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Uniform rational approximation
of the odd and even Cauchy transforms

T. S. Mardvilko

Abstract. Best uniform rational approximations of the odd and even
Cauchy transforms are considered. The results obtained form a basis for
finding the weak asymptotics of best uniform rational approximations of
the odd extension of the function xα, x ∈ [0, 1], to [−1, 1] for all α ∈
(0, +∞) \ (2N− 1), which complements some results due to Vyacheslavov.
The strong asymptotics of the best rational approximations of this function
on [0, 1] and its even extension to [−1, 1] were found by Stahl. It follows
from these results that for α ∈ (0, +∞)\N the best rational approximations
of the even and odd extensions of the above function show the same weak
asymptotic behaviour.

Bibliography: 29 titles.

Keywords: best rational approximations, power function, Cauchy trans-
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§ 1. Introduction

1.1. We use the following notation: Pn is the set of real algebraic polynomials of
degree at most n, n ∈ N0 = N ∪ {0}, and

Rn,m =
{
p

q
: p ∈ Pn, q ∈ Pm, q ̸≡ 0

}
is the set of real rational functions whose numerator and denominator have degree
at most n and m, respectively.

Let C[a, b] denote the space of continuous real-valued functions on the closed
interval [a, b]. For f ∈ C[a, b] set

∥f∥[a,b] = max{|f(x)| : x ∈ [a, b]}.

We define the best rational approximation of f ∈ C[a, b] by the set Rn,m:

En,m(f ; [a, b]) = inf
{
∥f − r∥[a,b] : r ∈ Rn,m

}
. (1.1)
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In particular, Rn(f ; [a, b]) = En,n(f ; [a, b]) is the best approximation of f on [a, b]
by rational functions of degree at most n, and En(f ; [a, b]) = En,0(f ; [a, b]) is the
best polynomial approximation of f on [a, b].

The best rational approximations of the functions xα, x ∈ [0, 1], and |x|α,
x ∈ [−1, 1], were the subject of papers by Newman [1], Gonchar [2], Bulanov [3],
Tzimbarilio [4], Vyacheslavov [5]–[7], Stahl [8], [9] and other authors. In the recent
paper [10] Rovba and Potseiko used the classical method of interpolation at the
zeros of Chebyshev–Markov rational functions to investigate the rate of conver-
gence of the best rational approximation of |x|α, α ∈ (0,+∞) \ 2N, on [−1, 1].
The sharpest results are due to Stahl (see [8] and [9], Ch. 8, § 5), namely, he found
the strong asymptotics for α ∈ (0,+∞) \ N:

Rn

(
xα; [0, 1]

)
∼ 22α+2|sinπα| exp(−2π

√
αn), n→∞.

Stahl also showed that for α ∈ (0,+∞) \ 2N the following strong asymptotic
formula holds for the function |x|α, x ∈ [−1, 1], the even extension of xα, x ∈ [0, 1]:

Rn

(
|x|α; [−1, 1]

)
∼ 2α+2

∣∣∣∣sin πα2
∣∣∣∣ exp(−π

√
αn), n→∞. (1.2)

Bernstein (see [11]) paid much attention to the analogous problem in the case of
polynomial approximations. In particular, he showed that if α > 0 and α/2 /∈ N,
then

En

(
|x|α; [−1, 1]

)
∼ µ(α)

nα
, n→∞,

where µ(α) > 0 is a quantity depending on α. He also showed that µ(α) is equal
to the best real approximation of |x|α on R by entire functions of exponential type
at most one.

For best polynomial approximations of the function |x|α signx, x ∈ [−1, 1], the
odd extension of xα, x ∈ [0, 1], it follows from results due to Bernstein [11] and
Ibragimov [12] that if α > 0 and (α+ 1)/2 /∈ N, then

En

(
|x|α signx; [−1, 1]

)
∼ λ(α)

nα
, n→∞,

where λ(α) > 0 is equal to the best approximation of |x|α signx on R by entire
functions of exponential type at most one. Further results in this direction can be
found in [13] and [14].

1.2. Our main result here is Theorem 1, where we describe the weak asymptotic
behaviour of the best uniform approximations of the function |x|α signx, x ∈ [−1, 1].
We say there that two infinitesimal sequences {an}∞n=1 and {bn}∞n=1 are weakly
equivalent (written an ≍ bn, n ∈ N) if there exist positive constants c1 ⩾ c2 such
that c1 ⩾ an/bn ⩾ c2 for all n ∈ N.

Theorem 1. Let α ∈ (0,+∞) be distinct from an odd integer. Then the following
weak asymptotics hold:

Rn

(
|x|α signx; [−1, 1]

)
≍ exp(−π

√
αn), n ∈ N,

where the positive quantities implicit in the symbol ≍ only depend on α.
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The lower bound in Theorem 1 is due to Vyacheslavov [7]. He also obtained
the upper bound in Theorem 1 for α ∈ Q (see [5] and [7]). For arbitrary α > 0,
(α + 1)/2 /∈ N, the reader can find weaker estimates for uniform rational approxi-
mations of the function |x|α signx for x ∈ [−1, 1] in [2] and [15].

It follows from Theorem 1 and Stahl’s result in (1.2) that the best rational
approximations of the even and odd extensions of the power function xα, x ∈ [0, 1],
show the same weak asymptotic behaviour for α ∈ (0,+∞) \ N.

1.3. Note that for arbitrary functions f ∈ C[0, 1], f(0) = 0, their even and odd
extensions to [−1, 1] can have distinct orders of best uniform rational approxima-
tions, which can, but need not coincide with Rn(f ; [0, 1]). For example, if

f(x) =
(

log
a

x

)−β

, 0 < x ⩽ 1; f(0) = 0,

where β > 0, a > 1, then the following order estimates hold:

Rn(f ; [0, 1]) ≍ Rn(f(|x|); [−1, 1]) ≍ 1
n1+β

, n ⩾ 1,

and
Rn(f(|x|) signx; [−1, 1]) ≍ 1

nβ
, n ⩾ 1.

For details, see [16].
However, as shown in [16], the best uniform rational approximation of the even

extension of a function to [−1, 1] can be estimated in terms of its best uniform
rational approximations on [0, 1]. In particular, the following equivalence holds
for n ∈ N:

Rn(f(|x|); [−1, 1]) = O(n−α) ⇐⇒ Rn(f ; [0, 1]) = O(n−α).

On the other hand best uniform rational approximations of the odd extension
of a function to [−1, 1] cannot in general be estimated from above by the best
uniform rational approximations of f on [0, 1]. As shown in [15], an arbitrarily
rapid decrease of the best uniform rational approximations of f on [0, 1] can come
alongside an arbitrarily slow decrease of the best uniform rational approximations
of the odd extension of f to [−1, 1].

In [17] we considered the best uniform polynomial approximations of the even
and odd extensions of a function to [−1, 1].

§ 2. Rational approximations of the even and odd Cauchy transforms

2.1. Let µ be a positive Borel measure with compact support suppµ ⊂ R. Then
the Cauchy transform of µ, that is, the function

µ̂(z) =
∫
dµ(t)
t− z

, z ∈ C \ suppµ,

is called a Markov function. The best rational approximations of Markov functions
were considered by Gonchar [18], Ganelius [19], Andersson [20], Stahl and Totic [21],
Pekarskii [22] and other authors.
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Let µ be an absolutely continuous increasing function on [0, 1], µ(0) = 0, and let

0 <
∫ 1

0

dµ(t)
t

<∞. (2.1)

Consider the odd and even extensions of µ to [−1, 1],

µ−(t) = µ(|t|) sign t and µ+(t) = µ(|t|),

respectively.
For x ∈ [−1, 1] consider the odd function

f−(x) =
1
2

∫ 1

−1

dµ−(t)
x− it

= x

∫ 1

0

dµ(t)
t2 + x2

(2.2)

and the even function

g+(x) =
1
2i

∫ 1

−1

dµ+(t)
x− it

=
∫ 1

0

t dµ(t)
t2 + x2

. (2.3)

If (2.1) holds, then the functions in (2.2) and (2.3) are nontrivial and continuous
on [−1, 1].

If r∗ ∈ Rn,m delivers the infimum in (1.1), then r∗ is called the best rational
approximation from Rn,m. It is known (see [9], Ch. 7, § 2) that such an approxi-
mation r∗ exists and is uniquely defined.

It follows from the Chebyshev criterion of best rational approximations that
if g(x) ∈ C[0, 1] and r∗n,m(x) ∈ Rnm is its best rational approximation, then
r∗n,m(x2)∈R2n,2m is the best rational approximation to g(x2)∈C[−1, 1]. Therefore,

E2n,2m

(
g(x2); [−1, 1]

)
= En,m

(
g(x); [0, 1]

)
. (2.4)

For an even function h ∈ C[−1, 1] the best rational approximation is also even
(see [9], Ch. 7, § 2), so in examining the best rational approximations of h we can
limit ourselves to E2n,2m(h; [−1, 1]). In a similar way, for odd h ∈ C[−1, 1] we limit
ourselves to E2n+1,2m(h; [−1, 1]).

We let c, c1, c2, . . . denote positive quantities. We indicate the parameters on
which they depend in parentheses where necessary.

2.2. Approximations of the function f−. To find E2n+1,2m(f−; [−1, 1])
we use the method in [22] based on the use of multipoint Padé approximations,
as proposed by Gonchar in [18].

For n,m ∈ N0 let Ωn+m+1 = {x1, x2, . . . , xn+m+1} denote a set of pairwise
distinct points xk ∈ (0, 1], and let

ωn+m+1(x) =
n+m+1∏

k=1

(x− x2
k).

Lemma 1. Let f−(x) be a function of the form (2.2). Then the system of functions

x2m−2f−(x), x2m−4f−(x), . . . , x2f−(x), f−(x), x, x3, . . . , x2n+1 (2.5)

is Chebyshev on Ωn+m+1 , where n,m ∈ N0 and n ⩾ m − 1. Here for m = 0
system (2.5) is meant to consist of x, x3, . . . , x2n+1 .
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Proof. For m = 0 the required result holds because a nontrivial polynomial p ∈ Pn

can have at most n zeros on (0, 1]. Therefore, xp(x2) can also have at most n zeros
on (0, 1]. Hence x, x3, . . . , x2n+1 is a Chebyshev system on Ωn+1. Let m ⩾ 1. Sup-
pose the system is not Chebyshev. In this case there exist polynomials q ∈ Pm−1,
m ∈ N, and p ∈ Pn, n ∈ N0, at least one of which is distinct from identical zero,
such that

2q(x2
k)f−(xk) + xkp(x2

k) = 0, xk ∈ Ωn+m+1. (2.6)

Note that q ̸≡ 0, because otherwise it would follow from (2.6) that p ≡ 0.
Consider the polynomials

Q(x) = q2(x2) and P (x) = xp(x2)q(x2)

and the function
φ(z) = (2Qf− + P )(z).

Note that, as the Markov function f−(x) is odd, it follows from (2.6) that

φ(z) = 0 for z = ±xk and xk ∈ Ωn+m+1. (2.7)

We represent φ(z) in the form

φ(z) =
∫ 1

−1

Q(it)
z − it

dµ−(t) +
∫ 1

−1

Q(z)−Q(it)
z − it

dµ−(t) + P (z). (2.8)

Let f be an analytic function in a neighbourhood of the setG = G∪∂G, where ∂G
is the closed rectifiable contour bounding the domain G, and {±xk} ⊂ G. Let Λ(f)
denote the divided difference of f on the points ±xk, xk ∈ Ωn+m+1. This divided
difference can be represented in the form (see [23], Ch. 1, § 4)

Λ(f) =
1

2πi

∫
∂G

f(z) dz
ωn+m+1(z2)

, (2.9)

where the integral is taken in the positive direction relative to G.
In what follows we assume that [−i, i] ∩G = ∅ and set

F (z) =
1

(z − it)ωn+m+1(z2)
.

Applying the residue theorem to C \G, from (2.9) we obtain

Λ
(

1
z − it

)
= −

(
Res
∞

F (z) + Res
it
F (z)

)
=

(−1)n+m∏n+m+1
k=1 (t2 + x2

k)
. (2.10)

If m = 1, then the second term in (2.8) vanishes and the third is a polynomial of
degree at most 2n+1. On the other hand, if m ⩾ 2, then the second term in (2.8) is
a polynomial of degree at most 4m−5 ⩽ 2n+2m−1 and the third is a polynomial
of degree at most 2n + 2m − 1. Hence (see [24], Ch. 3, § 4) for m ⩾ 1 the divided
differences of these terms vanish.
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Thus, from (2.7), (2.8) and (2.10) we obtain

0 = Λ(φ) = (−1)n+m

∫ 1

−1

Q(it) dµ−(t)∏n+m+1
k=1 (t2 + x2

k)

= (−1)n+m

∫ 1

−1

q2(−t2) dµ−(t)∏n+m+1
k=1 (t2 + x2

k)
̸= 0.

This contradiction shows that (2.5) is a Chebyshev system on Ωn+m+1.
Lemma 1 is proved.

Theorem 2. Let n,m ∈ N0 , and let n⩾m − 1. If Rn+m,2m = Pn+m/Q2m , where
Pn+m ∈ Pn+m , Q2m ∈ P2m , and if xRn+m,2m(x2) interpolates f−(x) at the points
xk ∈ Ωn+m+1 , then the following equality holds:

f−(x)− xRn+m,2m(x2) = xr(x2)
∫ 1

0

dµ(t)
r(−t2)(t2 + x2)

, x ∈ [0, 1],

where r(·) = ωn+m+1(·)/Q2m(·) ∈ Rn+m+1,2m .

Proof. For each polynomial Q4m ̸≡ 0, by Hermite’s interpolation formula (see [25],
Ch. 9, § 11) there exists a unique polynomial P2n+2m+1 ∈ P2n+2m+1 such that

f−(z)Q4m(z)− P2n+2m+1(z) = 0, z = ±xk, xk ∈ Ωn+m+1. (2.11)

In addition, the following equality holds for z ∈ C \ [−i, i]:

f−(z)Q4m(z)− P2n+2m+1(z) =
ωn+m+1(z2)

2πi

∫
∂G

f−(ξ)Q4m(ξ) dξ
ωn+m+1(ξ2)(ξ − z)

,

where G is a bounded domain such that {z,±x1,±x2, . . . ,±xn+m+1} ⊂ G, [−i, i]∩
G = ∅ and its boundary ∂G is rectifiable.

Using Fubini’s formula we obtain

f−(z)Q4m(z)− P2n+2m+1(z)

=
ωn+m+1(z2)

4πi

∫ 1

−1

∫
∂G

Q4m(ξ) dξ
ωn+m+1(ξ2)(ξ − z)(ξ − it)

dµ−(t).

Let I denote the inner integral in this formula and F denote the integrand.
We calculate I using residues:

I = −2πi
(
Res
∞

F (ξ) + Res
it
F (ξ)

)
=

2πiQ4m(it)
ωn+m+1(−t2)(z − it)

.

Here we take into account that the residue at infinity is zero because F has a zero
of order at least two at infinity.

Thus,

f−(z)Q4m(z)− P2n+2m+1(z) =
ωn+m+1(z2)

2

∫ 1

−1

Q4m(it) dµ−(t)
ωn+m+1(−t2)(z − it)

. (2.12)
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Now set Q4m(z) = Q2m(z2). Since the Markov function f− and the Cauchy-type
integral are odd, it follows from (2.12) that P2n+2m+1(z) = zPn+m(z2). Then (2.12)
assumes the form

f−(z)− zPn+m(z2)
Q2m(z2)

=
zωn+m+1(z2)
Q2m(z2)

∫ 1

0

Q2m(−t2) dµ(t)
ωn+m+1(−t2)(z2 + t2)

.

Theorem 2 is proved.

Theorem 3. Let n,m ∈ N0, n ⩾ m − 1. Then there exists a unique rational
function

Rn,m ∈ Rn,m, Rn,m =
Pn

Qm
, Qm(z) = zm + am−1z

m−1 + · · ·+ a0,

such that
(a) for all xk ∈ Ωn+m+1

f−(xk)− xkRn,m(x2
k) = 0;

(b) Qm is the mth orthogonal polynomial on [−1, 0] with respect to the measure

dν =
dµ(

√
−ξ)

ωn+m+1(ξ)
;

(c) all the zeros of Qm are simple and lie in (−1, 0) (the case m ⩾ 1);
(d) the equality

f−(x)− xRn,m(x2) =
xωn+m+1(x2)
Q2

m(x2)

∫ 1

0

Q2
m(−t2) dµ(t)

ωn+m+1(−t2)(t2 + x2)
, x ∈ [−1, 1],

holds.

Proof. (a) First considerm⩾1. By Lemma 1 system (2.5) is Chebyshev on Ωn+m+1.
By the interpolation theorem for Chebyshev systems (see [25], Ch. 1, § 2) there exist
unique polynomials qm−1 ∈ Pm−1 and p2n+1(x) = xPn(x2) such that

qm−1(x2
k)f−(xk)− xkPn(x2

k) = −x2m
k f−(xk), xk ∈ Ωn+m+1.

It remains to set Qm(z) = zm + qm−1(z). For m = 0 the argument is similar,
provided that we set q−1(x) ≡ 0.

(b) For an arbitrary polynomial q ∈ Pm−1 consider the function

ψ(x) = q(x2)
(
Qm(x2)f−(x)− xPn(x2)

)
.

From (a), as f− is odd, we obtain

ψ(x) = 0 for x = ±xk, xk ∈ Ωn+m+1. (2.13)

We represent ψ in the form

ψ(x) =
1
2

∫ 1

−1

Qm(−t2)q(−t2)
x− it

dµ−(t)

+
1
2

∫ 1

−1

Qm(x2)q(x2)−Qm(−t2)q(−t2)
x− it

dµ−(t)− xq(x2)Pn(x2). (2.14)
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Let ψk, k = 1, 2, 3, denote the corresponding terms on the right-hand side
of (2.14).

It follows from (2.9) that

Λ
(

1
x+ it

)
= Λ

(
1

x− it

)
= − 1

ωn+m+1(−t2)
.

Hence for ψ1 we obtain

Λ(ψ1) =
1
2

∫ 1

0

Qm(−t2)q(−t2)
(

Λ
(

1
x− it

)
+ Λ

(
1

x+ it

))
dµ(t)

= −
∫ 1

0

Qm(−t2)q(−t2) dµ(t)
ωn+m+1(−t2)

=
∫ 0

−1

Qm(ξ)q(ξ)
ωn+m+1(ξ)

dµ(
√
−ξ). (2.15)

Here we take the principal value of the square root.
Noticing that ψ2 ∈ P4m−3, n ⩾ m− 1, and ψ3 ∈ P2n+2m−1, by the properties of

divided differences (see [24], Ch. 3, § 4) we have

Λ(ψ2) = Λ(ψ3) = 0. (2.16)

From (2.13)–(2.16) we obtain

0 = Λ(ψ) =
∫ 0

−1

Qm(ξ)q(ξ)
ωn+m+1(ξ)

dµ(
√
−ξ).

Since q is an arbitrary polynomial of degree at most m − 1, Qm is the mth
orthogonal polynomial on [−1, 0] with respect to the measure

dν =
dµ(

√
−ξ)

ωn+m+1(ξ)
.

(c) This follows from the properties of orthogonal polynomials.
(d) In the integral representation from Theorem 2 set Q2m = Q2

m and
Pn+m = PnQm.

Theorem 3 is proved.

Lemma 2. For m ∈ N0 let Q be the mth orthogonal polynomial on [−1, 0] with
respect to a positive measure dν . Then the following inequality holds for each non-
trivial polynomial q ∈ P2m such that q(x) ⩾ 0 for x ∈ [−1, 0) and q(x) > 0
for x ∈ [0, 1]:∣∣∣∣ 1

Q2(x2)

∫ 0

−1

Q2(t) dν(t)
t− x2

∣∣∣∣ ⩽

∣∣∣∣ 1
q(x2)

∫ 0

−1

q(t)
t− x2

dν(t)
∣∣∣∣, x ∈ [0, 1].

Proof. The case m = 0 is obvious, so assume that m ⩾ 1. Consider the function

p(t) =
Q2(t)q(x2)−Q2(x2)q(t)

t− x2
. (2.17)

Since p ∈ P2m−1, by Gauss’s interpolation formula (see [26], Ch. 9, § 2)∫ 0

−1

p(t) dν(t) =
m∑

k=1

λkp(tk), (2.18)

where the tk ∈ (−1, 0) are the zeros of Q, and the λk > 0 are the Christoffel
coefficients.
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From (2.17) and (2.18) we obtain

1
Q2(x2)

∫ 0

−1

Q2(t) dν(t)
t− x2

=
1

q(x2)

∫ 0

−1

q(t) dν(t)
t− x2

− 1
q(x2)

m∑
k=1

λk
q(tk)
tk − x2

.

For fixed x ∈ [0, 1] the left-hand side, as well as the minuend and subtrahend on
the right are nonpositive, so we arrive at the required result.

Lemma 2 is proved.

Lemma 3. If n,m ∈ N0 , where n ⩾ m− 1, then

E2n+1,2m(f−; [−1, 1]) = min
∥∥∥∥√· r(·) ∫ 0

−1

dµ(
√
−τ)

r(τ)(· − τ)

∥∥∥∥
[0,1]

, (2.19)

where the minimum is taken over all rational r ∈ Rn+m+1,2m such that r(τ) > 0
for τ ∈ [−1, 0] and the numerator of r is positive on [0, 1].

Proof. By the definition of the best rational approximation we have

E2n+1,2m(f−; [−1, 1]) ⩽ ∥f−(x)− xRn,m(x2)∥[0,1], (2.20)

where Rn,m = Pn/Qm is the function provided by Theorem 3. By part (d) of
Theorem 3 we have

∥f−(x)− xRn,m(x2)∥[0,1] =
∥∥∥∥xωn+m+1(x2)

Q2
m(x2)

∫ 0

−1

Q2
m(τ) dµ(

√
−τ)

ωn+m+1(τ)(τ − x2)

∥∥∥∥
[0,1]

. (2.21)

It follows from Lemma 2 that when Q2
m on the right-hand side of (2.21) is

replaced by another polynomial q mentioned in that lemma, the corresponding
norm does not decrease. Hence relations (2.20) and (2.21) yields the upper bound
in (2.19).

We prove the lower bound. Let R∗n,m = p∗/q∗ be a fraction such that

∥f−(x)− xR∗n,m(x2)∥[0,1] = E2n+1,2m(f−; [−1, 1]).

It exists by Theorem 2.9 in [9], Ch. 7, § 2. We can assume without loss of generality
that q∗(x) > 0 for x ∈ [−1, 1]. Set Q∗(x) = (q∗(x))2 and consider the quantity

ρn+m = inf
P∈P2n+2m+1

∥∥∥∥f−(x)− P (x)
Q∗(x2)

∥∥∥∥
[−1,1]

. (2.22)

Since Q∗(x2) > 0 for x ∈ [−1, 1], the system{
xk

Q∗(x2)

}2n+2m+1

k=0

(2.23)

is Chebyshev on [−1, 1]. Hence there exists a unique polynomial P ∗ ∈ P2n+2m+1

delivering the infimum in (2.22). The function f−(x) is odd, while Q∗(x2) is even.
Since P ∗(x) is unique, it is odd, that is, P ∗(x) = xU∗(x2), where U∗ ∈ Pn+m.
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Since (2.23) is a Chebyshev system, by Chebyshev’s alternance theorem (see [25],
Ch. 1, § 2) the rational function xU∗(x2)/Q∗(x2) interpolates f−(x) at least at
2n+ 2m+ 2 points. Points of interpolation are positioned symmetrically relative
to the origin, and 0 is one of them. Hence we have at least 2n + 2m + 3 points of
interpolation

−1 ⩽ −xn+m+1 < −xn+m < · · · < −x1 < 0 < x1 < x2 < · · · < xn+m+1 ⩽ 1.

By Theorem 2 we have

f−(x)− xU∗(x2)
Q∗(x2)

= xr(x2)
∫ 1

0

dµ(t)
r(−t2)(t2 + x2)

, x ∈ [−1, 1], (2.24)

where r(τ) = ωn+m+1(τ)/(q∗(τ))2.
In view of (2.22)

ρn+m ⩽ E2n+1,2m(f−; [−1, 1]),

and therefore (2.24) implies the lower bound in (2.19).
Lemma 3 is proved.

Let k ∈ N, and let zj , j = 1, 2, . . . , k, be points in the half-plane Re z > 0. Then
the rational function

bk(z) =
k∏

j=1

z − zj

z + zj
(2.25)

is called the Blaschke product of order k for the half-plane Re z > 0 with zeros at
z1, z2, . . . , zk.

Lemma 4 (see [5] and [27]). For all α > 0 and k ∈ N there exists a Blaschke
product (2.25) with all zeros on (0, 1] such that

xαb2k(x) ⩽ c(α) exp(−π
√

2αk), x ∈ [0, 1]. (2.26)

Let bk(z) be a Blaschke product of the form (2.25) all of whose zeros lie on (0, 1].
Then F (ω)=(b2k(ω)+b2k(−ω))/2 is an even rational function of degree 4k. Therefore,

r2k(z) = F (i
√
z) (2.27)

is a rational function of degree 2k. For convenience assume that
√
z is considered

in the domain C \ [0,−i∞), and the branch of
√
· is taken so that

√
τ > 0 for

τ ∈ (0,+∞).
The functions F (ω) and r2k(z) are examples of Chebyshev–Markov rational func-

tions; see [28]. Note the following properties of r2k(z): all the poles of r2k lie in
[−1, 0) and have an even order, the denominator of r2k is positive on R; r2k(τ) ⩾ 1
for τ ⩽ 0; ∥r2k∥[0,+∞] = 1.

Lemma 5. For any α > 0 and k ∈ N there exists a rational Chebyshev–Markov
function of the form (2.27) such that

(−τ)α/2r−1
2k (τ) ⩽ c1(α) exp(−π

√
2αk), τ ∈ [−1, 0].
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Proof. Let r2k(z) be a rational function of the form (2.27). Then for τ ∈ [−1, 0],
bearing in mind the convention on the choice of the branch of

√
· (see above) we

obtain
r−1
2k (τ) =

2
b2k(i

√
τ) + b2k(−i

√
τ)

⩽
2

b2k(−
√
−τ)

= 2b2k(
√
−τ).

Therefore,

0 ⩽ (−τ)α/2r−1
2k (τ) ⩽ 2(−τ)α/2b2k(

√
−τ) =

[
x =

√
−τ

x ∈ [0, 1]

]
= 2xαb2k(x) ⩽ 2c(α) exp(−π

√
2αk).

The last inequality holds if the Blaschke product from Lemma 4 is taken as bk(x).
This completes the proof.

Theorem 4. For α > 0 let µ be an absolutely continuous function on [0, 1] such
that

µ(0) = 0 and µ′(t) ≍ tα for t ∈ (0, 1].

Then the function f− of the form (2.2) satisfies

Rn(f−; [−1, 1]) ≍ exp(−π
√
αn), n ∈ N, (2.28)

where the positive quantities implicit in ≍ only depend on µ.

Proof of the upper bound in (2.28). It will be convenient to assume that n in (2.28)
is odd and to prove (2.28) for 2n+1 in place of n. Let r2n be the Chebyshev–Markov
rational function from Lemma 5. By the properties of r2n listed above and Lemma 3
we have

R2n+1(f−; [−1, 1]) ⩽ c2(µ)
∥∥∥∥√x ∫ 0

−1

(−τ)(α−1)/2r−1
2n (τ)

x− τ
dτ

∥∥∥∥
[0,1]

.

Set τn = − exp(−2π
√

2n/α). Then using the properties of r2n and Lemma 5 we
obtain

0 ⩽
√
x

∫ 0

−1

(−τ)(α−1)/2r−1
2n (τ)

x− τ
dτ

⩽ c1(α) exp(−π
√

2αn)
∫ τn

−1

√
x dτ√

−τ(x− τ)
+

∫ 0

τn

√
x(−τ)(α−1)/2

x− τ
dτ.

We denote the last two estimates by I1n(x) and I2n(x), respectively. In the deriva-
tion of estimates below we can assume that x ∈ (0, 1] and τ ∈ [−1, 0). We have

0 < I1n(x) = −2
∫ τn

−1

√
x d(

√
−τ)

x− τ
=

[ y =
√
−τ

τ = −y2

δn =
√
−τn

]
= 2

∫ 1

δn

√
x dy

y2 + (
√
x)2

= 2arctan
y√
x

∣∣∣∣y=1

y=δn

= 2
(

arctan
1√
x
− arctan

δn√
x

)
< π.
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For I2n(x) we have the estimate

I2n(x) ⩽
∫ 0

τn

(−τ)(α−1)/2

√
x− τ

dτ ⩽
∫ 0

τn

(−τ)α/2−1 dτ =
2
α

(−τn)α/2 =
2
α

exp
(
−π
√

2αn
)
.

Combining the above inequalities we obtain the upper bound from (2.28).

The proof of the lower bound in (2.28) is based on a result due to Andersson
(see [20], Theorem 4). We present it in a form convenient for our purposes. We let
Lp[0, 1], 1 < p <∞, denote the Lebesgue space of real functions on [0, 1], endowed
with the standard norm; Rn(f ;Lp[0, 1]) is the best approximation of the function f
in Lp[0, 1] from the set Rn,n.

Theorem 5 (see [20]). Let 1 < p <∞, α > −1/p, let ν is an increasing absolutely
continuous function on [−1, 0], let ν(0) = 0, ν′(t) ≍ |t|α for t ∈ [−1, 0), and let

ν̂(x) =
∫ 0

−1

dν(t)
t− x

, x ∈ [0, 1],

be the corresponding Markov function. Then ν̂ ∈ Lp[0, 1] and

Rn(ν̂;Lp[0, 1]) ≍ n1/(2p) exp
(
−2π

√
n

(
α+

1
p

))
for n ∈ N.

Moreover, for dν(t) = |t|α dt, t ∈ [−1, 0], the quantities implicit in ≍ are positive
and depend continuously on (p, α) on the indicated set.

We only need the lower bound from Theorem 5.

Proof of the lower bound in (2.28). For n ∈ N \ {1} let r∗n ∈ Rn be the best
approximant to f−, that is,

Rn(f−;C[−1, 1]) = ∥f− − r∗n∥[−1,1].

Let m = [n/2] be the integer part of n/2. Since f− is odd, r∗n is too, so that
r∗n(x) = xum(x2), where um ∈ Rm ∩ C[0, 1]. Therefore,

Rn(f−;C[−1, 1]) = ∥f−(x)− xum(x2)∥[−1,1] = ∥f−(x)− xum(x2)∥[0,1]

⩾
√
x

∣∣∣∣f−(
√
x)√
x

− um(x)
∣∣∣∣, x ∈ (0, 1].

We set ρn = Rn(f−;C[−1, 1]) for short. Then

ρn√
x

⩾

∣∣∣∣f−(
√
x)√
x

− um(x)
∣∣∣∣, x ∈ (0, 1]. (2.29)

However, for x ∈ (0, 1] we have

f−(
√
x)√
x

=
∫ 1

0

dµ(t)
t2 + x

=
∫ 0

−1

dµ(
√
−τ)

τ − x
,

that is, −f−(
√
x)/

√
x is the Markov function of the measure ν(τ) = −µ(

√
−τ).

Since µ′(t) ≍ tα, t ∈ (0, 1], it follows that

ν′(τ) ≍ |τ |(α−1)/2, τ ∈ [−1, 0). (2.30)
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Set pm = 2 − 1/(2
√
m), m ∈ N. Then 3/2 ⩽ pm < 2, and we find from (2.29)

that (∫ 1

0

(
ρn√
x

)pm

dx

)1/pm

⩾

(∫ 1

0

∣∣∣∣f−(
√
x)√
x

− um(x)
∣∣∣∣pm

dx

)1/pm

.

Therefore,
ρn ⩾ m−1/(2pm)Rm(ν̂;Lpm [0, 1]). (2.31)

From (2.30), (2.31) and Theorem 5 we obtain

ρn ⩾ c1(pm, α) exp
(
−2π

√(
α− 1

2
+

1
pm

)
m

)
⩾ c2(α)e−π

√
αn.

This proves the lower bound in (2.28).

Remark 1. In view of Theorem 5 and the above arguments we can conclude that
for dµ = tα dt the quantities implicit in the symbol ≍ in (2.28) can be taken to be
positive and continuous in α ∈ (0,+∞).

2.3. Approximation of g+. Let g+ be the function in (2.3). Then

E2n,2m(g+(x); [−1, 1]) = En,m(g+(
√
x); [0, 1]) (2.32)

by (2.4).
However, for x ∈ [0, 1] we have

g+(
√
x) =

∫ 1

0

t dµ(t)
t2 + x

=
[
t2 = −τ, τ ∈ [−1, 0],

t =
√
−τ

]
=

∫ 0

−1

√
−τ dµ(

√
−τ)

τ − x
. (2.33)

It follows from (2.33) that −g+(
√
x) is the Markov function for the measure ν

such that dν = −
√
−τ dµ(

√
−τ). By (2.3), (2.32) and Lemma 3 in [22] we have the

following result.

Lemma 6. Let g+ be the function in (2.3), and let n ⩾ m− 1. Then

E2n,2m(g+; [−1, 1]) = min
∥∥∥∥r(·) ∫ 0

−1

√
−τ dµ(

√
−τ)

r(τ)(τ − ·)

∥∥∥∥
[0,1]

, (2.34)

where the minimum is taken over all r ∈ Rn+m+1,2m such that r(τ) > 0 for
τ ∈ [−1, 0] and the denominator r is nonnegative on R.

Theorem 6. For α > 0 let µ be an absolutely continuous function on [0, 1] such
that µ(0) = 0 and

µ′(t) ≍ tα, t ∈ (0, 1].

Then the following weak asymptotic formula hold for the function g+ in (2.3):

Rn(g+; [−1, 1]) ≍ exp(−π
√
αn), n ∈ N,

where the positive quantities implicit in ≍ only depend on µ.
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Theorem 6 reduces to Theorem 2 in [22] (namely, to formula (1.4) there), whose
proof is in its turn based on a lemma analogous to Lemma 6 in our case. Note that
in [22], in the analogue of the right-hand side of (2.34) we see the intervals [−1, 1]
and [1, a], where a > 1, in place of [0, 1] and [−1, 0]. Hence we must set a = 3 and
reduce Theorem 6 to the case of the intervals [−1, 1] and [1, 3] by means of a linear
fractional transformation.

Remark 2. Note that the main results in § 2 also holds for functions f− and g+ of
the form (2.2) and (2.3), respectively, with integrals over [−a, a], a > 0, in place
of [−1, 1].

§ 3. Approximation of the odd extension of a power function

3.1. The proof of the upper bound in Theorem 1. Let α > 0, where
(α+ 1)/2 /∈ N. Consider the function

g(z) =

{
zα for Re z > 0,
−(−z)α for Re z < 0,

where the branches of power functions are chosen so that xα > 0 for x ∈ (0,+∞).
For ρ > 1 let Eρ denote the ellipse in C with foci at ±1 and sum of semiaxes ρ,

that is,

Eρ =
{
z : z =

1
2

(
ρeiφ +

1
ρ
e−iφ

)
, 0 ⩽ φ < 2π

}
.

Set D = int E√2+1, so that D is an open elliptic domain with boundary E√2+1,
let D+ and D− be the right and left halves of D, respectively; let ∂D, ∂D+ and
∂D− be the boundaries of D, D+ and D−, respectively. All boundaries are assumed
to be positively oriented.

By Cauchy’s integral formula we have

(±z)α =
1

2πi

∫
∂D±

(±ξ)α dξ

ξ − z
, z ∈ D±.

On the other hand, if z /∈ D± ∪ ∂D±, then these integrals vanish by Cauchy’s
theorem. Hence

g(x) =
1

2πi

(∫
∂D+

(+ξ)α

ξ − x
dξ −

∫
∂D−

(−ξ)α

ξ − x
dξ

)
, x ∈ [−1, 1] \ {0}. (3.1)

Now we let λ(x) denote the Cauchy-type integral of the function g(ξ) along the
ellipse ∂D = E√2+1. We denote the parts of the boundaries of D+ and D− lying on
the imaginary axis, with the relevant orientations on them, by [i,−i]+ and [−i, i]−,
respectively. Taking account of the above we can write (3.1) for x ∈ [−1, 1] \ {0} as

g(x) = λ(x) +
1

2πi

(∫
[i,−i]+

(+ξ)α

ξ − x
dξ −

∫
[−i,i]−

(−ξ)α

ξ − x
dξ

)
, x ∈ [−1, 1] \ {0}.

(3.2)
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Making the change ξ = iy, y ∈ [−1, 1], and taking the appropriate branches of
(+iy)α and (−iy)α we transform (3.2) into

g(x) = λ(x) +
2
π

cos
πα

2
· f−(x), x ∈ [−1, 1], (3.3)

where f−(x) = x

∫ 1

0

yα dy

x2 + y2
is a function of the form (2.2). (We have included the

point x = 0 in (3.3) because all functions in (3.3) are continuous at this point.)
We need the following result due to Bernstein (see [29]). Let h be an analytic

function in int Eρ, ρ > 1. Then for each 1 < q < ρ there exists c(h, q) > 0 such that

Em(h; [−1, 1]) ⩽ c(h, q)q−m, m ∈ N. (3.4)

Proof of the upper bound in Theorem 1. Let n,m ∈ N satisfy n > m ⩾ 1. Then
from (3.3) we obtain

Rn(g; [−1, 1]) ⩽ Em(λ; [−1, 1]) +
2
π

∣∣∣∣cos
πα

2

∣∣∣∣Rn−m(f−; [−1, 1]). (3.5)

The function λ is analytic inD = int E√2+1, and
√

2+1 > 12/5. Hence the following
inequality holds by (3.4):

Em(λ; [−1, 1]) ⩽ c1(α)
(

5
12

)m

. (3.6)

Using now Theorem 4 we find that

Rn−m(f−; [−1, 1]) ⩽ c2(α) exp
(
−π

√
α(n−m)

)
. (3.7)

Given n ∈ N, set m = mn = [π
√
αn/log(12/5)], where brackets [ · ] denote the

integer part of the number in question. For each α > 0 there exists n(α) ∈ N such
that all n ⩾ n(α) satisfy n > mn ⩾ 1. Hence from (3.5), (3.6) and (3.7) we deduce
the upper bound of Theorem 1 for n ⩾ n(α). This completes the proof of the upper
bound in Theorem 1.

It was noted in § 1 that the lower bound in Theorem 1 is due to Vyacheslavov [7].
Here we give another proof of it, which is based on Theorem 4.

Proof of the lower bound in Theorem 1. From (3.3) we see that for any n,m ∈ N
we have

Rn(g; [−1, 1]) ⩾ −Em(λ; [−1, 1]) +
2
π

∣∣∣∣cos
πα

2

∣∣∣∣Rn+m(f−; [−1, 1]).

Applying here (3.6) and Theorem 4 we obtain

Rn(g; [−1, 1]) ⩾ −c1(α)
(

5
12

)m

+
2c3(α)
π

∣∣∣∣cos
πα

2

∣∣∣∣ exp(−π
√
α(n+m)). (3.8)
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Here c3(α) is the constant in Theorem 4. Since (α + 1)/2 /∈ N, it follows that
cos(πα/2) ̸= 0, so that there exists n(α) ∈ N such that for each n ⩾ n(α) and
mn = [2π

√
αn]

c1(α)
(

5
12

)mn

⩽
c3(α)
π

∣∣∣∣cos
πα

2

∣∣∣∣ exp(−π
√
α(n+mn)).

Therefore,

Rn(g; [−1, 1]) ⩾
c3(α)
π

∣∣∣∣cos
πα

2

∣∣∣∣ exp(−π
√
α(n+mn)) ⩾ c4(α) exp(−π

√
αn).

This completes the proof of the lower bound in Theorem 1.

3.2. Approximations of some elementary functions. Various functions can
be expressed in terms of the Cauchy transform. The most important and inter-
esting case in our opinion is the one considered in Theorem 1. Here is another
example of elementary functions which can be expressed in terms of the even and
odd Cauchy transforms considered here, and also estimates for their best uniform
rational approximations which follow from Theorems 6 and 4.

For the measure µ(t) = tk, k ∈ N\{1}, the integrals in (2.2) and (2.3) are easy to
calculate. Using Theorems 4 and 6 we can find the weak asymptotic behaviour of
the best rational approximations of the following functions on [−1, 1], where l ∈ N:

φl(x) = xl log |x| for x ̸= 0, φl(0) = 0.

Namely, the following asymptotic relation holds:

Rn(φl; [−1, 1]) ≍ exp(−π
√
ln), n ∈ N.

In conclusion, the author expresses her sincere gratitude to the referee, who read
the paper attentively and made valuable comments, which contributed to the better
presentation of the issues considered here.
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