.159 w (1.26E-06;0.0414)
. {Jfgﬁgm;riotkaf o 106.091 -0.195 © (3.44E-07;2.95E-05)
ry e cz/y 236.368 0.203 © (3:29F-07:3.95E-07)
Tran x —ey ¢ (1.0E-05;1.001E-05)
TY g 5(1 —e ) 303.012  0.223

TABLE 3. The correspondence of the representations of the functional response in the form of
functions presented in Table 1 to the dynamics of ®(n) in Lake Myastro (o« = 4,8 = 0.1).

p
(¥F*p < 0.001;

The range of parameter

10} Label Functional values that results in
type (function name) response ¢(x) or [1A]] **p < 0.01;  the best match between
o(z,y) *p < 0.05) ¢(n) and ®(n) time
series (Q1; Q3)
Bazykin- ax 1 a (1274.1;2.08E+32)
2,y Crowley . 108.603  0.553%%* h (0.0103:0.0119)
Martin (1+ahz) — (1+by) b (0.7789;1.0465)
Hassell- az/y™ a (208.189;1655.74)
z,y Varley— S A— 136.699  0.423%%* w (0.0195;0.0211)
Holling (I+awz/y™) m (0.4836:2.2128)
Ratio—depen-
dent Arditi- azx/y o a (306.898;694.649)
“Y Ginzburg- (I+ahz/y) 136.837 0.388 h (0.0199;0.0211)
Contois (AGC)
Beddington - ax a (463.874;5.57TE+15)
: *ok .
x,y  DeAngelis (l—i—awy—i—ahx) 136.837 0.388 #(800()1%2’(())%022180))
Ratio—depen- —ba) . b (8.9553;19.2384)
TY dent Ivlev R(1 —e72Y) 139.798 — 0.369 R (45.1925:45.8142)
¢ (45.1419;46.2388)
r  0-Sigmoid cx?/(d? + x9) 140.061 0.068 d (0.2612;0.3333)
0 (3.0829;193.7954)
Ratio—depen- a (244.204;364.589)
xz,y dent Arditi- min(az/y, R) 140.159 0.27 R (45.154;45.761)
Ginzburg
Exponential —w/a a (0.093;0.296)
T Tylev R(1 —e72/%) 140.192 0.064 R (45.036:45.922)
Sigmoid 2/ 19 9 ¢ (44.969;45.925)
T function no 1 e (d” + %) 140.603 0.068 d (0.00029:0.1998)
Sigmoid 2 ¢ (2513.637;1.7TE+10)
T function no 2 YZIE NIAY 140.603 0.068 b (0.0048;652E4-6)
(1+ba+chz®) 1(0.0212:0.0221)
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TABLE 3. continued.

Tyutyunov ax a (492.508;3.07E+9)
z,y function no 1 =y 141.033  0.068 h (0.0212:0.0222)
%—I—e Y0 +ahx Yo (1799.143;6.12E46)
Tyutyunov ax a (517.19;1.32E+10)
z,y function no 2 Y 1 141.033  0.068 h (0.0213;0.022)
o T +E tahz vo (5012.622:6.02F+6)
Hyperbolic a (617.0903;4.43E+152)
x  (Holling’s disk az/(1+ ahz) 141.033  0.068 h (0.0214;0.0222)
equation)
Hassell- m ¢ (1.4289;1.7588)
' Varley cz/y 307.593 0165 m (0.4953;0.6215)
Linear Lotka— a (4.03E-07;4.74E-07)
T Volterra azx 309.230  0.068
Mechanistic " a (9.147;15.346)
Y interference az/(1+awy) 315.0120.309 w (0.6451;0.8758)
4y Linear )y 233,635 Oaggrr  C (2A4E-07;3.02E-07)
interference
Tran T —ey % € (1.05E-05;1.05E-05)
Ty g ;(1 —e V) 330248 0.388

TABLE 4. The correspondence of the representations of the functional response in the form of
functions presented in Table 1 to the dynamics of ®(n) in Lake Naroch (o = 4,8 = 0.1).

p The range of parameter
10) Label Functional (***p < 0.001; values that results in
type (function name) response ¢(x) or [IA]] **p < 0.01; the best match between
o(z,y) *p < 0.05) ¢(n) and ®(n) time
series (Q1; Q3)
Bazykin— ar 1 a (1744.18;3.46E+85)
xz,y Crowley— . 80.883 0.567*** h (0.0133;0.0152)
Martin (14+ahx)  (1+by) b (0.9514;1.2679)
Hassell- az [y a (162.457;284.34)
xz,y Varley— s 91.533 0.417*** w (0.0201;0.0217)
Holling (I+awz/y™) m (1.0109:1.9325)
Beddington - a a (978.489:6.18E+33)
z,y  DeAngelis 92.24 0.345** w (0.0024;0.0055)
(I+awy+aha) h (0.0196;0.0212)
Ratio-depen- /
dent Arditi— azr/y . a (162.273;317.991)
%Y Ginzburg- (TFaha]y) 92.24 0-345 I (0.0198:0.0215)
Contois (AGC)
Tyutyunov ax a (445.533;2.26E+5)
x,y function no 2 v 1 ohe 92.241 0.345** h (0.0197;0.0219)

Y0 1+%

Yo (0.093;2.21E+7)

11
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TABLE 4. continued.

Tyutyunov ax a (437.532;16898.13)
2,y function no 1 —y 92.241  0.345%* h (0.0201;0.0218)
%—I—e Y0 +ahx yo (0.0374;1.36E+151)
¢ (42.592;43.329)
x  6-Sigmoid ca®)(d® + 2% 96209  —0.06 d (0.296;0.308)
6 (6.935:605.307)
Exponential —o/a B a (0.0167;0.1367)
T Ivley R(1—e®) 96.281 ~0.05  p4n 5996,42.9732)
Ratio-depen- a (104.886;126.67)
x,y dent Arditi- min(az/y, R) 96.299  -0.047 R (42.592;42.657)
Ginzburg
Ratio-depen- —ba/ b (60.6425;60.6425)
Z:Y  dent Ivlev R(1—ev) 96303 0213 p 45 5099.49.5022)
Hyperbolic a (1569.253;3.33E4+152)
¢ (Holling’s disk  az/(1+ahz)  96.303 -0.051 h (0.0228:0.0235)
equation)
Sigmoid 21/ 12 9 B ¢ (42.592;42.99)
T functionmo 1 /(@ HaT) 0 96.303 - 0.05L 56 a6p 05.0.0755)
Sigmoid 2 ¢ (5.95E+09;6.31E+12)
x  functionno 2 ——————5= 96.303  —0.051 b (8.43E+05;2.7E4+07)
(I1+bx+cha?) 1(0.0229:0.0235)
Hassell- m ¢ (10.317;12.003)
T Varley cr/y 188.91  0.224 m (0.617:0.789)
Mechanistic a (71.874;143.05)
©Y interference az/(1+awy) 196.004 0.263 w (0.0846;0.1033)
T,y gﬂﬁémme cx/y 201.54  0.345%* ¢ (6.727;7.305)
. I\_}lnear Lotka— or 203.188  -0.051 a (1.71E-06;2.23E-06)
olterra
Tran T —ey v € (9.91E-09;1.02E-08)
TY et §<1 —e~Y) 333432 0345

The irregular nature of the ®(n) function, which is obvious from Figure 3, is due to the dependence of ®(n)
on irregular P(n) oscillations (Fig. 1) and on the trophic function f(n) (see (2.3)), which, in turn, as can be
seen from (3.1), is related to the plankton dynamics in the ecosystem of the Naroch Lakes that have been found
to be chaotic [41]. As follows from equation (3.1) (taking into account equation (2.3)) and as can be seen from
Figure 3, an increase in the numerical value of the parameter « is accompanied by an increase in the functional
response ®(n), while an increase in the 8 value leads to a decrease in ®(n).

Which representation of the functional response in the form of functions (Tab. 1) more accurately describes
the dynamics of ®(n)? To answer this question, we use the monitoring data (Figs. 1 and 2). In particular, we
substitute monitoring data, i.e., the time series of phytoplankton P(n) and zooplankton Z(n), into the formulas
from Table 1), where  — P(n),y — Z(n), resulting in the time series ¢(n). Then we numerically estimate
the norm ||Al], i.e., the level of proximity between the ¢(n) and ®(n) time series (for more information see
description of methods in Section 2. The results for fixed values of the parameters o and 8 (« = 4,8 = 0.1) of
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the model (2.1)—(2.2) are shown in Tables 2-4. In Supplementary Information, the results are presented more
broadly (including for other values of the parameters o and 3). The sensitivity of our results to variations in
the numerical values of these parameters is also briefly discussed in the Discussion section.

As can be seen from Tables 2-4, the norm ||A|| takes the minimum values for the Bazykin-Crowley-Martin
functional response. In other words, it is the predator-dependent Bazykin—Crowley—Martin functional response
that best matches the monitoring data. It should be noted that the same Bazykin—Crowley—Martin functional
response characterizes the phytoplankton-zooplankton relationship in each of the lakes even though the trophic
states of the water bodies in the Naroch Lakes ecosystem differ significantly [42]; see Supplementary Information.

It can be seen that the ranges of parameter values that lead to the best match between the time series ¢(n)
and ®(n) can differ significantly depending on the selected parameter of ¢(n). For example, the distribution
of values of parameter a of the Bazykin—-Crowley—Martin function is characterized by a very large difference
between the numerical values of the first and third quartiles (Q1 = 1744.1770 and Q3 = 3.46F + 85), while
the corresponding values for parameter h lie in a much narrower range, between Q1 = 0.0133 and @3 = 0.0152
(Tab. 4, Lake Naroch). We also note the fact that there are predator-dependent functional responses, for which
the numerical values of ||A||, although exceeding the numerical value of ||A||, which characterizes the Bazykin—
Crowley—Martin functional response, do not exceed the values of ||A]| for prey-dependent functional responses.
The comparison of the prey-dependent functional responses and the predator-dependent functional responses
(shown in Tab. 1) reveals that

min||A||(prey — dependent) > min||Al|(predator — dependent)

for all the water bodies of the Naroch Lakes ecosystem (see Tabs. 2-4, and also Supplementary Information).
In order to make clear the correspondence or non-correspondence of the time series of ¢(n) to the time series
®(n), we use scatter plots where the numerical values of ¢(n) are presented in comparison with the numerical
values of ®(n). Examples of such scatter plots for three time series ¢(n) and ®(n) are shown in Figure 4.

As can be seen from Figure 4, the scatter plots for the prey-dependent Hyperbolic function (see Tab. 1)
represent narrow stripes parallel to the abscissa ®(n) axes. This means that very close, almost the same values
of ¢(n) correspond to a wide range of values of ®(n). Numerically, this leads to a very weak and statistically
insignificant correlation (i.e., in fact, to its absence) between the time series ¢(n) for the Hyperbolic functional
response and ®(n) (see Tabs. 2-4). Note that (Fig. 4), although less pronounced, the sections of scatter plots
that are parallel to the abscissa axes are also characteristic of the predator-dependent Arditi-Ginzburg—Contois
response in Lake Myastro and Lake Naroch (Fig. 4). The correlation coefficients between ¢(n) and ®(n) time
series therewith are lower than those for the predator-dependent Bazykin—Crowley—Martin functional response,
where there are no similar sections (Fig. 4), but noticeably exceed the correlation coefficients for the prey-
dependent hyperbolic functional response (Tabs. 2—4). In Lake Myastro and Lake Naroch, the increase in
numerical values of ®(n) is basically accompanied by an increase in ¢(n) for the Bazykin—Crowley—Martin
function (Fig. 4), which is reflected in a statistically significant correlation between time series ¢(n) and ®(n)
(Tabs. 3 and 4). The scatter plots characteristic of Lake Batorino for the Bazykin-Crowley-Martin and Arditi-
Ginzburg—Contois functional responses demonstrate much less noticeable growth of ¢(n) values with increasing
values of ®(n) (Fig. 4). As a result, the correlation between ¢(n) and ®(n) decreases compared to the correlation
between these time series in Lake Naroch and Lake Myastro for the Bazykin—Crowley—Martin function, and the
correlation between ¢(n) and ®(n) for the Arditi-Ginzburg—Contois function becomes statistically unreliable.

The above results are obtained for fixed parameter values of the model (2.1)-(2.2) (a = 4,8 = 0.1). The
question naturally arises as to how sensitive these results are to parameter o and g variations. The results of
evaluating the effects associated with changes in the numerical values of a and 3 are presented in Supplementary
Information. One can see that it is the Bazykin—Crowley—Martin function that best corresponds to the functional
response ®(n) when changing the numerical values of the parameters o and 3. The only exception is at o =
0.5,8 = 0.1, when the functional response ®(n) is best matched by the Hassell-Varley function. However, in
this case, despite the fact that the norm for the Bazykin—-Crowley—Martin function is slightly higher than for
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FIGURE 4. The scatter plots ¢(n) vs ®(n) in each of the water bodies of the Naroch Lakes
ecosystem for the Bazykin—Crowley—Martin functional response (a = 4843.320,h = 0.014,b =
1.090 for Lake Naroch; a = 9998.380, h = 0.011,b = 0.850 for Lake Myastro; a = 4612.830, h =
0.021,b = 0.050 for Lake Batorino), the Arditi-Ginzburg—Contois functional response (a =
205.660, h = 0.020 for Lake Naroch; a = 429.220, h = 0.020 for Lake Myastro; a = 402.290, h =
0.023 for Lake Batorino), and the Hyperbolic functional response (a = 2764.190,h = 0.023

for Lake Naroch; a = 1619.400, h = 0.022 for Lake Myastro; a = 1939.160, h = 0.023 for Lake
Batorino).

the Hassell — Varley function, the correlation for the Bazykin—Crowley—Martin function remains the highest at
a=0.5=0.1.

4. DISCUSSION

Trophic relationships involving resource consumption, which depends both on the properties of the resource
consumed and on the characteristics of the animals that are consumers, are one of the most important ecological
processes [22]. Such relationships are often analyzed using mathematical models describing interactions such as
“predator-prey” or “resource-consumer”. Within the framework of the KD approach, the functions describing
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the processes that determine the dynamics of prey and predator populations are set a priori. An example of
such functions is the functions G(z), Fi(x,y) in equation (1.1) and Fy(z,y) in equation (1.2). The specific type
of such functions is largely determined by the views of researchers on the nature of the processes they study. In
particular, the choice between a prey-dependent functional response ¢(x) and a predator-dependent functional
response ¢(z,y) has been the subject of intense debate [4, 43].

In the context of the KDD approach [13], it turned out that the predator-dependent Bazykin—-Crowley—Martin
function best corresponds to the results of the monitoring of the ecosystem of the Naroch Lakes. It should be
noted that parameter a of this function for each of the water bodies of the Naroch Lakes system is defined in
extremely wide limits (Tabs. 2—4). However, since the comparatively small numerical values of parameter h can
vary in relatively narrow ranges (Tabs. 2—4), the first multiplier of the Bazykin—Crowley—Martin function (and,
consequently, this function as a whole) turns out to be extremely weakly dependent on the choice of the value
of parameter a. As a result, the numerical values of the norm characterizing the proximity of the time series
®(n) and ¢(n) vary extremely slightly in the predominant part of the wide range of changes in parameter a.

As can be seen from Tables 2—4, bootstraping does not impose restrictions on the parameters of the functional
response, which, like parameter a of the Bazykin—Crowley—Martin function, determine the searching rate. In
other words, the numerical values of these parameters, being practically unidentifiable, can vary over a wide
range, having little effect on the estimate of the proximity of the time series ®(n) and ¢(n). Naturally, the
question arises whether such a result is a feature of the method we use to estimate the range of changes in
model parameters, or whether it objectively reflects the weak dependence of the searching rate on dynamics
in the form of time series resulting from monitoring the lake ecosystem. In this context, in a future study,
a comparison of different methods, such as bootstraping, least-squares fitting, maximum-likelihood, profile
likelihood or Bayesian MCMC, could be of significant interest.

Since the monitoring results, i.e. the time series P(n) and Z(n), are influenced by many different biotic and
abiotic factors, these time series reflect not only the prey—predator interaction, but also temporary changes in
the lake ecosystem as a whole. For the same reason, the time series ®(n) holistically characterizes the entire
ecosystem of each of the lakes.

The Bazykin—Crowley—Martin time series obtained taking into account the results of monitoring the ecosys-
tem of the Naroch Lakes, mirrors the impact of a huge variety of factors on plankton dynamics and, in this sense,
are holistic in nature. Taking into account this circumstance, as well as the fact that the Bazykin—Crowley—
Martin function allows for the mutual interference of predators/zooplankters, the question arises whether the
range of changes in the numerical value of parameter b, characterizing the interference of zooplankters, depends
on such an integral characteristic as the trophic status of the water bodies of the Naroch Lakes ecosystem. The
importance of raising this question is determined by the fact that these water bodies have different trophic
status [42] (see also Supplementary Information), even though they are interconnected and in close proximity
to each other.

The difference in trophic status may cause significant differences in the level of interference. In particular, in
a resource-rich eutrophic reservoir, interference between zooplankters due to their competition for a resource,
phytoplankton, should probably be less than, for example, in an oligotrophic reservoir, which is characterized
by a reduced phytoplankton number.

Table 5 shows that the numerical values of ; and @3 decrease monotonically from the oligo-mesotrophic
Lake Naroch to the mesotrophic Lake Myastro and then to the eutrophic Lake Batorino. This means that
parameter b of the Bazykin—Crowley—Martin function can effectively reflect the correspondence of the level of
interference between zooplankters to the trophic status of the whole water body system.

In light of the obtained results, we emphasize a qualitative difference of the Bazykin—Crowley—Martin func-
tional response from the other considered predator-dependent functions, which consists in its ability to account
implicitly for various factors that may limit the consumer’s reproduction beside availability of the food. This
property manifests itself as saturation of the non-trivial zero-isocline of the predator equation in the Gause—
Kolmogorov model with constant natural mortality of predator. The isocline is defined on the phase plane (x, y)
by implicit equation ¢(x,y) = «/B. Figure 5 presents the predator zero-isoclines built for BCM, AGC, and HVH
functional responses with parameter values estimated for lakes Batorino, Myastro, and Naroch (the respective
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FIGURE 5. Predator zero-isoclines of the Gause-Kolmogorov model built for three different
predator-dependent functional responses for trophic system in lakes Batorino, Myastro, and
Naroch (BCM is the solid line. AGC is the dotted line, HVH is the dashed dotted line).
The following numerical values of the parameters were used:(w = 4,5 = 0.1;a = 4612.83,h =
0.021069,b = 0.051653 (BCM, Lake Batorino); a = 407.8458,h = 0.022889 (AGC, Lake
Batorino); a = 1094.46,w = 0.022968, m = 1.737267 (HVH, Lake Batorino); a = 9998.38, h =
0.01115676,b = 0.89765292 (BCM, Lake Myastro); a = 488.638625, h = 0.02070771 (AGC,
Lake Myastro); a = 466.687472,w = 0.0204337,m = 1.2229976 (HVH, Lake Myastro); a =
6219.177, h = 0.014097,b = 1.107792 (BCM, Lake Naroch); a = 225.0187, h = 0.020748 (AGC,
Lake Naroch); a = 211.4874, w = 0.021072, m = 1.488577 (HVH, Lake Naroch).

TABLE 5. Q1 and @3 for distributions of the parameter b of the Bazykin—Crowley—Martin
function numerical values depending on « and [ for each of the water bodies of the Naroch
Lakes ecosystem

Lake Naroch Lake Myastro Lake Batorino

«a B8 Oligo-mesotrophic Mesotrophic Eutrophic
Q1 Q3 Q1 Q3 Q1 Q3

8 0.1 0.2598 0.3639 0.1520  0.2060 0.02  0.0301
4 01 0.9514 1.2679 0.7789  1.0465 0.0391 0.0634
2 0.1 8.8568 12.3247 4.2219 54175 0.0992 0.1546
1 0.1 2078.360 25883.5611 11.5657 19.8517 0.2729 0.4797
8 0.05 0.2644 0.3699 0.1472  0.2020 0.0184 0.0277
4 0.06 0.9193 1.3062 0.7821  1.0357 0.0419 0.0631
2 005 9.1179 12.4259 4.1807  5.4631 0.0989 0.1524
1 0.056 2449.079 22453.5362 13.6148 21.3984 0.2796 0.4743

data is given in Tables S4, S14, and S24 of Supplementary Information). One can easily notice the difference
between these three zero-isoclines. The isocline of the Arditi-Ginzburg—Contois functional response is a straight
line passing through the origin, the isocline of the Hassel-Varley—Holling function is presented by the concave
unboundedly growing curve, also crossing the origin. The isocline corresponding to the Bazykin—Crowley—Martin
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function crosses the abscissa axis at positive value of z, saturating with prey density. This saturation reveals
that growth of zooplankton can be limited by other factors besides the phytoplankton density [44]. Earlier
studies [5, 13] suggest that abiotic factors, in particular temperature oscillations, can play an important role,
determining plankton dynamics particularly, in the ecosystem of the Naroch Lakes).

Our results support theoretical principles formulated by Arditi and Ginzburg [4, 31, 45] who suggested to
use the simplest predator-dependent functional response, the ratio-dependent function, which has only two
parameters similar to those of the Holling’s disk equation, as a null model of predator interference. In this
regard, it seems to us that the point of view of Ginzburg and Damuth (“The issue isn’'t which model of
consumer interference is right, but which one is least wrong”), clearly presented directly in the title of their
article [46], is reasonable. Depending on the practical needs and the availability of observed data, the more
detailed models can be built on this theoretical basis. In our case, the Arditi-Ginzburg—Contois functional
response has demonstrated fairly good fitting to observations among the other popular predator—dependent
models (see Tabs. 2-4 and Tables S3—S32 in Supplementary Information). A more elaborate study based on
the knowledge-and-data driven, or KDD, approach allowed us to identify such a function, namely the Bazykin—
Crowley—Martin function, describing the functional response of zooplankton, which best corresponds to the
functional response ®(n) allowing for the specifics of plankton dynamics in the Naroch Lakes. Thus, the KDD
approach can be a useful addition to those methods of mathematical modeling that have been used so far.
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