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We study regular self-gravitating nontopological soliton solutions of the Uð1Þ gauged nonlinear Oð3Þ
sigma model with the usual kinetic term and a simple symmetry breaking potential in 3þ 1 dimensional
asymptotically flat. Both parity-even and parity-odd configurations with an angular node of the scalar field
are considered. Localized solutions are endowed with an electric charge; spinning configurations are also
coupled to the toroidal flux of magnetic field. We confirm that such solutions do not exist in the flat space
limit. Similar to the usual boson stars, a spiral-like frequency dependence of the mass and the Noether
charge of the gauged solutions is observed. Depending on the relative strength of gravity and the
electromagnetic interaction, the resulting gauged Oð3Þ boson stars at the mass threshold either possess the
usual Newtonian limit, or they are linked to a regular strongly gravitating critical configuration. We explore
domain of existence of the solutions and investigate some of their physical properties.

DOI: 10.1103/kzbb-7t3f

I. INTRODUCTION

It has been known for a long time that matter fields can
be localized by gravity [1], see, e.g., [2–5] for detailed
review. So-called boson stars [6–9], which represent
localized configurations of a self-gravitating oscillating
complex scalar field with a harmonic phase, provide a
simple example of such configurations. Boson stars have
attracted increasing attention in the last decade, in particu-
lar as black hole mimickers [10–12] and modeling of
galactic halos and their lensing properties [13–15]. Further,
the boson stars are considered as possible candidates for the
hypothetical weakly interacting ultralight component of
dark matter [16–21].
In the simplest case, boson stars arise as solutions of the

Einstein-Klein-Gordon theory with a massive complex
scalar field coupled to gravity without self-interaction.
These miniboson stars do not have a regular flat limit.
Very large massive boson stars exist in the models with
polynomial potentials [22,23] or in the two-component
Einstein-Friedberg-Lee-Sirlin model [24]. They are linked
to the corresponding flat space configurations, which
represent stable isospinning nontopological solitons, the
Q-balls [25–27].

Isorotations may also stabilize self-gravitating nontopo-
logical solitons in the nonlinear Oð3Þ sigma model with a
non-negative potential [28–30]. There are families of
regular asymptotically flat stationary spinning Oð3Þ sigma
model solutions, and hairy black holes in a simple model,
which include only the usual kinetic term and a symmetry
breaking potential [28,30,31]. Dynamical evolutions of
such solutions closely resemble the pattern found for the
spinning complex scalar fields coupled to gravity, the
boson stars, and black holes with synchronised hair
[6–9,32,33]. These nontopological stationary solutions of
the Oð3Þ nonlinear sigma model minimally coupled to
gravity trivialize in the flat space limit [28,31]. Indeed, in
3þ 1 dimensions, the Derrick’s theorem [34] does not
allow for the existence of such static finite energy solitons
in the usual Oð3Þ sigma model, which includes only
quadratic in the derivative term and a potential. Such
topological solitons, referred to as Hopfions, appear in
the scale-invariant Nicole model [35] and, more impor-
tantly, in the Faddeev-Skyrme model [36], which contains
terms with both two and four derivatives. Apart from the
addition of higher derivative terms, no other mechanism to
secure stability of the regular topological solitons of the
Oð3Þ sigma model in three spacial dimensions is known.
Self-gravitating Hopfions in the Oð3Þ Faddeev-Skyrme

model are smoothly connected to the corresponding flat
space topological solitons of certain degrees [37]. However,
the virial theorem does not exclude existence of regular
isospinning Oð3Þ solitons stabilized by internal rotation in
the flat space [31]; certain modifications of the potential
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term may allow for construction of such nontopological
solitons in 3þ 1 dimensional space.
As it turns out, the boson stars posses a complicated

morphology [5,23,24,38–41]. In the simplest case, these
solutions are spherically symmetric, also there are axially
symmetric boson stars with a nonzero angular momentum,
solutions with negative parity, radially excited boson stars,
and a variety of nontrivial multipolar stationary configu-
rations without any continuous symmetries. Qualitatively,
the appearance of such solutions may be related to the force
balance between the repulsive scalar interaction and the
gravitational attraction in equilibria. Furthermore, the local
Uð1Þ symmetry of a model supporting Q-balls can be
promoted to the local gauge symmetry, corresponding
gauged Q-balls possess electric charge [25,42–45]. The
presence of the long-range gauge field affects the properties
of the solitons, as the gauge coupling increases, the
electromagnetic repulsion may destroy configurations.
Gravitational attraction, on the other hand, may produce
an opposite effect, the pattern of dynamical evolution of
gauged boson stars can be rather complicated [46].
The objective of this paper is to analyze the properties of the

regular self-gravitating solutionsof theUð1Þgaugednonlinear
Oð3Þ sigma model minimally coupled to Einstein gravity,
focusing our study on nontopological localized configurations
of different types, and determine their domains of existence.
This paper is organized as follows. In Sec. II, we

introduce the model and the field equations with the
stress-energy tensor of the system of interacting fields.
Here we describe the axially symmetric parametrization of
the metric and the matter fields and the boundary con-
ditions imposed on the configuration. We also discuss the
physical quantities of interest. In Sec. III we present the
results of our study of self-gravitating solitons with
particular emphasis on the role of the electromagnetic
interaction. We conclude with a discussion of the results
and final remarks.

II. THE MODEL

A. The action and the field equations

We consider the Uð1Þ gauged nonlinear sigma model,
which is minimally coupled to Einstein’s gravity in a
(3þ 1)-dimensional spacetime. The corresponding action
of the system is

S ¼
Z

d4x
ffiffiffiffiffiffiffi
−g

p �
R

16πG
− Lm

�
; ð1Þ

where the rescaled matter field Lagrangian is

Lm ¼ 1

4
FμνFμν þ 1

2
ðDμϕ

aÞ2 þUðϕÞ: ð2Þ

Here R is the Ricci scalar associated with the metric gμν
with the determinant g and G is the Newton’s constant.

In the matter field Lagrangian the real triplet of the scalar
fields ϕa, a ¼ 1, 2, 3, is restricted to the surface of the unit
sphere, ðϕaÞ2 ¼ 1 and the symmetry breaking potential is

UðϕÞ ¼ μ2ð1 − ϕ3Þ; ð3Þ

where a mass parameter μ is a constant.1

Such potential breaks Oð3Þ symmetry to the subgroup
SOð2Þ, and the corresponding Noether current can be
written as follows:

jμ ¼ −ϕ1Dμϕ2 þ ϕ2Dμϕ1: ð4Þ

TheUð1Þ field strength tensor is Fμν ¼ ∂μAν − ∂νAμ, and
the covariant derivative of the field ϕa, which minimally
couples the scalar field to the gauge potential is

Dμϕ
α¼∂μϕ

αþeAμεαβϕ
β; Dμϕ

3¼∂μϕ
3; α;β¼1;2 ð5Þ

with the gauge coupling e. The vacuum boundary con-
ditions are ϕa

∞ ¼ ð0; 0; 1Þ; Dμϕ
a ¼ 0; Fμν ¼ 0. In the static

gauge, where the fields have no explicit dependence on
time, the asymptotic boundary conditions on the gauge
potential are

A0ð∞Þ ¼ V; Aið∞Þ ¼ 0 ð6Þ

where V is a real constant. The model (2) is invariant with
respect to the local Abelian gauge transformations

ðϕ1 þ iϕ2Þ → eieζðϕ1 þ iϕ2Þ; Aμ → Aμ − ∂μζ ð7Þ

where ζ is a real function of the coordinates. We remark that
asymptotic value of the electric potential A0ð∞Þ can be
adjusted via the residual Uð1Þ transformations, choosing
ζ ¼ −Vt. In the stationary gauge A0ð∞Þ ¼ 0 and two
components (7) of the scalar triplet acquire an explicit
harmonic time dependence with frequency ω ¼ eV.
Variation of the action (1) with respect to metric yields

the Einstein equations,

Rμν −
1

2
Rgμν ¼ 2α2ðTEm

μν þ Tϕ
μνÞ ð8Þ

where α2 ¼ 8πG is the effective gravitational coupling and
the electromagnetic and scalar components of the energy-
momentum tensor are

TEm
μν ¼ Fρ

μFνρ −
1

4
gμνFρσFρσ;

Tϕ
μν ¼ Dμϕ

aDνϕ
a − gμν

�
gρσ

2
Dρϕ

aDσϕ
a þUðϕÞ

�
: ð9Þ

1There are other choices of the potential, see [28–30].
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We notice that the sigma model constraint does not allow us
to absorb the mass parameter μ into the scaled expression
for the scalar field.
We obtain field equations by variation of the action (1)

with the respect to the field Aμ and ϕa,

∂μ

� ffiffiffiffiffiffiffi
−g

p
Fμν

�
¼ e

ffiffiffiffiffiffiffi
−g

p
jν;

DμDμϕ
a þ ϕaðDμϕb ·Dμϕ

bÞ þ μ2½ϕaðϕb · ϕb
∞Þ − ϕa

∞� ¼ 0;

ð10Þ

where we take into account dynamical constraint imposed
on the Oð3Þ field.
The asymptotic expansion of the fields around the

vacuum

ϕa ≈ ϕa
∞ þ δϕa; Aμ ≈ aμ þ δ0μðeV − ωÞ ð11Þ

where δϕa ¼ ðv1; v2;−v0Þ, gives the effective stationary
Lagrangian of linearized scalar excitations

Lpert ¼
1

2
ð∂ivkÞ2 þ μ2v2k − ðeV − ωÞ2v2k: ð12Þ

Here k ¼ 1, 2 and we take into account the residual gauge
invariance of the system. Note that the fluctuations of the
component v0 correspond to the second order of the
expansion around the vacuum. Hence, the squared effective
mass of the scalar excitations vk is m2

eff ¼ μ2 − ðeV − ωÞ2
and localized massive scalar modes with exponentially
decaying tail may exist if m2

eff is positive. In the stationary
gauge V ¼ 0 and the self-gravitating nontopological Oð3Þ
solitons may occur within a restricted interval of values of
the angular frequency ω∈ ½ωmin; μ�. The configurations
smoothly approach perturbations aroundMinkowski space-
time and delocalize as ω → μ. This is usually referred to as
the Newtonian limit.

B. Self-gravitating solitons: The ansatz

We are interested in stationary axially symmetric regular
localized solutions of the system of equations (8) and (10),
which are similar to the usual boson stars. We adopt the
isotropic Lewis-Papapetrou-type metric in adapted “quasi-
isotropic” spherical coordinates ðt; r; θ;φÞ, for which the
line element reads

ds2 ¼ −ef0ðr;θÞdt2 þ ef1ðr;θÞðdr2 þ r2dθ2Þ

þ ef2ðr;θÞr2 sin2 θ
�
dφ −

Wðr; θÞ
r

dt
�
2
: ð13Þ

The Minkowski spacetime asymptotic with signature
ð−;þ;þ;þÞ is approached for r → ∞ with f0 ¼
f1 ¼ f2 ¼ W ¼ 0. Spherically symmetric solutions corre-
spond to the reduction Wðr; θÞ ¼ 0, f1ðrÞ ¼ f2ðrÞ; both

metric functions f0 and f1 then depend on the isotropic
radial coordinate r only.
For the scalar Oð3Þ field, we adopt a stationary ansatz

with a harmonic time dependence, which is similar to
the corresponding parametrization of the Oð4Þ Skyrme
model [47–50] and the Uð1Þ gauged Skyrmions [51–53],

ϕa ¼ ½sin fðr; θÞ cos ðnφ − ωtÞ; sin fðr; θÞ sin ðnφ − ωtÞ;
cos fðr; θÞ�: ð14Þ

The ansatz for the Uð1Þ potential contains two real
functions—an electric and a magnetic potential,

Aμdxμ ¼ Atðr; θÞdtþ Aφðr; θÞ sin θdφ: ð15Þ

Recall that in the stationary gauge At ¼ Aφ ¼ 0 at spacial
infinity.
The Uð1Þ gauged charged self-gravitating solutions

are characterized by a set of physical observables, the
Arnowitt-Deser-Misner (ADM) mass M, the angular
momentum J, the electric charge Qe, and the dipole
moment μm. These quantities can be extracted from the
asymptotic behavior of the metric and the gauge field
functions, as

gtt → −1þ α2M
4πr

þO

�
1

r2

�
;

gtϕ → −
α2J
8πr

sin2θ þO

�
1

r2

�

At →
Qe

r
þO

�
1

r2

�
; Aφ →

μmsin2θ
r2

þO

�
1

r3

�
: ð16Þ

TheADMmass and the total angular momentum can also
be computed as the Komar integrals of the corresponding
densities of the total stress-energy tensor Tμν ¼ Tϕ

μν þ TEm
μν ,

M ¼
Z ffiffiffiffiffiffiffi

−g
p

drdθdφðTμ
μ − 2Tt

tÞ;

J ¼
Z ffiffiffiffiffiffiffi

−g
p

drdθdφTt
φ: ð17Þ

In other words, the mass M and the angular momentum J
are conserved charges associated with the two Killing
vectors, ∂t and ∂φ, respectively.
The temporal component of the current density (4) yields

the Noether charge

Q ¼
Z ffiffiffiffiffiffiffi

−g
p

drdθdφj0

¼ 2π

Z
∞

0

dr
Z

π

0

dθ sin2 f

�
ω −

nW
r

�
ef1þ1

2
f2−1

2
f0r2 sin θ;

ð18Þ
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where we make use of the parametrization of the metric
(13) and the Oð3Þ field (14). One can show that J, Q,
and the electric charge Qe are proportional, see, e.g.,
Refs. [54–56],

J ¼ nQ ¼ nQe

e
ð19Þ

where n is the winding number of the scalar field.
Substitution of the ansatz (13), (14), and (15) into

general field equations (8), (10) reduces them to a system
of seven coupled nonlinear partial differential equations in
r and θ. In order to find asymptotically flat and regular
solutions, appropriate boundary conditions need to be
imposed. The assumption of asymptotic flatness at the
spacial infinity with our choice of the stationary gauge for
the Maxwell potentials, gives

fjr→∞ ¼ f0jr→∞ ¼ f1jr→∞ ¼ f2jr→∞ ¼ Wjr→∞

¼ Atjr→∞ ¼ Aφjr→∞ ¼ 0: ð20Þ

On the symmetry axis, the regularity and the axial sym-
metry imply the following conditions (n ≠ 0)

∂θWjθ¼0;π ¼ ∂θf0jθ¼0;π ¼ ∂θf1jθ¼0;π ¼ ∂θf2jθ¼0;π ¼ 0;

fjθ¼0;π ¼ ∂θAφjθ¼0;π ¼ ∂θAtjθ¼0;π ¼ 0: ð21Þ

For the spherically symmetric configuration (n ¼ 0) we
impose ∂θfjθ¼0;π ¼ 0.
Further, the condition of the absence of a conical

singularity at the symmetry axis requires that the deficit
angle should vanish, δ ¼ 2πð1 − limθ→0

f2
f1
Þ. Therefore, the

solutions should satisfy the constrain f1jθ¼0;π ¼ f2jθ¼0;π ,
see [31,57]. In our numerical scheme we explicitly imposed
this condition.
We assume the solutions are Z2 symmetric under

reflections with respect to the equatorial plane. Thus, there
are two different types of axially symmetric regular
solutions, which possess different parity [22,23]. For a
system with even parity (P ¼ 1), all angular derivatives
must vanish on the equatorial plane

∂θWjθ¼π
2
¼ ∂θf0jθ¼π

2
¼ ∂θf1jθ¼π

2
¼ 0;

∂θf2jθ¼π
2
¼ ∂θAφjθ¼π

2
¼ ∂θAtjθ¼π

2
¼ 0; ð22Þ

and ∂θfjθ¼π
2
¼ 0. For the parity-odd (P ¼ −1) solutions the

boundary condition on the Oð3Þ field is different,
fjθ¼π

2
¼ 0. In our numerical simulations we mostly consider

the domain 0 ≤ θ ≤ π=2, as another check for the correct-
ness of our results in some cases we repeated calculations in
the full domain 0 ≤ θ ≤ π.

Finally, regularity of the solutions at the origin requires
that both for the parity-even and parity-odd axially sym-
metric configurations (n ≠ 0) we impose

fjr¼0 ¼ Wjr¼0 ¼ ∂rf0jr¼0 ¼ ∂rf1jr¼0 ¼ 0;

∂rf2jr¼0 ¼ Aφjr¼0 ¼ ∂rAtjr¼0 ¼ 0: ð23Þ

For the spherically symmetric solution (n ¼ 0) the boun-
dary condition on the scalar field is different, ∂rfjr¼0 ¼ 0.

III. RESULTS

A. Numerical approach

We have solved the boundary value problem subject to
the boundary conditions (20)–(23) above with a fourth-
order finite difference scheme, where the system of seven
differential equations is discretized on a grid with a typical
size of 200 × 30 points. In our numerical calculations we
introduce a new compact radial coordinate

x ¼ r
cþ r

; ð24Þ

which maps the semi-infinite region ½0;∞Þ onto the unit
interval ½0; 1�. Here c is an arbitrary constant, which is used
to adjust the contraction of the grid. In our calculations, we
typically take c∈ ½0.1; 20�.
The corresponding system of nonlinear algebraic equa-

tions has been solved using the Newton-Raphson scheme
with the Intel MKL PARDISO sparse direct solver [58].
Calculations have been performed with the package
equipped with an adaptive mesh selection procedure, and
the CESDSOL library.2 Typical errors are of order of 10−8.
Numerical calculations confirm that, at the level of numeri-
cal accuracy, both the Ricci and the Kretschmann scalars
are finite.
The morphology of such constructed solutions can be

very complicated [22,23,38,57,60]. In Fig. 1 we displayed,
as an example, four different types of the gravitating soliton
solutions of the Oð3Þ sigma model to be discussed below.
The parity-even configurations possess spherical or axial
symmetry while the parity-odd solutions represent multi-
nodal configurations, which are symmetrically aligned
along the symmetry axis.

B. Spherical solutions

Assuming the spherical symmetry (n ¼ 0), the system of
field equations (8), (10) is reduced to the system of four
coupled ordinary differential equations of functions
f; f0; f1 and At are functions of r only. Further, in such

2Complex Equations-Simple Domain partial differential equa-
tions SOLver, a C++ package developed by I. Perapechka, see,
e.g., Refs. [39,56,59].
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a case we can employ Schwarzschild-like coordinates, with
a line element

ds2 ¼ −NðrÞσ2ðrÞdt2 þ 1

NðrÞ dr
2

þ r2ðdθ2 þ sin2 θdφ2Þ ð25Þ

where NðrÞ ¼ 1 − 2mðrÞ
r . The ADM mass of the solution is

determined by the asymptotic value of the mass func-
tion mð∞Þ.
With this parametrization the reduced curvature scalar is

R ¼ −2σðN − 1 − rN0Þ

and problem reduces to solving two second order equations
for the scalar profile function f and electric potential At (in
the static gauge), and two first order equations for the
metric functions m and σ,

ðr2Nσf0Þ0 ¼ r2σ

�
μ2 −

e2A2
t

Nσ2
cos f

�
sin f; ð26Þ

m0 ¼ α2r2

4

�
Nf02 þ 4μ2sin2

�
f
2

�
þ e2A2

t

Nσ2
−
A02
t

σ2

�
; ð27Þ

σ0 ¼ α2rσ
2

�
f02 þ e2A2

t

N2σ2
sin2f

�
; ð28Þ

ðr2σA0
tÞ0 ¼ 2r2A0

tσ
0 −

er2At

N
sin2 f: ð29Þ

The system of equations (26)–(29) can be solved numeri-
cally subject to the boundary conditions

Njr¼0¼1; ∂rAtjr¼0¼∂rσjr¼0¼ ∂rfjr¼0¼0;

Njr¼∞¼1; Atjr¼∞¼0; σjr¼∞¼1; fjr¼∞¼0: ð30Þ

The Schwarzschild-like parametrization is useful to analyze
possible formation of the event horizon and asymptotic
behavior of the solutions, cf. corresponding equations for
regular ungauged self-gravitating solutions of the Oð3Þ-
sigma model [31]. On the other hand, it also can be studied

in isotropic coordinates, which is more convenient for our
purposes, comparing various solutions with spherical and
axial symmetry.
First, we can choose α2 ¼ 1, μ2 ¼ 1 and make use of the

time dependent gauge. This allows us to compare our
results with those obtained in [31] for ungauged gravitating
Oð3Þ solutions. There are two continuous input parameters,
the frequency ω, the gauge coupling e, and one discrete
parameter n.
The spherically symmetric solutions are fundamental

states, for which the matter fields profiles possess no nodes
both in radial and angular directions. As the gauge coupling
e is set to be 0, regular gravitating boson-star-like solutions
of the nonlinear Oð3Þ sigma model are recovered [31]. A
family of charged solutions emerge from the uncharged
regular boson-star-like solutions when the parameter e is
gradually increased from 0 while the other input parameters
remain fixed.
The basic properties of theUð1Þ gauged gravitatingOð3Þ

solutions so constructed can be summarized as follows:
The configurations possesses a core in which most

energy is localized, and an asymptotic tail, which is
responsible for the long-range interaction between the
well-separated solitons. Similar to the usual boson stars,
for a given value of the gauge coupling e regular solutions
exist for a limited range of frequencies ω∈ ½ωmin; 1�, where
upper critical value corresponds to the mass threshold. The
domain of existence of such Oð3Þ boson stars, in an ADM
mass M vs angular frequency diagram is presented in
Fig. 2, upper left plot.
The minimal critical frequency increases with e, our

numerical results suggest that there is no branch of charged
gravitatingOð3Þ solitons linked to the flat space limit in the
model with the potential (3).
The frequency dependence of the solutions is qualita-

tively similar to that found for the charged boson stars,
see [55,61–64]. As the angular frequency is decreased
below the upper critical value ωmax ¼ 1, a fundamental
branch of charged self-gravitating solutions arises from the
trivial scalar vacuum ϕa ¼ ð0; 0; 1Þ. This branch extends
backward up to a minimal value of the frequency ωmin, at
which it bifurcates with the second forward branch, see
Fig. 2, upper left plot. Both the mass and the charge of the
configuration reach the maximum values on the first branch

FIG. 1. Illustrative examples of different types of solitonic solutions of theOð3Þ sigma model. The surfaces of constant charge density
for fundamental spherically symmetric solution, axially symmetric n ¼ 1 solution, dipole n ¼ 0 solution, and parity-odd n ¼ 1 solution,
from left to right, respectively, are plotted for gravitational coupling α2 ¼ 1, frequency ω ¼ 0.85, and gauge coupling e ¼ 0.2.
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at some critical frequency. The maximal value of the mass
and the charge increases with e.
Subsequently, further bifurcations follow and a multi-

branch structure arises providing an overall inspiralling
pattern for the frequency dependency of both charge and
mass of the fundamental Uð1Þ gauged gravitating Oð3Þ
solitons. This behavior is typical for the usual boson stars,
see [61–63]. Both the mass and the charge of the configu-
rations tend to some finite limiting values at the centers of
the spirals. When following the spirals toward their centers,
the maximal value of the field amplitude f is increasing
monotonically, as displayed in Fig. 2, bottom left plot.
Similar to the case of the usual boson stars, the metric
function g00 at the center of the configuration approaches 0 in
this limit. However, the central value of the scalar amplitude
cannot diverge because of the constraint of the nonlinear
Oð3Þ sigma model. We may conjecture that at the centers of
the spirals this value approaches a finite limiting value
fð0Þ ∼ π=2, i.e., for a critical solution theOð3Þ field becomes
restricted to a circle S1. In the spiral, the core of the
configuration shrinks, however, the tail becomes more
extended. At the same time, for the secondary branches of

the spiral the numerical accuracy rapidly decreases; a differ-
ent numerical approach is necessary for the study of this limit.
The contribution of the electromagnetic energy modifies

theMðQÞ dependency [65], see Fig. 2, upper right plot. The
spikes of the uncharged case transforms into a set of loops,
and the size of the loops increases with e. More impor-
tantly, depending on the relative strength of gravity and the
electromagnetic interaction, the gauged Oð3Þ boson stars
exhibit different behavior in the limit ω → 1.
The gauged Oð3Þ configurations experience an addi-

tional repulsive interaction arising from the gauge sector; as
gravitational coupling decreases, the relative contribution
of the electrostatic energy becomes increasingly essential.
Given a value of the gravitational coupling α, the

minimal value of the angular frequency ωmin increases
with e, see Fig. 2. For a given value of the frequency ω,
charged soliton solutions appear to exist up to a maximal
value of the gauge coupling constant only. Physically, this
pattern is related with the electrostatic repulsion, which
becomes stronger as e increases.
For a fixed value of the gauge coupling e, decrease of the

gravitational coupling α entails an increase of the minimal

FIG. 2. Spherically symmetric Uð1Þ gauged gravitating Oð3Þ solitons: The ADM mass (upper left) and the maximal value of the
profile function fð0Þ (bottom left) vs frequency ω and the mass vs Noether charge (upper right) are plotted for some set of values of the
gauge coupling e and for gravitational coupling α2 ¼ 1. The profile functions of an illustrative solution on the first branch are plotted for
gravitational coupling α2 ¼ 1, frequency ω ¼ 0.85, and gauge coupling e ¼ 0.2 (bottom right).
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frequency ωmin. Coincidentally, the secondary branches of
the spiral become shorter. Importantly, the limiting behav-
ior of the fundamental branch at ω → 1 depends on the
relative strength of the gauge and gravitational couplings.
However, the overall spiral pattern is always observed. For
sufficiently large gauge coupling e and sufficiently small
gravitational coupling α the limit ω → 1 then is no longer
Newtonian. This is illustrated in Fig. 3. It appears that, for a
given value of the gauge coupling, there is a critical value of
the gravitational constant αcr, at which the repulsive force
of electrostatic interaction is balanced by the gravitational
attraction. In particular, for e ¼ 0.1 the critical gravitational
coupling is αcr ≈ 0.20.
We notice that the usual Newtonian limit exists as

α > αcr. In this case, as ω → 1, the scalar field approaches
the vacuum ϕa

∞, the metric attains flat space limit, and the
electrostatic potential is vanishing, see Fig. 3. The critical
case corresponds to divergent ADMmassM and the charge
Q, however, both the metric function N and the electric
potential At approach some finite nonzero values at the
center of configuration. This pattern is similar to the
limiting behavior of the usual flat space Q-balls in a model
with polynomial potential, see, e.g., [61]. In this case also
the core of configuration rapidly inflates as ω → 1, and
both the mass and the Noether charge of the configuration

diverge in this limit. Still, a different numerical scheme
must be used to investigate the critical behavior of the self-
gravitating gauged Oð3Þ boson stars.
A different scenario arises while α < αcr, as demon-

strated in Fig. 3. Then the fundamental branch is dominated
by the electromagnetic interaction, the limit ω → 1 corre-
sponds to the finite nonzero values of both the ADM mass
M and the charge Q, the scalar field is not in the vacuum,
the electric potential remains finite, and the spacetime is not
flat. This pattern is qualitatively similar to that of the usual
gauged boson stars [46].

C. Axially symmetric solutions (n= 1)

Spinning axially symmetric (n ≥ 1) solitonic configura-
tions are constructed as parity-even solutions of the system
of equations (8), (10) with the stationary ansatz (13), (14),
and (15), and the boundary conditions (20), (21), (22), and
(23). We shall restrict our study to the case n ¼ 1,
corresponding solutions are qualitatively similar to those
of higher values of the azimuthal winding.
Apart from the sigma-model constraint, charged axially

symmetric gravitating solutions of the Oð3Þ model are akin
to the rotating Uð1Þ gauged boson stars [55]. In both cases
regular soliton solutions emerge similarly from the vacuum
at the maximal frequency ωmax ¼ 1. The scalar profile

FIG. 3. Spherically symmetric Uð1Þ gauged gravitatingOð3Þ solitons: The ADM mass (upper left plot) in units of 8π, the value of the
gauge potential A0 at the origin (upper right plot), the value of the scalar profile function f at the origin (bottom left plot), and the value
of the metric function gtt at the origin vs frequencyω (bottom right plot) are displayed for some set of values of the gravitational coupling
α and for the gauge coupling e ¼ 0.1.
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FIG. 4. Axially symmetricUð1Þ gauged gravitatingOð3Þ solitons: The ADMmass (left) vs frequency ω and the scalar profile function
f of illustrative solutions on the first branch at ω ¼ 0.85 (right) are plotted for some set of values of the gauge coupling e and for the
gravitational coupling α2 ¼ 1.

FIG. 5. Uð1Þ gauged gravitating Oð3Þ solitons: Electromagnetic field orientation of an illustrative axially symmetric (n ¼ 1) solution
on the first branch is displayed for gravitational coupling α2 ¼ 1, frequency ω ¼ 0.85, and gauge coupling e ¼ 0.2: the electric (upper
left) and magnetic (upper right) field fluxes in the x-y plane, and the electric (bottom left) and magnetic (bottom right) field fluxes in the
y-z plane.
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function f has a pronounced maximum on the symmetry
plane, as displayed in Fig. 4, right plot. The amplitude of
the field becomes larger as the gauge coupling becomes
stronger (with the other parameters fixed).
The dependency of these configurations on the angular

frequencyω is qualitatively similar to that just described for
the spherically symmetric solitons; the ADM mass of the
spinning n ¼ 1 solutions increases as the frequency
decreases below the threshold, it approaches its maximum
at some value of the frequency ω < 1, see Fig. 4 left plot.
The ADM mass and charge Q form a spiral, as ω is varied,
while the metric function f0 becomes exponentially small,
see Fig. 6, bottom plot. The maximum of the scalar function
f on the equatorial plane shows damped oscillations toward
a maximal value; the amplitude of the axially symmetric
field is always smaller than the corresponding value of the
fundamental spherically symmetric solutions, see Fig. 6,
upper right plot.
The total angular momentum of the axially symmetric

solutions of the Oð3Þ sigma model can be evaluated from
(17), as well as from the asymptotic decay of the metric

function W. Recall that the charge Q and the angular
momentum are related via (19).
Axially symmetric configurations posses both an electric

and magnetic field, which is generated by the Noether
current (4). The corresponding toroidal magnetic field
encircles the soliton, as seen in Fig. 5. The electric charge
of the configuration is vanishing at the center of the
spinning gauged n ¼ 1 soliton, the nodal structure of the
electric field resembles the field of a circular charged loop,
and the radius of the loop corresponds to the characteristic
size of the configuration; for a given value of the gauge
coupling, it increases on the first fundamental branch of
solutions until the maximal mass is attained, then the trend
inverts and the size of the soliton decreases until the
minimum ADM mass attained along the second branch.
The solutions then follows a spiraling/oscillating pattern,
with successive backbendings toward a limiting singular
solution at the center of the spiral, which, however,
possesses finite mass and charge. As before, the maximal
value of the scalar field is restricted by the sigma-model
constrain while it diverges for the usual boson stars.

FIG. 6. Different types of Uð1Þ gauged gravitating Oð3Þ solitons: The ADM mass (upper left), the maximal value of the scalar profile
function f (upper right), and the exponent of the metric function f0 (bottom plot) are plotted vs the frequency ω for two values of the
gauge coupling e ¼ 0.1 (solid line) and e ¼ 0.3 (dashed line) and for gravitational coupling α2 ¼ 1.

BOSON STARS IN THE Uð1Þ GAUGED (3þ 1)- … PHYS. REV. D 112, 025015 (2025)

025015-9



D. Parity-odd solutions (n= 1)

Byanalogywith axially symmetric boson stars and spinning
Q-balls in flat space [22,23,66,67], for each nonzero value of
the integer winding number n, there should be two types of

spinning solutions of the nonlinear Oð3Þ sigma-model pos-
sessing different parity, the parity-even and the parity-odd,
respectively. Similar to the solutions of other types, the parity-
odd configurations do not possess the flat space limit.

FIG. 7. Oð3Þ scalar field for n ¼ 1 negative parity solutions for the gauge coupling e ¼ 0.1 and gravitational coupling α2 ¼ 1 at
ω ¼ 0.86 on the first (left) and the fourth (right) branches versus the coordinates log r and θ.

FIG. 8. Uð1Þ gauged gravitating Oð3Þ solitons: Electromagnetic field orientation of an illustrative parity-odd (n ¼ 1) solution on the
first branch is displayed for gravitational coupling α2 ¼ 1, frequency ω ¼ 0.85, and gauge coupling e ¼ 0.2: the electric (upper left) and
magnetic (upper right) field fluxes in the x-y plane, and the electric (bottom left) and magnetic (bottom right) field fluxes in the y-z plane.
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For the parity-odd solutions the scalar Oð3Þ field
vanishes both on the z-axis and in the x-y plane; the
energy density distribution exhibits a double toruslike
structure, with two tori located symmetrically with respect
to the equatorial plane, as illustrated in Fig. 1.
The dependence of these solutions on the frequency ω is

qualitatively similar to that of the other spinning boson
stars, as seen in Fig. 6. As expected, for the same set of
values of the parameters of the model, the mass of the
parity-odd configurations is higher than the mass of
corresponding solutions of other types, see Fig. 6, upper
left plot. The minimal frequency ωmin of the parity-odd
configurations is higher than the analogous minimal
frequency of the fundamental spherically symmetric sol-
ution but smaller than the minimal frequency of the parity-
even n ¼ 1 axially symmetric configurations.
The mass of the parity-odd solution also exhibits a spiral

structure toward a limiting solution. The spatial distribution
of the Oð3Þ scalar field on the first branch exhibits two
local extrema at θ ¼ π=4; 3π=4, see Fig. 7, left plot. As
usual, the emergency of the frequency-mass spiral may be
related to damped oscillations in the force-balance between
the repulsive scalar interaction and the gravitational attrac-
tion in equilibrium. The electromagnetic interaction shifts

the balance. In the spiral the gravitational attraction
becomes stronger, and the characteristic size of the local-
ized configuration decreases. Interestingly, the shape of the
distribution of the scalar field changes along the third
branch of the spiral, it becomes more compact and a
quadruple toruslike structure arises on the fourth branch,
see Fig. 7. This observation suggests that multitorus
configurations may arise on subsequent branches of the
spiral.
The maximal value of the scalar amplitude always

remains smaller than for solutions of other types, approx-
imately half the respective maximal value of the funda-
mental spherically symmetric solution, see Fig. 6, upper
right plot. Again, increase of the gauge coupling is related
with a growing contribution of the electromagnetic forces;
the secondary branches become less extended.
The Uð1Þ gauged parity-odd solutions posses both

electric and magnetic fields, which is generated by the
Noether current (4). The configuration is encircled by a
double toroidal flux, as displayed in Fig. 8, right plots. The
corresponding electric field exhibits peculiar structure, see
Fig. 8, left plots. It can be interpreted as being generated by
two charged discs placed symmetrically with respect to the
equatorial plane.

FIG. 9. Uð1Þ gauged gravitating Oð3Þ dipole solitons: The ADM mass (upper left plot) in units of 8π, the separation zd between the
two components (upper right plot), the maximal value of the scalar component ϕ3 (bottom left plot), and the maximal value of the gauge
potential A0 (bottom right plot) vs frequency ω are displayed for several values of the gravitational coupling α for the gauge
coupling e ¼ 0.1.
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E. Dipole solutions (n= 0)

We now turn to the dipole solution, which represents two
nonspinning, Uð1Þ gauged Oð3Þ boson stars in equilibrium.
These configurations resemble the corresponding two-center
dipolar boson stars [38,40,57,68]; they exist due to the
balance between the gravitational attraction and the (short-
range) scalar mediated repulsion. Long-range electrostatic
interaction between the gauged Oð3Þ solitons shifts this
balance, and each component of the dipole possesses an
electric charge, as shown in Fig. 11. For a given value of the
gravitational coupling α an increase of the gauge coupling g
entails an increase of the electric charge and, subsequently, an
increase of the equilibriumdistance between the components.
The dipole solution can be considered as a limiting

nonrotating (n ¼ 0) parity odd configuration of self-
gravitating scalar field. Two components of the dipole
are individual electrically charged boson stars with a phase
difference of π [40,57]. Indeed, inversion of the sign of the
scalar field function under reflections θ → π − θ corre-
sponds to the shift of the phase ωt → ωt − π. Also, it was
pointed out that the character of the interaction between
Q-balls in Minkowski spacetime depends on their relative
phase; it is attractive is the Q-balls are in phase, and it is
repulsive if the Q-balls are in opposite phases [69].

The dipole Oð3Þ configuration always possess two
distinct components, located on the z-axis at3 z ¼ �zd,
see Fig. 10.
As seen in Fig. 6, left plot, the mass-frequency depend-

ence of the dipole Oð3Þ boson star looks qualitatively
similar to that found for solutions of other types. When the
electromagnetic interaction is weaker that the gravitational
force, a fundamental branch of charged Oð3Þ dipoles
emerges from the Newtonian limit, where both the mass
and the charge vanish, the scalar field approaches the
vacuum ϕ3 ¼ 1, and the separation parameter zd becomes
infinitely large, as demonstrated in Fig. 9. The gaugedOð3Þ
dipole shows a spiraling behavior with an infinite number
of branches toward a limiting configuration where the
component of the scalar field ϕ3 approaches 0.
This pattern changes as the electrostatic repulsion

becomes still stronger. The gauged Oð3Þ stars then show
different behavior; the fundamental branch does not

FIG. 10. Profiles on the symmetry axis of theOð3Þ scalar field function (left) and the metric function f0 (right) of an illustrative n ¼ 0
dipole solutions on the first branch (upper plots) and on the third branch (lower plots) at e ¼ 0.1 and e ¼ 0.3 for gravitational coupling
α2 ¼ 1 and ω ¼ 0.885. Here z ¼ r cos θ with θ ¼ π

4
.

3The separation zd is considered as the coordinate distance, the
corresponding proper distance L is defined as

L ¼ 2

Z
zd

0

dref1ðr;0Þ:
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possess the Newtonian limit at the maximal frequency, see
Fig. 9. Then, at the mass threshold, both the ADMmass and
the Noether charge of the configuration are finite, as well as
the separation between the components. The fundamental
branch is followed by a spiral.
For a given frequency ω and the gauge coupling e, the

mass of a dipole configuration is smaller than the mass of
two spherically symmetric gauged Oð3Þ boson stars with
the same frequency. This is consistent with interpretation of
the dipole as a bound state of two individual boson stars
with negative binding energy.
We shall emphasize the important difference between the

dipole of the boson stars in a theory of complex scalar field
coupled to Einstein gravity [38,40,57,68] and the corre-
sponding self-gravitating solutions of the Oð3Þ-nonlinear
sigma model. In the former case, the evolution along the
spiral is related with an unrestricted growth of the magni-
tude of the scalar field while each component of the dipole
becomes highly localized on the axis of symmetry. In
contrast, the magnitude of the scalar field of the Oð3Þ-
nonlinear sigma model cannot grow without limit, and the
spiral-like frequency dependence of the mass of the
solutions toward a limiting solution is related with appear-
ance of burls on the tail of the deformed configuration, see
Fig. 10. The coordinate distance dz between the two
separated components decreases and the position of two
individual components of the dipole, associated with the
two antisymmetric peaks, is clearly related to the minima of
the metric function f0. Unfortunately, the approach toward
the limiting solution is restricted by the numerical accuracy
of our scheme.

IV. CONCLUSIONS

In this paper we have discussed globally regular self-
gravitating Uð1Þ gauged solutions of the Oð3Þ nonlinear
sigma model with a symmetry breaking potential.
Configurations of four different types are considered,
(i) Fundamental spherically symmetric solutions,
(ii) Axially symmetric spinning solutions with nonzero
angular momentum, (iii) Parity-odd spinning solution
with an angular node on the symmetry plane, and (iv) a
gravitationally bound pair of solitons, the dipole. These
configurations represent a few simple examples from an
infinite tower of multipolar self-gravitating solutions of
the Oð3Þ nonlinear sigma-model; in particular, there are
radially excited solutions that we do not consider here.
All configurations are electrically charged with a long-
range Coulomb asymptotic of the electric field. The Uð1Þ
gauged spinning solutions are also endowed with toroidal
magnetic field with a magnetic dipole asymptotic of the
gauge potential. These solitonic configurations do not
have a regular flat spacetime limit, and certain modifi-
cation of the potential is necessary to support such
solutions [28,70].
Our results indicate a close resemblance with the

case of the multicomponent boson stars in the massive,
complex Klein-Gordon field theory. In both situations
regular self-gravitating solitonic solutions exist only in a
limited frequency range; the charge and mass of solutions
exhibit a spiral-like frequency dependence. In this context
it is plausible that all multipolar configurations of the
boson stars reported in [60] may also exist in the Oð3Þ
nonlinear sigma model minimally coupled to Einstein
gravity.
An essentially new feature of the Uð1Þ gauged gravi-

tating Oð3Þ solutions is that the electromagnetic interaction
may become stronger than gravitational attraction. Then the
solutions do not possess the Newtonian limit.
Another feature of the gauged Oð3Þ boson stars is that

the amplitude of the scalar field cannot increase without a
limit, and the spiraling pattern is related with deformation
of the tail of the configurations.
An interesting extension of this work would be to study

possible associated hairy black holes with an event horizon
at the center of the configurations. Presence of the
electromagnetic interaction allows one to circumvent the
no-hair theorem [71] and construct synchronized spheri-
cally symmetric Reissner–Nordström black holes with
charged Oð3Þ scalar hair by analogy with the solutions
of the Einstein-Maxwell-scalar theory [72–74]. Further, it
would be interesting to study Uð1Þ gauged dipole con-
figurations endowed with a black hole at the center.
Another interesting question, which we hope to be

addressing in the near future, is to investigate the morphol-
ogy of the ergoregions of rotating and electrically charged
configurations, which may lead to a super-radiant insta-
bility of boson stars [75,76].

FIG. 11. Electric field fluxes in the y-z plane of an illustrative
n ¼ 0 dipole solution on the first branch for the gauge coupling
e ¼ 0.2 and for gravitational coupling α2 ¼ 1 and ω ¼ 0.85.
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We note, finally, that all configurations reported in this
work are topologically trivial. However, theOð3Þ nonlinear
sigma-model in 3þ 1 dimensional asymptotically flat
space also may support topologically nontrivial Hopfion
solutions. An analogy with the Uð1Þ gauged self-gravitat-
ing Skyrmion [51,77,78] suggests that the Einstein-
Faddeev-Skyrme model may also support topologically
trivial localized field configurations, also known as pion
stars [48]. Investigation of such solutions is an intriguing
direction to explore.
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