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BLOW-UP PROBLEM FOR POROUS MEDIUM EQUATION
WITH ABSORPTION UNDER NONLINEAR NONLOCAL
BOUNDARY CONDITION

ALEXANDER GLADKOV

ABSTRACT. In this paper, we consider an initial boundary value problem
for the porous medium equation with absorption under a nonlinear nonlo-
cal boundary condition and a nonnegative initial datum. We prove the local
existence of solutions, establish a comparison principle, and demonstrate both
global existence and blow-up of solutions.

1. INTRODUCTION

We consider the initial boundary value problem for the nonlinear parabolic equa-
tion

ug = Aut —au”, x € Q, t >0, (1.1)
with a nonlinear nonlocal boundary condition
du(z,t) = / E(x,y, t)u' (y,t) dy, © € 9Q, t >0, (1.2)
on Q
and initial datum
u(z,0) = up(z), z € Q, (1.3)

where p > 1, and a, v, [ are positive numbers, Q is a bounded domain in RV for
N > 1 with smooth boundary 0f), n is the unit outward normal on 9f).

Throughout this paper we suppose that nonnegative functions k(x, y,t) and ug(x)
satisfy the following conditions

k(z,y,t) € LS. (0Q x Q x [0,00)), ugp(x) € L(R).

Various phenomena in the natural sciences and engineering lead to the nonclas-
sical mathematical models subject to nonlocal boundary conditions. For global ex-
istence and blow-up of solutions for parabolic equations and systems with nonlocal
boundary conditions we refer to [I] — [16] and the references therein. In particular,
the blow-up problem for parabolic equations with nonlocal boundary condition

u(et) = [ Koyt (1) dy, v € 09, £ 0
Q

was considered in [I7] — [24]. Initial boundary value problems for parabolic equa-~
tions with nonlocal boundary condition were addressed in many papers also
(see, for example, [25] — [30]). So, the problem (L.I)—-(1.3) with ¢ = 1 was studied
in [31,32]. Uniqueness and blow-up problems for the porous medium equation with
absorption and local nonlinear boundary condition were analyzed in [33].
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The aim of this paper is to investigate the global existence and blow-up of solu-
tions to 7.

This paper is organized as follows. In the next section we prove local existence of
solutions. A comparison principle is established in Section 3. We provide a general
analysis of the blow-up problem in the last two sections. The global existence of
solutions for any initial data is proved in Section 4. In Section 5 we present results
on finite time blow-up.

2. LOCAL EXISTENCE

In this section, we will prove the local existence of solutions to (1.1)—(1.3). We
begin with the definitions of a supersolution, a subsolution and a solution of (|1.1)—
(1.3). Let Qr =Q x (0,T), ST =90 x (0,T), T > 0.

Definition 2.1. We say that a nonnegative function u(z,t) € C([0,T]; L*(Q)) N
L>(Qr) is a supersolution of (1.1)—(1.3) in Q if

/Qu(z,t)go(x,t)dxZ/Quo(:v)go(:r,O)der/Ot /8Q @(I,T)/Qk(l‘,y,T)ul(y,T)ddesz

—|—/O /Q [w(z, ) pr(z,7) + u'(x, ) Ap(x, T) — au’p(z, 7)] dzdT (2.1)

for every t € (0,T] and every nonnegative function ¢(z,t) € C>1(Qr) N C10(Qr)
such that ¢;, Ap € L*(Qr) and W =0 for (z,t) € Sp. A nonnegative function

u(z,t) € C([0,T]; L*(2)) N L>=(Qr) is called a subsolution of (1.1)—(1.3) in Qr if it
satisfies (2.1]) in the reverse order. We say that u(x,t) is a solution of problem (1.1))—

(1.3) in Qr if u(x,t) is both a subsolution and a supersolution of (1.1)—(1.3)) in Q.

From [34, B5] we immediately infer the following lemma.

Lemma 2.2. There exists a sequence of positive functions uom (z) € L>=(2), m €
N, possessing the following properties:

Uo(m+1) () < Uom (2) and ugm () — uo(x) as m — oo almost everywhere (a.e.) in Q,

— < ugm(x) a.e. in Q.
m

For every m € N, there is a sequence of positive functions uom;(xz) € C(Q), j € N,
satisfying the conditions

Uo(m+1)5 (T) < Uom; (7) < Ugm(j41)(T) in Q,

uOmj(ﬂﬁ) — Uom () as j — oo a.e. in €,
m < Ugm;(x) in Q.

Theorem 2.3. Problem 7 has a solution in Qr for small values of T.
Proof. From Lemma [2.2]it is easy to deduce that

Uomj (z) < esssupugr(z), m,j € N.
Q
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We set upmo(x,t) = 0 and consider the following initial boundary value problem for
m,j €N

Lptmj = Umjt — Auﬁlj +auy,; —a/m¥ =0 for (z,t) € Qr,

Oumj(z,t)
815 6 _ fQ k(x,y,t)uin(j_l)(y,t)dy for(z,t) € St, (2.2)
Umj ($, 0) = Uomj (.’17) for z € Q.

It is well known that problem ([2.2)) has a classical solution.
Let us consider the following auxiliary function:

w(@,t) = [1 — a(u— )]~ 7 (),

where
0= |ACH|
C(z) € C*(Q), 1gf((x) > max{1,esssupugp1(z)}, a > sup T
Q Q
inf 2@ 5 max{1, 2071/ (=1} ess sup k(x,y,t) / ¢(y) dy.
Q On 00x0x[0,1/{2a(p—1)}] Q

It is easy to verify that u(z,t) = 1/m and w(x, t) are subsolution and supersolution
of (2.2) for j = 1 in Qr with T = 1/[2a(p — 1)], respectively. By a comparison
principle for (2.2]) we have

1
— < Ui (z,t) <w(ax,t) in Qr,m € N,
m

Then using the induction on 7 and a comparison principle for (2.2]), we deduce

1
o < Upj(z,t) <w(z,t) in Qp,j € N. (2.3)

Obviously,
U1 (2, ) > umo(x,t) in Qr for m € N.
Let us assume

U (T,1) > Upy(j—1)(2,t) in Qr for m € N and for some j € N. (2.4)

Using (2.2)), (2.4) and Lemma we obtain
Lt (j4+1)(2,t) = Lintm;(z,t) =0 in Qr,
8urn(j%—l) (‘T7 t) > aum] ({IJ7 t) o
on - on
Uom (j+1)(T) > Uom;(z) in Q.
Applying a comparison principle, we find that

11 ST,

U (1) (2, 1) > Uumj(x,t) in Qr for m,j € N.
We note that

a a .
Liptmi(x,t) =0, Lty (z,t) = Lm+1u(m+1)1($,t)*w+m <0 in Qr,
U, ,t t
U411 (T, 1) _ Ot (z,t) ~0 on Sr,

Bn an
Up(m41)1(2) < Uom1(z) in Q.
Then by a comparison principle we obtain

Um41)1 (2, 1) < Ui (z,t) in Qr for m € N.
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In a similar manner, using the induction on j and a comparison principle, we deduce
Um41)7 (T, 1) < umj(x,t) in Qr for m,j € N. (2.5)

Multiplying the first equation in (2.2) by ¢(z,t) from Definition and then
integrating over @, for ¢t € (0,T], we get

t
[umitepwtyde = [ [ [umsor + 00— auto+ 2] dedr
Q 0 JO m
t
+ / / @(xaT)/ k(xayvT)uin(j_l)(y,T)ddexdT
0 Joq Q

+ [ o (@)e(e,0) da.
Q
Since the sequence u,,;(x,t) is monotone in j and bounded, we can define
U (2, t) = Hm wp,j(z, t), (2.6)
j—o0

and it is easy to see that u,,(x,t) satisfies the following equation

t
/ U (z, t)p(x, t) de = / / [umgoT +ub Ap — aul, o + iy(p} dzdr
Q 0 Ja m

t
+ / / o(a,7) / ke, y, 7l (g, 7) dydS,dr
0 oN Q

+ /Qu()m(x)go(x,O) dx. (2.7)
Moreover, from , , we have
% < um(x,t) <w(z,t), umsr(z,t) < um(z,t) in Qr for m € N. (2.8)
Now we define
u(z,t) = n%gnoo U (2, 1) (2.9)

and prove that u(z,t) € C([0,T]; L*(£2)). To show this, we integrate the first equa-
tion in (2.2) over @, for ¢ € (0,7 to obtain

t
a 1%
/Qumj(x,t)dx = /O/Q{W—aumj} dxdr

t
+ // /k($7yaT)uin(jfl)(y77—)dydszd7—
0 JoJQ
+ /uOmj(x)dac. (2.10)
Q

Substracting from (2.10) the similar equality with m = k (k > m) and taking (2.5))
into account, we get

/Q g (2, £) — g (2, )] dar < aT|Q <n1 - ;) + /Q ltom; () — wop; (2)] dr

T
+ 09| esssup k(m,y,t)/ /[uin(j_l)(y,r)—uz(j_l)(y,T)} dydr, (2.11)
o0xNx[0,T] 0 Q
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where [0Q)| and || are the Lebesgue measures of 9Q in RV =1 and Q in RY, respec-

tively. Passing to the limit in (2.11)) as j — oo, by virtue of (2.3), (2.6) — (2.9) and

Lemma[2.2] we conclude

lim sup |t (z,t) — ug(2,t)||L1(q) = 0.

Thus, u,, is a Cauchy sequence in C([0,T]; L*()), and the limit function u is
continuous in L'(£2). Now passing to the limit in (2.7) as m — oo, we prove that

u(z,t) is a solution of (1.1))—(1.3) in Q. O
3. COMPARISON PRINCIPLE
In this section, a comparison principle for (1.1)—(1.3)) will be proved.

Theorem 3.1. Let w and u be a supersolution and a subsolution of problem 7
in Qr, respectively. Suppose that u(x,t) > 0 or w(z,t) > 0 a.e. in Qr if
I <1. Then u(x,t) > u(z,t) a.e. in Qr.

Proof. Suppose that I > 1. Let u,,(x,t) be defined in (2.6). Then it satisfies (2.8]).
To establish the theorem we will show that
u(e, 1) < ulz, t) < (e, 1) ae. in Qr, (3.1)

where u(x,t) was defined in (2.9). We will prove only the second inequality in (3.1)
since the proof of the first one is similar. Let ¢(z,t) € C*!(Qr) be a nonnegative
function such that

dp(x,1)

= t .
on 07 (LC, ) € ST
Then w(z,t) satisfies

Set w(x,t) = up(x,t) —ulx, t).
[weosana < [ e

- [,

- L

where

Uy =T U # u
U —z 0 Um )

am, =
,uuﬁfl, U = U, m
Note that by the hypotheses for k(x,y,t), um(z,t) and @(z,t), we have

1
O Sa(xvt) S M; % S U”rn(xyt) S M7
Tm < am(x,t) < M, vy <dpm(x,t) <M, 1y < bp(z,t) < My, a. e, in Qr,
and 0 < k(z,y,t) <M a. e. in 9Q x Qr, (3.3)

where M, r,,, M,, are some positive constants, with r,, and M,, potentially
depending on m. Let {am}, {bmi} be sequences of functions having the following

properties: ami € C®(Qr), bmi € C(Qr),

Amk — Qm as k — oo in L2(QT), bk — by, as k — oo in Ll(QT) (3.4)
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and
Tm < amk(xat) < M + 17 Tm < bmk(xvt) < Mm +1 in @ (35)
Now consider a backward problem given by

Or + ampAp —abppp =0 for z€Q, 0<7<H,
%:0 for €0, 0<7<t, (3.6)
o(z,t) = Y(x) for z € Q,
where ¢ (z) € C§°(Q2) and 0 < ¢(x) < 1. Denote the solution of (3.6) as @,k (z, 7).
By the standard theory for linear parabolic equations (see [30], for example), we

find that ¢, € C?1(Q,), 0 < @pmi(z,7) < 1 in Q. Substituting ¢ = P,k into
(3-2)), we infer

/ w(z, )(z )dg;</Qw(x,())+czx+%T\mﬂam]\ﬁ/O /Qw(y,T)MydT
//{ — Uk ) A@mk — a(bm — bk ) Pmk  w(z, 7) dzdr, (3.7)

where w; = max{w, 0}.
To estimate last integral on the right-hand side of (3.7]), we multiply the equation
in (3.6) by Ay, and integrate the result over Q) :

t t t
//amk(Acpmk)dedT = 7/ /cpkaAgamkdxdT+a/ /bmkcpmkAgomkd:ch
0 Ja
//|v¢ W2 dr+ L //—(pmkdxdr

Amk

+ 7/ /amk(AgomkaxdT. (3.8)
2Jo Ja

From (3.8) we conclude that

IN

t
//amk(AsomkfdxdTSCm (3.9)
0o JQ

where C, is some positive constant that may depend on m. Taking into ac-
count ([3.3) — (3.5)), (3.9) and Holder’s inequality, we obtain

’ /Ot /Q {(am — ami) Aomr — a(bm — bmk)©mk } w(x, T) dxdT‘

3 t 3
<M </ / ) w2 da:dT) </ / Ak (A@mi)? dach)
o Ja

t
+aM/ /|bmfbmk\dxd7%0 as k — oo.
o Ja

Now passing in (3.7) to the limit as k — oo, we infer

t
a 2
/Qw(:c,t)q/)(:c)dxgAw(w,0)+dx+WT\Q|+|aQ|M /0 /Qw(y,T)ery(c;T.lo)
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Since (3.10) holds for every v (x), we can choose a sequence {1, } converging in
LY(Q) to ¢(x) = 1 if w(x,t) > 0 and 1(z) = 0 otherwise. Hence, from (3.10)) we
get

t
/w(m,t)+dac§/w(m,0)+dx+iT|Q\+|6Q|M2/ /w(y,7)+dyd7.
Q Q mY 0 Jo

Applying Gronwall’s inequality and passing to the limit as m — oo, the conclusion
of the theorem follows for [ > 1. For the case [ < 1 we can consider w(z,t) =
w(z,t) —u(z,t) and prove the theorem in a similar way using the positiveness of a
subsolution or a supersolution. (I

Remark 3.2. It is not difficult to show that a classical subsoluiton and a classical
supersoluiton of (|1.1)—(1.3) are also a subsoluiton and a supersoluiton, respectively.

4. GLOBAL EXISTENCE

To formulate global existence result we need the following condition
||k’(l‘, Y, t)||L°°(8§Z><ﬁ><[O,oo)) = Koo < 00.
Theorem 4.1. Let at least one of the following conditions hold:
Ii4+p<2,
2)v>p+l-1,
3)l+pu>2 v=p+l-1, a/K is large enough.
Then every solution of 7 is global.
Proof. In order to prove global existence of solutions we construct a suitable explicit

supersolution of (1.1)—(1.3)) in Q7 for any positive T'. Suppose first that [ + p < 2.
Let

Kr = ||k(ffayat)||Loo(anﬁx[0,T])'
Now we construct a supersolution of ([1.1))—(1.3)) in Q7 as follows

(e, t) = {(1-1) [(e) + (at+/3)%”ﬁ, (4.1)

where positive constants «, 8 will be chosen later and () is some positive solution
of the following problem

Ap(z) =b, x € Q,
ov(z) bl (4.2)
{al’l = m, r € 00
with b > 0. Due to , (4.2) we have
pu—1
1— P
Lu = — AT + au” > o=l ﬂ“*l‘li(at tﬁ_)l -
2—-1l—p ut
— b — (1= )| VPt > 0 (4.3)
in Q7 for large values of o and 3, and
ou b9 =1
— =0 > k t t)d 4.4
= ™ > [ b7 w0 dy (1.4

on St for large values of b and . Finally,

u(x,0) > ug(r) a.e. in Q (4.5)
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for B large enough. By virtue of (4.3)-(4.5) and Theorem every solution of
(1.1)—(1.3) exists globally.

For [ + p = 2 it is easy to check that

(e, t) = {(1 - 1) [(2) + Bexp (at)]} 77, (4.6)

is a supersolution of (1.1)—(L.3) in Q1 for large values of o and p.
Suppose now that v > p+1—1 and [ < 1. Then the function in (4.6) with « =0

is a supersolution of f in Q7 for § large enough.

Let v > u+1—1and ! > 1. To construct a supersolution we use the change of
variables in a neighborhood of 92 as in [37]. Let T € 9 and 7i(T) be the inner unit
normal to 92 at the point Z. Since Jf2 is smooth it is well known that there exists
0 > 0 such that the mapping v : 9Q2x[0, §] — R" given by ¢(T, s) = T+sn(x) defines
new coordinates (Z, s) in a neighborhood of 92 in Q. A straightforward computation
shows that, in these coordinates, A applied to a function g(Z,s) = g(s), which is
independent of the variable T, evaluated at a point (T, s) is given by

2 n—1 (7
Ag(T, s) = %(z, s) — ; %gi(x, s), (4.7)

where H;(Z) for j = 1,...,n — 1, denote the principal curvatures of 02 at Z. For
0 < s <6 and small § we have

d HJ‘ T _
; = sf(fj)(x) =c (48)

Let p> 0, 0 < e <w < min(dp,1), max{u/l,2u/(v—p)} < B8, 8<2u/(l—1)
forl > 1,0 <y < B/2, A" > esssupg ug(x). For points in Qs+ = 0 x [0, §] x [0, T
with coordinates (Z, s,t) define

+ 2

a(z,t) = (T, 5),t) = <[(ps o) —w )T+ A) " (4.9)

where s = max(s,0). For points in Q7 \ Qs we set u(z,t) = A. We will prove
that @(z, t) is the supersolution of (1.1)—(L.3) in Q. It is not difficult to check that

aai,: < pfmin ([D(S)ferl [(ps+e)™7 — wﬂ]? (ps + 8)—(6+1)) (410)
‘a;:: < p*B(B + 1) min ([D(s)]z“”w*” [(ps +¢)~7 — w—v}%  (ps + 5)—(5+2)) ,
(4.11)

where . o

(ps+e) 7 —w '
Then D’(s) > 0 and for any € > 0
1<D(s)<1+% 0<s<5, (4.12)

where 5 = ([£/(1 +2)]"Yw —¢)/p, ¢ < [E/(1 + &) w. By (4.7)-(4.12) we can
choose € small enough so that in Qs 1

v

2(y+1) B+2

Lu>a ([(ps +e)7 7 — w7”]§ + A) " P’BB+1)[D(s)] 7 [(ps+e) " — w*“’];




BLOW-UP PROBLEM FOR POROUS MEDIUM EQUATION 9

1 B+1

o+ £xl
B D [(ps +2) T 20
Let s € [8,]. From (4.7)—(4.11)) we have

B+2 +1

|AT| < p2B(B + 1)w™ (B2 (1“) 4 pw— (D) (Hs) :
€ 3

and Lu > 0 for A large enough. Obviously, in Qr \ Qs.7

LT =aA¥ > 0.
Now we prove the following inequality
o
671:(57 Oa t) Z /Q KTﬂl (ja S, t) dya (.’E, t) S ST (413)

To estimate the integral I on the right hand side of (4.13) we use the change of
variables in a neighborhood of 92 as above. Let

J= sup/ |J (7, s)| dy,
0<s<6 JoQ

where J(7, s) is Jacobian of the change of variables. Then we have

BL
I <0Ky / (o5 +€) — w3 dy + 6K AR
Q

_ pw=9)/p " l
§0KTJ/ [(ps+¢e)™7 —w 7] ds+ 0K Av|Q
0
PO K J S(Bon) (2 L
<———— |e"\» —w \n + 0K Aw|Q|,
p(Bl = p) { } rAzI
where § = max(2//#~1 1). On the other hand, since
1—p
gu _ ou,_ _ pB =1 = - ﬁ% - - g B
61/(:10,0715)— 68($,0,t)— L e w7 e w7+ A ,

holds if € is small enough. Finally,

uo(x) <u(z,0) a.e. in Q.
Hence, by Theorem we obtain

u(z,t) <u(x,t) ae. in Qp.

Suppose now that [+ > 2, v=p+1—1 and [ < 1. Then the function in (4.6]
with a = 0 is a supersolution of f in Qr for suitable choices of b and 3 if
a/ Koo > pl09).

Forl=1and v =p+1—1=p it is not difficult to check that

u(z,t) = [¢(x) + B,

is a supersolution of (1.1)—(1.3) in Q7 for a/K. > 1|02 under suitable choices of
b and B.

For I > 1 and v = p+1—1 we can show in the same way as above that u in (4.9))

with 8 = 2u/(l — 1) is a supersolution of (1.1)—(1.3) in @7 under suitable choices
of p, € and A if

Ou(2u +1—1)J
a _ fppt+i-1)

K I+1
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5. BLOW-UP IN FINITE TIME

To formulate finite time blow-up result we suppose that for some 7 > 0

essinf  k(x,y,t) = ko > 0. (5.1)
o0 xNx[0,7]
Theorem 5.1. Let hold, I + > 2 and eitherv < p+l—-1orv=p+1l-1
and a/ko be small enough. Then there exist solutions of 7 with finite time
blow-up.

Proof. To prove the theorem we construct a suitable subsolution of f with
finite time blow-up and use a comparison argument. Suppose first that [ < 1 and
v < u+1—1. Then there exists v > 0 such that vy < [, v < p+~v—1 and v+ p > 2.
We set )

u(z,t) = {(1 =)+ (T—t)"* + A} 77, (5.2)
where A >0, T € (0,7], a > (1 —7)/(y+p—2) and ¢(z) was defined in ([£.2). It
is easy to check that

atl atl—~

Lu<a(l—v) "« u « —pu' ' 4au’ <0 in Qr (5.3)
for large values of A. For x € 92 and ¢ € (0,T) we have

du(z,t)  bQ !
= — t) <k t)d 4
S = a0 < ko [ wlonn)dy (54)
for large enough A since v < I. By (5.1) — (5.4)) and Theorem we conclude that
any solution u(x,t) of 1) blows up in finite time if
uo(x) > u(z,0) a.e. in Q. (5.5)

Ifl <1and v =p+1—1 then similarly we show that » in (5.2) with v =11is a
subsolution of (1.1)—(1.3) in Qy, o € (0,T) for a/ky < 0| provided (5.5) holds

and A, b are appropriately chosen.
For!=1and v =p+1—1= p we introduce

u(z,t) = B(T — )= exply(a), (5.6)
where B> 1, o> 1/(p— 1), t(x) satisfies (4.2]). Then
Lu < a(T —t) 'u—bpu" +au” <0 in Qr (5.7)
for b > a/p and large values of B. For x € 99 and t € (0,T) we obtain
ou(z,t) b
S = (et < ko [ un)dy (53)

if
b < g U g xplv ()l dy
€2 supyq explv(z)]

Thus, by , , — and Theorem we conclude that for a/ky <
1|09 under suitable choices of ¢(z), b, B any solution u(z,t) of (1.I)~(L.3) blows
up in finite time if holds.

Let I > 1, v < p+1—1 and u(z, t) be defined in (2.9). It is not difficult to check
that the function

w, (1) = (AT —2(1 — V)at]l/(l_y) for 0 <v <1,
v Aexp (—2at) for v=1

(5.9)
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is a subsolution of in @, for 7 < 1/(2a) and large values of m if
up(xz) > A > 1.
Additionally, the function
wy(t) = 2(v — Da(t + to)]fﬁ, to >0, for v>1
is a subsolution of in Q, for m large enough if
uo(z) > [2(v — )aty] " 77.
Applying a comparison principle to , we have

wy(t) < Umj(z,t) in Qr, j €N (5.10)
for large values of m. Then from (2.6)), (2.9), (5.10) we obtain
wy(t) <wu(x,t) in Q. (5.11)

Now we use the change of variables in a neighborhood of 99 as in Theorem
Set Q, = {(T,s) : T € 90,0 < s <~}
Let us consider the following initial boundary value problem:

vy = Avt — av” for x € 2y, 0 <t <o,

8“(,(;”1”“) = fﬂw k(z,y,t)v'(y,t) dy for x €09, 0<t<ty, (5.12)
v(x,t) = u(z,t) for z € 002, \ 092, 0 <t < to,

v(z,0) = up(z) for x € Q,,

where vy and tg < 7 will be chosen later. We can define the notions of a supersolution
and a subsolution of in a manner similar to that in Definition
We define
(s, t) =C(to+s—1t)77, (5.13)
where C' >0, 0 >2/(I—1) forv < pand 2/(I-1) <o <2/(v—p) for v > p.
We will show that £(s,t) is a subsolution of in Q(v,to) under suitable
choices of tg and . Using , , , we find

—& + AEF —al” > (tg+s—1)" M2 {au(au +1)C* — a(tg + ) DFC

— oue(ty +7)C* — afto + )7 HIF20Y } >0
(5.14)

in Q(v,to) if we take v and to small enough. Next, we check the inequality on the
boundary 9 x (0,ty). Let

J = f J(y,s)|dy
L=t | @)y
In view of ((5.13)) we have
N
%(O,t) - k:o/ (s, t)dy < oC(tg — )71 — kolCl/ (to+s—1)"'ds
31/ Q, 0
to — t)—al-i—l t ol—1
< o1 1 (fo _(_to <
_O’C(to t) kolC ol —1 1 to T ~ ~ 0

(5.15)
for z € 092, 0 < t < tg and small enough tq. Let
ug(z) =77 (5.16)
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and
Cy 7 <[A""-2(1- V)ato]l/(liy) for 0<v <1, (5.17)
Cy™7 < Aexp(—2aty) for v =1, (5.18)
Cy= 7 < [4(v — 1)ato]_ﬁ for v > 1. (5.19)
Using (b.11)), (5.16) — (5.19)), we obtain
&(s,t) <u(zx,t) for x€Q,,t=0 and z € 00, \ 0, 0 <t <ty. (5.20)

From (5.14), (5.15), (5.20) we conclude that £(s,t) is a subsolution of (5.12)) in

Q(7v,to). It is easy to check that wu(z,t) is a supersolution of (5.12) in Q(~,to).
Arguing as in Theorem we prove u(xz,t) > £(s,t) in Q(v,to). Thus, u(z,?)
blows up in finite time since £(0,t) — oo as t — to.

In the case I > 1 and v = p + 1 — 1 we can similarly show that u in with
o =2/(l—1) is a subsolution of (L.I)~(L.3) in Q(~,tr) under suitable choices of ¢,
v, C and ug(x) if

a _p2ut+l-1)J
ko [+1
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