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Abstract: Fe3O4/H2O nanofluid attracts many researchers’ attention due to its considerable
potential for practical applications. This work is focused on the study of heat transfer
efficiency in Fe3O4/H2O nanofluids with nanoparticles (NPs) of mean diameter dNPs in the
nanosized range (13–50 nm) at volume fractions up to 2%. The Rayleigh–Bénard problem of
free convection between plane-parallel plates corresponding to Rayleigh numbers 103–107

is numerically solved. It was shown that the addition of up to 2% of NPs with a diameter
of 13 nm can increase the Prandtl number by up to 60% compared to pure water. A map of
flow regimes is constructed, indicating the emerging convective patterns. It is demonstrated
that as the volume fraction of NPs increases, the Prandtl number grows and the transition to
more chaotic patterns with Rayleigh number slows down. It is observed that at a Rayleigh
number of 104, the heat flux through the nanofluid layer decreases by up to 25% relative to
pure water. Conversely, at Ra ≈ 105, the heat flux through the nanofluid layer increases by
up to 18% when using a 2% volume fraction of 13 nm diameter NPs.

Keywords: natural convection; nanofluid; magnetite NPs; finite element method; convective
patterns

1. Introduction
In recent years, nanofluids with magnetic NPs have attracted significant scientific

interest due to their unique magnetic and thermophysical properties [1–3]. These properties
allow precise control of system dynamics, which is essential for applications like targeted
drug delivery and theranostics [3,4]. Nanofluids—suspensions containing NPs—often
exhibit enhanced thermophysical properties compared to their base solvents. Natural
convection plays a significant role in heat and mass transfer in the energy industry, micro-
electronics, and medical applications [5–9]. For example, nanomedicine exploits convective
mass transfer for the localized delivery of anticancer agents [7]. The efficiency of convective
heat transfer depends on the fluid’s properties, such as density, heat capacity, and thermal
conductivity. According to experimental research, these properties can be improved by
adding NPs [8]. There are several possible mechanisms responsible for the improvement
of the thermophysical properties of a solution when NPs are added. Among them are
Brownian motion, particle shape and surface charge, and thermal resistance of the phase
interface. Although nanofluids have been synthesized for nearly 30 years (Choi [10] was
the first to coin the term in 1995), a theoretical approach that predicts the effective proper-
ties of nanofluids taking into account the aforementioned factors has not been developed
yet. Several theoretical approaches describing the rheological and thermal properties of

Energies 2025, 18, 2767 https://doi.org/10.3390/en18112767

https://doi.org/10.3390/en18112767
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/energies
https://www.mdpi.com
https://orcid.org/0009-0001-0373-5665
https://orcid.org/0000-0002-3718-3184
https://orcid.org/0000-0003-3108-4991
https://orcid.org/0000-0002-4471-0552
https://doi.org/10.3390/en18112767
https://www.mdpi.com/article/10.3390/en18112767?type=check_update&version=1


Energies 2025, 18, 2767 2 of 19

nanofluids, including the most commonly used Maxwell and Einstein models, have been
reviewed by Kalsi et al. [11].

Commonly, NPs are synthesized from metals and semiconductors (e.g., Cu [12], Fe [13],
Al [14], Si [15]), their oxides (CuO [16], SiO2 [16], Fe2O3 [17], Fe3O4 [18], Al2O3 [19]) or
carbonaceous materials (carbon nanotubes [16,20], graphene [21,22]), and are suspended in
a base fluid such as water [20], oil [22], ethylene glycol (EG) [17], kerosene [23] or another.
Metal oxide NPs are of exceptional interest because they are non-toxic, widely available
and show favorable physical and chemical properties such as high chemical stability and
sufficiently high saturation magnetization to be applied as a theranostic platform [24].

One of the challenges in the synthesis of nanofluids is the aggregation of particles due
to their surface charge, which causes sedimentation instability that is normally neutralized
by Brownian motion. Aggregation leads to an increase in the viscosity of the suspension [25],
which is undesirable for thermophysical applications since it suppresses convection. In this
paper, pure water is considered as the base medium, and Fe3O4 (magnetite) is considered
as a dispersed phase. The aggregation of suspended Fe3O4 NPs can be moderately reduced
by applying additional polymer coatings. Such nanosized crystallites are in demand in
recent investigations because of their superparamagnetic and biocompatible properties [26],
colloidal stability, and controlled size [27]. Magnetite NPs within 10–100 nm coated with
surfactants easily penetrate the biological media [27]. In biomedical applications, they
have been used to induce heating for hyperthermia treatments and the remote control of
convection-enhanced targeted drug delivery [4,28]. Thus, Fe3O4 stands out as a promising
material due to its high magnetic and distinctive behavior in aqueous solutions.

While the properties of buoyancy-driven convection in bare fluids are well-studied,
free convection in nanofluids receives attention as well. Works on the topic of free convec-
tion and heat transfer in water-based nanofluids describe the results for a wide spectrum
of NPs (diamond [29], Cu [29], CuO [30], Al2O3 [30,31], etc.), as well as for magnetite
ones in the presence of an external magnetic field and within cavities with complex ge-
ometry [32,33]. Besides traditional mesh-based techniques, significant progress has been
achieved by using less traditional approaches. For example, Feng and Wang [34] inves-
tigated Fe3O4/H2O nanofluid–porous media with a nonorthogonal Lattice Boltzmann
method (LBM) and found the possibility of controlling Nusselt (Nu) and Sherwood (Sh)
numbers by 50–200% by varying the buoyancy ratio from −1.3 to 1.3, Lewis number from 1
to 5 and porosity from 0.2 to 0.8. Weng et al. [35] found that an EG/iron nanofluid increase
in Rayleigh number from 103 to 105 leads to a Nu increase of 44%, while an increase from
105 to 106 leads to a Nu increase of 118%. L. Li et al. [36,37] implemented coupled Lattice
Boltzmann-Large Eddy Simulation-Discrete element method and revealed the possibility
of ultrasound exploitation for the local suppression of NP agglomeration in critical flow re-
gions, and proved it experimentally [38,39]. Chen et al. [40] in an extensive review showed
that molecular dynamics provide insights into microscopic interactions between NPs and
base fluids, deepening the understanding of heat properties and aggregation parameters,
though accurate determination of force potentials remains challenging. Still, as Alsabery
et al. [41] remarked, 81% of modern studies rely on single-phase models with effective
properties, providing new results. In work by Khanafer et al. [42], it was shown that sus-
pended Cu NPs intensify heat transfer, resulting in an increase of the Nusselt number by up
to 25% compared to pure water. In theoretical work [43], natural convection of nanofluids
in different enclosures was extensively studied for Rayleigh numbers (Ra) smaller than
2 × 104, and an increase of Nu was found for all types of NPs under consideration (Ag,
Cu, CuO, Al2O3, and TiO2). In the experimental study [44], no changes in effective heat
transfer performance were observed for Al2O3/H2O and Cu/(CH2OH)2 nanofluids. The
increase of about 35% in Nu was reported for MWCNT/water nanofluid [45].
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Still, in theoretical work [46], Fe3O4/H2O nanofluid showed enhancement of less
than 1% in the Nusselt number with a volume fraction of NPs in the range of Rayleigh
numbers 104–106. In a recent experimental study of Fe3O4/H2O nanofluid by Kamran and
Qayoum [47], it was shown that the Nusselt number grows with volume fraction up to 2%
in comparison to a base fluid for Ra > 2 × 107. Kamran and Qayoum [47] examined a cubic
experimental cell where finite size and boundary effects significantly affect the dynamics of
heat transfer. In fact, the shape or aspect ratio of the heat exchanger can noticeably influence
the convective performance [48]. Pazarlioglu and Tekir [46] investigated a simplified
two-dimensional model that includes a single convection roll within a periodic domain.
Two-dimensional models cannot resolve self-organized convective texture patterns, a
crucial aspect of high-intensity convection [49,50]. Therefore, a study that considers a
three-dimensional problem with minimized influence of boundaries may provide useful
insight into a convection phenomenon for Fe3O4/H2O nanofluid.

It seems that additional studies are required, as the systematic data for Fe3O4/H2O
remain sparse. Published studies focus on (i) small Rayleigh numbers (Ra < 2 × 104) [42] or
(ii) cubic cavities with pronounced wall effects [47]. Thus, the range of Ra ≈ 103–107, which
is particularly interesting from a physical perspective due to the emergence of convective
textures and the large aspect ratio of the domain that minimizes boundary effects, is
neglected. No three-dimensional simulation has been carried out yet to investigate the full
convective pattern sequence linked to heat-flux changes in Fe3O4/H2O nanofluids.

The present work therefore fills two gaps: (i) it provides the 3D, large-aspect-ratio
Rayleigh–Bénard analysis of Fe3O4/H2O across 103 ≤ Ra ≤ 107, and (ii) it establishes how
nanoparticle diameter (13 nm vs. 30–50 nm) and volume fraction (φ ≤ 2%) jointly control
convective textures and global heat transfer efficiency. These insights supply design rules
for magnetite-based coolant layers in electronics and biomedical devices.

Thus, the aim of this paper is to study convection dynamics in Fe3O4/H2O nanofluid.
We perform numerical simulations of the three-dimensional Rayleigh–Bénard problem in
Fe3O4/H2O nanofluid using a fundamental heat exchanger geometry—a parallelepiped
with a height significantly less than its length and width to reduce finite-size boundary
effects. By means of a developed finite element model of 3D Rayleigh–Bénard problem, we
are able to compute the temperature and velocity distributions in the domain, as well as
to estimate the effect of Fe3O4 NPs volume fraction φ in the range of 0–2% on the Prandtl
number (Pr) and driving temperature gradient in the range of Rayleigh numbers ranging
between 103–107.

2. Materials and Methods
The convective movement of an incompressible flow is described by a system of

hydrodynamic equations under the Boussinesq approximation. This system includes the
Navier–Stokes equations, the heat transfer equation and the continuity equation. The
density is assumed to be a linear function of temperature and independent of pressure
due to the incompressibility of the flow. Since we consider volume fractions φ less than
2%, the influence of NPs is accounted for through the effective properties of the nanofluid:
viscosity, thermal conductivity, density and heat capacity. With regard to the relevant
physical quantities, we can write the system in a dimensionless form. A particular feature
of convective problems is the absence of a characteristic velocity scale, as the flow is driven
solely by the applied temperature gradient. Therefore, a characteristic length L is typically
chosen as the unit of distance, and the characteristic temperature difference ∆T serves as
the unit of temperature. In this context, the velocity scale is introduced as χ

L , the time scale
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as L2

ν and the pressure scale as ρ0ν2

L2 , where χ is the thermal diffusivity, ν is the kinematic
viscosity coefficient and ρ0 is fluid density at the reference temperature T0. Hence,

∂
→
υ

∂t + (
→
υ · ∇)

→
υ = −∇P +∇2→υ + Ra(φ)T

→
e z,

Pr(φ) ∂T
∂t + (

→
υ · ∇)T = ∇2T,

div
→
υ = 0,

ρ = ρ0(φ)(1 − β(T − T0)),

(1)

Ra =
gβ∆Th3

v(φ)χ(φ)
, (2)

Pr =
v(φ)

χ(φ)
. (3)

where
→
υ is the velocity, P is the pressure, ρ is the fluid density, g = 9.8067 m/s2 is the gravity

constant, β is the coefficient of thermal expansion, T is the local temperature,
→
e z is the unit

vector aligned with the direction of gravity, ∆T = Tbottom − Ttop is the difference between
the lower and upper boundaries’ temperatures.

Although COMSOL Multiphysics 6.2 operates as a dimensioned code [51], we present
the Navier–Stokes and energy equations in non-dimensional form (1), where the Rayleigh
and Prandtl numbers emerge naturally as the only free parameters. The Rayleigh number
in (2) represents the ratio of buoyancy forces to viscous forces. The Prandtl number in (3)
characterizes the similarity between the velocity and temperature fields. In other words, it
compares the thicknesses of the thermal and velocity boundary layers [52] and controls
the relative rates of heat and momentum transport. For Pr < 1, thermal diffusion prevails
over momentum diffusion, yielding broader thermal boundary layers and smoother tem-
perature fields, whereas for Pr > 1, the thinner thermal layers and stronger momentum
diffusion promote sharper, finer convective structures. Furthermore, the Prandtl number is
independent of the geometry of the computational domain and is determined solely by the
physical properties of the fluid.

The free convection problem was solved numerically in COMSOL Multiphysics using
the finite element method. The computational domain was a parallelepiped with a height
of h = 0.1 m and length and width L = 3 m each, resulting in an aspect ratio h

L = 0.03. Such
geometry, combined with periodic boundary conditions, limits the influence of side walls
on flow dynamics.

A non-uniform mesh was generated, including near-wall regions with layers of rectan-
gular elements that stretch as the layer approaches a solid boundary (Figure 1). The domain
was divided into 1.8 × 105 elements, including 1.3 × 104 elements for boundary layers.

The mesh resolution must be chosen so that the smallest length scales of the flow
are resolved [53]. Accordingly, the ratio of maximum mesh element width ∆max to the
Kolmogorov length scale η

η =
h · Pr1/2

(Ra · (Nu − 1))1/4 (4)

and the Batchelor length scale ηB

ηB = η · Pr−1/2 (5)

should not exceed unity for an adequate numerical solution [54]:

∆max

η
< 1,

∆max

ηB
< 1. (6)
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Figure 1. Mesh of the computational domain.

In this simulation, the maximum mesh element width was approximately ∆max ≈ 0.005 m,
so condition (6) was satisfied with at least 90% of the energy in the Kolmogorov spectrum
for solutions with Ra up to 107.

To solve the incompressible Navier–Stokes equations, COMSOL Multiphysics applies
an incremental pressure-correction scheme [55], where the pressure field is iteratively up-
dated to enforce the divergence-free condition for velocity. Firstly, the velocity components
→
υ

n+1
are predicted from the discretized Navier–Stokes equation, with the time derivatives

approximated by the second-order backward differentiation formula (BDF2):

3
→
υ

n+1
− 4

→
υ

n
c +

→
υ

n−1
c

2τ
+

→
υ

n
c · ∇

→
υ

n+1
= −1

ρ
∇pn

c +∇
(

ν

(
∇→

υ
n+1

+

(
∇→

υ
n+1
)T
))

+
→
g . (7)

Here, τ is the timestep, the subscript ‘n’ refers to the timestep index and the subscript
‘c’ denotes the corrected variable value. Subsequently, Poisson’s equation is solved to adjust
the pressure:

τ ∆
(

pn+1
c − pn

c

)
= −∇ · ρ

→
υ

n+1
. (8)

Finally, the velocity field is corrected based on the updated pressure distribution:

→
υ

n+1
c =

→
υ

n+1
− τ

ρ
∇
(

pn+1
c − pn

c

)
. (9)

Velocity, pressure and temperature are discretized in space by linear elements
“P1 + P1”, which gives an error no worse than O(h) and guarantees the absence of so-
lution oscillations inside elements.
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To prevent any external influence and focus on internal instability, the fluid was
initially at rest. For the acceleration of the convergence, the lower half of the domain was
pre-heated to T0 + ∆T. The initial conditions were set as follows:

→
υ
∣∣∣t=0 = 0, (x, y, z) ∈ D,

p|t=0 = ρgz, (x, y, z) ∈ D,

T
∣∣∣t=0,z≥ h

2
= Ttop = T0, (x, y, z) ∈ D,

T
∣∣∣t=0,z< h

2
= Tbottom = T0 + ∆T, (x, y, z) ∈ D

(10)

where D is the computational domain volume, h is the height of the domain, Ttop and
Tbottom are the temperatures of the upper and lower boundaries, respectively (T0 = 293.15 K,
Tbottom > Ttop). The initial pressure gradient caused by hydrostatics ensures mechanical
equilibrium without generating the flow.

The boundary conditions were the following:

→
υ

∣∣∣∣z=0, z=h =
→
0 , (x, y) ∈,

→
υ ·→n

∣∣∣x=0, x=L = 0, (y, z) ∈,
→
υ ·→n

∣∣∣y=0, y=L = 0, (x, z) ∈,(
−pI + ν

(
∇ ·→υ +

(
∇ ·→υ

)T
))

·→n
∣∣∣∣x=0, x=L = 0, (y, z) ∈,(

−pI + ν

(
∇ ·→υ +

(
∇ ·→υ

)T
))

·→n
∣∣∣∣y=0, y=L = 0, (x, z) ∈,

T
∣∣z=0 = Ttop, (x, y) ∈,

T|z=h = Tbottom, (x, y) ∈,
→
q ·→n

∣∣∣x=0, x=L = 0, (y, z) ∈,
→
q ·→n

∣∣∣y=0, y=L = 0, (x, z) ∈

(11)

where Г is the boundary of the domain, L is the side length of the upper and lower plates,
→
n is the local normal unit vector to the side boundary, I is the identity matrix, and

→
q is the

heat flux (Figure 2).
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Thence, the upper and lower boundaries were considered as solid walls keeping a
constant temperature difference ∆T. The heat flux conditions on the side boundaries of the
domain were set adiabatic and symmetrical. By imposing such conditions on the sidewalls,
we eliminate the influence of finite physical boundaries on the pattern [56]. Compared
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to periodic conditions, this approach prevents pattern drifting through the boundaries,
making the pattern easier to track.

To account for the influence of NPs on the pure water, we evaluated effective thermo-
physical properties of nanofluids such as thermal conductivity κ and dynamic viscosity µ

from [47,57]. Sundar et al. [57] provide data for nanofluid containing NPs with dNPs = 13 nm
and Pr ∈ (5.4; 9.0) over the volume fraction range φ = 0–2%. The authors synthesized mag-
netite NPs and estimated their average core diameter using the Scherrer equation applied
to the XRD data [57]. Kamran et al. [47] provide data for nanofluid containing NPs with
dNPs = 30–50 nm and Pr ∈ (6.9; 7.6) over the volume fraction range φ = 0–0.6%. We consid-
ered both cases separately in this study.

Density and specific heat capacity for each dataset were evaluated using empirical
relations proposed by Pak and Cho [58], with respect to pure water parameters reported in
the works above:

ρn f = φρnp + (1 − φ)ρb f , (12)

Cp,n f = φCp,np + (1 − φ)Cp,b f , (13)

where the subscripts ‘nf ’, ‘np’ and ‘bf ’ denote nanofluid, NP and base fluid, respectively.
The obtained data are presented in Tables 1 and 2.

Table 1. Thermophysical properties of Fe3O4/H2O nanofluid containing NPs with dNPs = 13 nm at
T0 = 293.15 K according to Sundar et al. [57].

Volume Fraction
φ, %

Density
ρ, kg/m3

Thermal Conductivity
κ, W/m·K

Dynamic Viscosity
µ, mPa·s

Kinematic Viscosity
ν × 10−6, m2/s

Specific Heat Capacity
Cp, J/kg·K

Thermal Diffusivity
χ × 10−7, m2/s

0 999 0.602 0.79 0.79 4182 1.44
0.2 1008 0.652 0.84 0.83 4174 1.55
0.6 1027 0.690 1.01 0.98 4160 1.61
1 1046 0.730 1.44 1.38 4146 1.68
2 1095 0.753 1.65 1.51 4111 1.67

Table 2. Thermophysical properties of Fe3O4/H2O nanofluid containing NPs with dNPs = 30–50 nm
at T0 = 293.15 K according to Kamran et al. [47].

Volume Fraction
φ, %

Density
ρ, kg/m3

Thermal Conductivity
κ, W/m·K

Dynamic Viscosity
µ, mPa·s

Kinematic Viscosity
ν × 10−6, m2/s

Specific Heat Capacity
Cp, J/kg·K

Thermal Diffusivity
χ × 10−7, m2/s

0 999 0.607 1.00 1.00 4182 1.45
0.2 1008 0.643 1.16 1.15 4174 1.53
0.6 1027 0.662 1.21 1.18 4160 1.55

To obtain solutions in the range of Ra ∈ (103; 107), the corresponding modeling temper-
ature range was determined: T ∈ (293.15; 294.15) K and ∆T ∈ (0.0005; 1.0000) K. Although
∆T of up to 1 K may appear small in typical industrial or biomedical applications, it may
be used in certain microfluidic devices or temperature-sensitive diagnostics in biomedical
research, where even minor fluctuations can affect fluid flow or biological activity.

The usual approach to evaluating heat transfer efficiency in a fluid-filled region is to
estimate the integral Nusselt number, which indicates how many times the heat flux is
enhanced by convection compared to pure diffusion alone [59]. However, in our study, the
thermal conductivity of nanofluids varies with φ (see Tables 1 and 2), causing the diffusion
contribution to grow slightly faster than the convective contribution. This may give a
misleading impression of heat transfer suppression due to a decrease in Nu, whereas in
reality, the total heat transfer rate benefits from both convection and diffusion. Therefore,
instead of analyzing Nu directly, we focus on the absolute heat flux and its changes.

Before undertaking the actual numerical calculation, it is mandatory to provide a grid
independence study to ensure that the computed quantities are not corrupted by the mesh
resolution. Mesh refinement reduces discretization errors and enhances the accuracy of
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the solution. However, rounding errors also increase as the number of discrete points in-
creases [37]. Figure 3 depicts the variation of the Nusselt number for the selected nanofluid
as a function of the number of mesh elements. The chosen case of about 1.8 × 105 elements
represents a good compromise between solution quality and computational cost: with
further refinement, the model yields a stable prediction of the Nusselt number.
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for a nanofluid with dNPs = 30–50 nm and φ = 0.6%.

3. Results and Discussion
3.1. Prandtl Number

The Prandtl number of nanofluids and pure water at φ = 0%, evaluated based on data
from Tables 1 and 2, is shown in Figure 4. The dependence of Pr on φ for dNPs = 13 nm
particles can be divided into two sections, before and after a step at φ ≈ 1%. The Prandtl
number increases from approximately 5.4 at φ = 0–0.2% to 8.2 at φ = 1%. After φ = 1%, the
thermal diffusivity becomes less susceptible to further increases in volume fraction of NPs
(see Table 1), leading to a weaker Pr(φ) dependence. For nanofluids containing NPs with
dNPs = 30–50 nm, we observe a similar trend: as the volume fraction increases from 0 to
0.6%, the rate of change in the Pr declines.
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Overall, as can be seen from Figure 4, Pr increases with NPs volume fraction φ,
indicating a growing role of viscous damping over heat diffusion [60].

3.2. Convection Dynamics Analysis

We computed the spatial distributions of temperature and velocity for a tempera-
ture difference between the hot and the cold boundary ∆T up to 1 K, corresponding to
Ra ∈ (103; 107). Computations were performed for Fe3O4 volume fractions φ up to 2%
using density, thermal conductivity and viscosity from Sundar et al. [57] (for NPs with
dNPs = 13 nm), and for φ up to 0.6% using similar data from Kamran et al. [47] (for NPs
with dNPs = 30–50 nm). In order to analyze the resulting convective pattern, distributions of
physical quantities were plotted on a slice at half the height of the computational domain
(see Figure 5).
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Figures 6 and 7 show the normalized distributions of temperature and velocity magni-
tude for various temperature differences ∆T and NPs volume fractions φ. There are five
different types of convective patterns observed. While Figure 6 provides information on
temperature, we recommend referring to Figure 7, as the velocity magnitude highlights the
boundaries of the convective cells more clearly.

At φ = 1% and 2% with ∆T = 5 × 10−4 K, Ra is very close to the critical value, leading
to a uniform pattern with no distinct structures. In pure water at ∆T = 5 × 10−4 K, and
in all nanofluids at ∆T = 1 × 10−3 K, we observe a pattern with numerous centers over-
laid by a labyrinth pattern, classified according to [61]. As ∆T increases from 5 × 10−3 K
to 1 × 10−2 K, the labyrinth pattern shows an increasing number of so-called ‘spiral de-
fects’ [50,62]. At ∆T = 0.05 K, and ∆T = 0.1 K for φ = 1% and 2%, bigger convective cells are
formed, with a different (super)-scale [49,63]. For even larger ∆T, up to a maximum of 1 K,
we observe a transition to a fully turbulent regime.

Figure 8 presents spatial distributions of temperature and velocity magnitude for
nanofluids containing NPs with dNPs = 30–50 nm. In general, we observe the same evolution
of patterns with ∆T as seen for the case of dNPs = 13 nm particles: a uniform pattern at lower
Ra, then a labyrinth-like wavy pattern, followed by a spiral defect pattern, the formation of
supercells, and finally, a transition to turbulent chaos at higher ∆T.

Generally, both types of nanofluids containing NPs with dNPs = 13 nm and dNPs = 30–50 nm
show a similar trend: the increase of φ suppresses the convection mechanism, making the
pattern less chaotic.

Using the data presented in Figures 6–8, we constructed flow regime maps shown in
Figure 9. The points represent the computed data, while the surrounding regions are the
corresponding Voronoi polygons. It can be seen that at Ra ≈ 3 × 103, the pattern becomes
uniform for φ ≥ 0.2% for nanofluid with dNPs = 30–50 nm, whereas for dNPs = 13 nm, the
uniform pattern appears at φ ≥ 1%.
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Figure 8. Spatial distributions of (a) normalized temperature and (b) normalized velocity magnitude
in the xy-cut plane at a height h/2 for nanofluid containing NPs with dNPs = 30–50 nm for different
NPs volume fractions φ and temperature differences ∆T.

For φ up to 0.6%, the transition from a labyrinth pattern to a spiral defect one occurs at
Ra ≈ 5·104 in the nanofluid with dNPs = 30–50 nm. For the case of dNPs = 13 nm at the same
fractions, the transition occurs at Ra ≥ 1·105. This behavior is more akin to the nanofluid
with dNPs = 13 nm at φ ≥ 1%. Such a difference in pattern dynamics is consistent with
the Prandtl number trends in Figure 4: Pr for nanofluids with dNPs = 30–50 nm at volume
fractions up to 0.6% is close to nanofluids with dNPs = 13 nm at volume fractions of 1−2%.
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The transition to turbulent convection at Ra ≥ 1·106 is manifested in the enlargement
of the roll pattern and distortion of rolls’ outlines by velocity pulsations. In such a case,
one speaks of highly diffusive temperature fields that are in conjunction with an inertia-
dominated fluid turbulence [49].

The influence of the Prandtl number on flow organization can, in this context, be
interpreted through the lens of volume fraction effects, since, as illustrated in Figure 4, an
increase in NP volume fraction is accompanied by a rise in Prandtl number. A parallel argu-
ment applies to viscosity, given its direct proportionality to Pr in Equation (3). Accordingly,
in more viscous media, under fixed ∆T, the flow exhibits reduced dynamism, while the
pattern assumes a finer and more distinct structure. Notably, the evolution of convective
patterns in the studied nanofluids unfolds via different scenarios. In the nanofluid with
dNPs = 13 nm, at lower fractions φ = 0–0.6%, the onset of a new pattern regime occurs at
lower thresholds as the Rayleigh number increases compared to higher fractions φ = 1–2%.
This correlates with the sharp increase in the Prandtl number at φ ≳ 1%. In contrast, for
nanofluids containing NPs of dNPs = 30–50 nm, the transition emerges nearly synchronously
across all examined volume fractions as Ra increases.

Figure 10 illustrates the evolving flow structures in the normalized temperature field,
marked from (a) to (f) in the order of their emergence with Ra. Since the heat exchanger
geometry represents a thin layer, a scaling along the z-axis is applied to all 3D distributions
to enhance the visualization. As the bottom plate heats up, multiple structures elongate
vertically, forming column-like plumes (appearing as labyrinths in the cut-plane view), and
then gradually merge into a roll pattern.

3.3. Heat Transfer Efficiency

Figure 11a shows the dependence of the mean heat flux through the boundary <qb>
on Ra. For Ra ≥ 105, nanofluids with the highest NPs volume fractions exhibit an increased
heat flux in comparison to pure water. Figure 11b shows that the difference in heat flux
between a nanofluid containing NPs with dNPs = 30–50 nm and pure water is less than that
of a nanofluid containing NPs with dNPs = 13 nm.
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In Figure 11b, the relative change in heat flux <qb> compared to pure water <q0%> is
given. At ∆T = 0.001 K, there is a minimum in the relative heat flux for nanofluids with
higher Prandtl numbers: namely, for nanofluids with dNPs = 13 nm at φ ≥ 1% and for all
nanofluids with dNPs = 30–50 nm. As shown in Figure 11b, about 18% of the heat transfer
efficiency may be lost at the corresponding Ra ≈ 104 compared to pure water. Subsequently,
at ∆T = 0.05 K (Ra ≈ 105), heat transfer in nanofluid becomes more efficient than water
for all nanofluids, with the strongest gain appearing for dNPs = 13 nm at φ = 1% and 2%.
However, with a further increase in ∆T towards 1 K, the gain declines again.
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Figure 11. (a) Mean boundary heat flux <qb> dependence on Ra and (b) relative change in boundary
heat flux compared to pure water <qb − q0%>/<q0%> dependence on ∆T.

The following factor may be responsible for the observed decrease in the relative heat
flux in nanofluids at ∆T of 0.001 K. As shown in Figure 4, there is a two-fold increase in Pr
for nanofluids with dNPs = 13 nm at φ = 2%. At a constant ∆T, an increase in Pr enhances
the influence of viscosity relative to heat diffusivity, resulting in the increased dissipation
of ascending plumes. This dissipation may explain the decrease in convective heat transfer
due to viscosity growth. This is also consistent with the slower alteration of convective
patterns with ∆T for higher Pr and φ, as shown in Figure 9.

As ∆T increases to 0.05 K, it seems that the higher viscosity of nanofluids does not
play as significant a role as it does at ∆T = 0.001 K, which is consistent with the fact that at
∆T = 0.05 K, nanofluids and the base fluid show the same patterns (Figure 9). Therefore,
the increase in relative heat flux can be attributed to the increased thermal conductivity
with higher φ.

There is no experimental data available that exactly matches the studied range of Ra,
the composition of the nanofluid, and the geometry of the fluid domain. However, the
closest benchmark is a cubic cell (Ra ≈ 2 × 107) with φ = up to 2%, reporting Nu ≈ 20 [47],
whereas our model gives Nu ≈ 10 at 1 × 107 (extrapolating to ≲17 at 2 × 107). This modest
gap likely reflects geometric and experimental differences, although these differences
are small.

4. Conclusions
This work presents a three-dimensional finite element study of Rayleigh–Bénard

convection in Fe3O4/H2O nanofluids containing NPs with two different diameters
(dNPs = 13 nm and dNPs = 30–50 nm) at volume fractions up to 2% and within a Rayleigh
number range between 103 to 107. The study reveals the influence of NPs volume fraction
and particle size on both the flow patterns and heat transfer efficiency.

We constructed flow regime maps that show delayed transitions to more chaotic,
higher-intensity convective patterns with an increase in Ra at higher NP volume fractions
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φ. For dNPs = 13 nm, in particular, increasing the volume fraction from 0 to 2% elevates
the Prandtl number twice, which indicates the growing role of viscous effects. As a result,
the appearance of intricate flow structures (as spiral defect patterns) is shifted to higher
Rayleigh numbers compared to pure water. In contrast, larger NPs (dNPs = 30–50 nm)
show a milder impact on the base fluid’s properties, leading to smaller changes in both the
Prandtl number and the convection pattern transitions.

At moderate Rayleigh numbers (Ra ≈ 104), nanofluids with dNPs = 13 nm at φ = 2% ex-
hibit up to a 25% reduction in heat flux relative to pure water. This effect may be attributed
to the viscosity increase with φ, which weakens convective motions by dissipating ascend-
ing buoyant plumes. This is consistent with the slower transition to the labyrinth pattern
with Ra for higher φ volume fractions. Conversely, at higher Rayleigh numbers Ra ≳ 105,
it is seen that the augmented thermal conductivity begins to play a more dominant role,
enabling a net heat flux enhancement of up to 18% compared to pure water at φ = 2%.

For larger NPs of dNPs = 30–50 nm, there is a smoother and less pronounced trend in
the dependence of the relative heat flux on the Rayleigh number. At Ra ≈ 104, the loss of
heat transfer efficiency may amount to around 4% at φ = 0.2–0.6%.

From an engineering perspective, this non-monotonic behavior suggests that designers
can exploit the tradeoff between viscosity and thermal conductivity to tailor nanofluid
applications for specific temperature ranges. These findings can be applied to the devel-
opment of advanced thermal management systems in electronics and biosciences, where
controlled convective heat transfer is essential.

The main limitation of the present work is the use of a single-phase continuum model
to describe nanofluid flow. While this approach is widely used [41] and justified at the low
particle volume fractions (φ ≤ 2%), it cannot capture discrete particle–fluid interactions
that may become significant for higher φ.

In order to provide experimental validation of the proposed modelling results, we will
construct a convection cell equipped with a particle image velocimetry system for particle
tracking and a magnetic lensing system for precise control of magnetic flow. Experimental
investigations will be focused on thermogravitational convection in nanofluids containing
RexFe3-xO4 and TM(Re)ZnO nanoparticles doped with rare-earth elements (Re = Gd, Eu,
Dy, Tb, Au, Ag) and transition metals (TM = Mn, Fe, Co, Cu), covering volume fractions
φ = 0–2% and Ra from 103 up to and beyond 107.
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