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Abstract. The internal n- hne of a triangle is a segment from the vertex to the opposite side dividing this side into seg-
ments proportionally to the n™ powers of the adjacent sides. An analogue of the Steiner — Lehmus theorem for the internal
n-lines of a triangle is considered. All values n € R for which the mentioned analogue of the Steiner — Lehmus theorem
holds are found. Also all values #n € R for which there exists a non-equilateral triangle with three equal internal n-lines
are determined. The transcendence of positive critical values of n of the generalised Steiner — Lehmus theorem is proved.

Keywords: internal n-line of a triangle; transcendental number; algebraic number field; surface.

Introduction

The Steiner — Lehmus theorem mentioned for the first time in 1840 states: «Any triangle that has two
angle bisectors... is isosceles» [1, p. 14]. This theorem allows a trivial algebraic negative proof. Existence of
a direct proof in the frame of classical and intuitionistic logic was shown in 2018 [2], and the first such proof
was found in 2022 [3]. Also there are known analogues of the Steiner — Lehmus theorem in other geometries
different from the Euclidean geometry [4]. In the present paper, we consider the generalisation of the Steiner —
Lehmus theorem, which is studied by methods of differential geometry. Let n be a real number. We examine
a triangle ABC on the Euclidean plane R* with sides a = BC, b = AC, ¢ = AB. Let AA,, BB,, CC, be the internal
n-lines (shortly n-lines) through sides a, b, ¢ respectively [5], i. & each n-line divides the corresponding side
of the triangle into segments with lengths proportional to the n™ powers of the adjacent sides. For example,

BA;: 4,C=(4B: ACY)". Particularly, A4, is the median for n = 0, A4, is the bisector for n =1, A4, is the sym-
median for n = 2. Denote the lengths of the corresponding n-lines by /, ., 1, ., [

If we assume that points 4;, B,, C, divide externally the correspondlng sides of a triangle into segments pro-
portionally to the n™ powers of adJacent sides, we have definition of the external n-lines. Their lengths will be
denoted by 1 | [ [

a,n> “b,n> ‘c,n*

It is well-known that any triangle having two equal medians, two equal bisectors or two equal symmedians
is isosceles. In the article [5], an analogous statement was proved for n-lines, where n € [—0.5, 2], and there
also was shown that for all sufficiently large real n there exists a non-isosceles triangle with two equal n-lines.
In the present paper, we give a complete answer to the question: «For which real 7 can one find a non-isosceles tri-
angle with two equal n-lines?» We shall say that for a given n € R an analogue of the Steiner — Lehmus theorem
for two n-lines holds if any triangle with two equal n-lines is isosceles. Similarly, we say that for a given n € R
an analogue of the Steiner — Lehmus theorem for three n-lines holds if any triangle with three equal n-lines is
equilateral. The main results of the paper are the following two theorems.

Theorem 1. An analogue of the Steiner — Lehmus theorem for two n-lines holds if and only if n € [—1, N, ]

An analogue of the Steiner — Lehmus theorem for three n-lines holds if and only if n € [—2, N, ) Here
4(B;+1)(2B,+1)
3B, + 1= B+ 6B, + 1-16B;

N, = =24.50613...,

1
Ny=2 min 0B X

=29.143359...
v<(0.1) Jog(8x + 4) — log(x2 + 6x + 5)

and B, is a unique positive solution to equation

1B r 6P I 16 log(B—l+\/B2+6B+l—16B3)—10g(2B2+2B)
2Bl logh

=0.
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Theorem 2. The numbers N,y and N, defined in theorem I are transcendental.
We will consider the following three properties directly related to the mentioned above generalisations of
the Steiner — Lehmus theorem. Let n € R.

Property 1. There exists a non-isosceles triangle ABC (a # ¢) such that [, , =1/, .
Property 2. There exists an isosceles triangle ABC (a # ¢) such that /[, , =1 .

Property 3. There exists a non-equilateral triangle ABC such that [, , =1, ,=1. .
Using elementary computations, we deduce the formula for length of a n-line:

b*c" + c*b" a’b"c"
n n 2°
e ()
Without loss of generality we may assume that » =1 and @ > c. Since the case of n = 0 is trivial, we will assume

further that n # 0.
Let us rewrite the equality of two n-lines in terms of barycentric coordinates. We denote 6 =a", B=c",

a,n

k= % Then the equality /, , =1, , is equivalent to g(8, B, k) =0, where
g(8,B, k) =8" (B(E+1)"+ (B+1) (5:+1)) -
=~ BH(8(B 1)+ (B+1)(5+1)°) + (B+1)(5+1)(3-B).

Proof of theorem 1: case n > 0

We assume that n > 0.
Proposition 1. If there holds either property 1 or 2, then 83 < 1 and k (O, 1).

Proof. We suppose that either property 1 or 2 holds. Then there exists a triangle ABC such that & > 3 and
g(3,p. k)=

Let us show that k e (O, 1). Assume the contrary, £ > 1. As it was shown in theorem 2.2 presented in the
paper [5], the assumption of gé(& B, k) <0 ford=>p >0, k>1 implies the inequalities B > 1 and

KB(3+1)+ k(B +1)° <28,

k(B +3p +1)’ S
2— kB

k k
that k €[1, 2). Since k€[1,2) and B > 1, we get 2— kB <1. Hence 5> B+ 3 + 1. Moreover, 6<[B2 + 1} <
? K k
<|B?+1| =PB*+ 2B2 +1. Therefore, p* + 2B2 +1> B>+ 3B + 1, which is impossible for p > 1 and k e [1 2)
k k

Consequently, we obtain that g{(8, B, k)>0 for 8% < B> +1, 8>B>1, ke[l,2), and gi(3,p, k)>0 for
02P>0, k>2 and for 0<PB<1, 62P, ke [1, 2). Because of g(B, B, k) =0, we get a contradiction to
g(8, B, k)=0 in the domain coloured in red (fig. 1). Hence k € (0, 1).

Now we need to show that 3 <1. Let us assume that 5 > 1. If we assume that & >12> 3, then we obtain
2(8,B, k)=g(8,B, k)0=(5—B)(8B —1)>0.Hence d > B> 1. Taking into account § > > 1, k € (0, 1), we have
(5, B, k) =(6"— B")(B(S +1)"+5(p +1)2) +85(B+1) =B (B +1)+ (8 +1)(B+1)(5-B)>
>85(B+1) =B (8+1) + (B5+PB+8+1)(5-B)>5 (B +1)2—Bk(6+1)2+([36+ BF+ 8 + 1)(5— B)=
=5 (B2 +1+B+3)—BE(°+1+8+B)+ (BS+1)(5—B) >8P’ — B3>+ (B3+1)(5 - B).

Let us show that

From this relation we obtain 2 > kB and &> 0 (2—-k)8>5k. The last inequality implies
2

I

§'B* - p*8* + (B +1)(8-B)>0
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which is equivalent to the inequality

[6,5[3 - BSS}(SIZCB " BIZCS} > B3(B - 5)—[32;1.

1 k_l E_]
+ x is strictly increasing at x > 1 for ke (0,1), we get 8> +8>p> +p. Hence

L L
66;1. Indeed 8% B2 > BS, B> 8% > 1. Therefore,

[SIE

Since the function x

k k k k
8°B — P25 >B3(B - 8). Itremains to prove that §?B + B8 >
3p<1.

k k
82=1+p?
—B=38

Fig. 1. Illustration to the proof of proposition 1 (k=1.5)

Proposition 2. [f there holds property 2, thena=b=1> c.

Proof. It follows from proposition 1 that property 2 is not compatible with the case ac > 1, hence ac < 1.
If we assume that b = c =1, then a > ¢, and we get ac > 1. So a = b =1. But then ¢ <1, as it is required.

Proposition 3. Property 2 holds if and only if n > N,, where

log x

N,=2 min =29.143359....

v<(0.1)Jog(8x+4) — log(x2 + 6x + 5)

Proof. It follows from proposition 2 that a =b =1, ¢ < 1. Thus, we need to determine all possible values
ke (O, 1) such that there exists e (0, 1) such that g(l, B, k) =0.
It is easy to see that the equation g(l, B, k) =0 is equivalent to the equivalent
k_ 8[3 +4

Y
. . +6p+5
Let us consider the function p B

log (8B +4) — log(B2 + 6B+ 5)

logf
Critical points of this functions are the solutions of the equation

2[3([3 + 2)(1 - B) B 10g(8[3 + 4) - log(B + 1) - log(B + 5)

(2B+1)(B+5)(B+1) logP

which has a unique solution B, € (0, l), By=0.139697 7.... This can be verified with the help of the results of
the paper [6].

Since k(+0) =k (1-0)=0, we deduce that the value set of the function k(B) is the segment (0, k, ], where
ko="k(PBy)=0.0686262.... Therefore, property 2 holds if and only if k < k), which is equivalent to n > N,,.

Proposition 4. For any n > Ny =29.143 359... there exists a triangle with sides a, b, ¢ such thata>1=b>c
andl, =1, .

, Be (0, 1).

b
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Proof. By proposition 3, there exists a triangle with sides a, = b, =1> ¢, such that g (8, By, ko) =0, ko= Ni

0
It is clear that g(8,, By, k) <0 for any k (0, k, ). Also for any & > 0 we have g(&,, B;, k)>g(8,, B;, 0)=0,
where 6,=9,+ ¢; B, ZSL' By the intermediate values theorem, for any ke (0, ko) one can find the point

1
(Sk, Bk), which belongs to the segment with endpoints at (60, [30), (8,, By ) such that g(Sk, B k) =0. It re-
k k

mains to check that there exists a triangle with sides a, = Skz, b=1,¢,= Bki Taking €€(0, 1), we obtain the
needed triangle inequality
koK k ko k k k
=82 <8 =(1+g)2 <(1+8)2<2? <1+PF <1+Pf <1+P;=b +¢,.

Remark 1. 1t follows from proposition 4 that we may assume that n < N, while investigating property 1.
Let us consider the function

5, B, k
L(5, B, k):g(TBB)

inthe domain 1>6>p>0, ke (0, 1). It is easy to see that

k_ nk
L(3, B, k):66 b

(B8 +17 + (B+1)° (8 +1)) ~ B*(3:+ B +2) + (B+1)(5+1),

We shall examine the function L(8, B, k) in the domain (0, 1) x (0, 1) x (0, 1), assuming that the function is
defined by continuity at the line 6 = f3.

We are going to find all values of & such that the curve L (6, B, k) =0 has common points with the line 8 = .
Let us consider the function H(B, k) = L(B, B, k). We get

H(B, k)=kB ' (B+1)° (2B +1) = (2B +2)B + (B +1)*=(B + 1) H,(B, k).
It is sufficient to find all & such that the following equation has a solution 3 € (0, l):
H,(B, k):kBk‘1(2B2+3B +1) —2BF+ B+1=0.
Multiplying by 3 > 0, we obtain
A (B, k) =B (2487 + (3k —2)B + k) + B(B +1)=0.

We consider the implicit function & = k(B) defined by the last equation. It is sufficient to check the critical

points of this function, the boundary points and the points in which the implicit function theorem fails. Critical po-
ints can be found by solving the equation

Hy=2k(k+2)B* '+ (3k —2)(k +1)B* + K2B* "+ 2(B +1) =0.
Multiplying by B and subtracting the equation H (B, k) =0, we obtain
Bk((2k2 + 2k)B+ (3K7 - 2k )B + K2 k) +B2=0.
So we get
p+1 _ p
2hBT+ (3k—2)B+k (24 + 26 )B2+ (3K2 - 2k B+ k2~ k

Solving this equation with respect to k, we obtain

k:3B+1i\/Bz+6B+1—16B3

2(B+1)(2p +1)
It is clear that the largest root does not work, since
3B +1 1
k> —
2(B+1)(2B +1) %)
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and the equality H, (B, k) =0 fails in this case because of

0="H,(B, k)>§(2[32+3[3+1)—2ﬁ"+[3+1
! 1 2 8 1 2
and B3 >Bk>§B2+B+§.ThenB>E:>B>O.97, andweget§ﬁ2+ B+§>1.Hence

3B+1— B+ 6B +1-168°
k= :
2(B+1)(2p+1)

Let us obtain an equation on 3 for finding the critical point. We have

B(B+1)
(B+1)(28+1)-2p’

k—_
B_k

then
2 k(2B+1)

"B+l B

B—k

Substituting the found value %, we obtain

P14 \BP+ 6B +1-16p°

—k
P B(B+1)

Finally, we get

1B 6P I 16p log(B—l+\/B2+6B+1—16B3)—log(262+ 28)
2(B+1)(28 +1) " logB =0.

Applying an algorithm from the work [7], one can show that this equation has a unique root 3, =0.30455....
The corresponding value of k is k; =0.081612....
Let us investigate the existence of points in which the explicit function theorem fails:

H; (B, k) =0.

By routine computations, we find
2B 1
(B+1)(2B+1) logP’

Taking into account

2 k(2B+1)

B+l B

B_,(:2[3+1
Plogp

which does not have solutions B & (0, 1), since logf <O0.
So the equation L(B, B, k) =0 has a solution B e (O, 1) if and only if k (O, kl] with k£, =0.081612.... We

set NV, =k£=24.50613....

Bk

B

we obtain the equation

1
Proposition 5. For any ne [O, N, ] property 1 does not hold.
Proof. By proposition 1, we may assume that n > 2, which means & € [kl, 1), where &k, =0.081612.... For
any fixed ke [kl, 1) let us consider the function g(S, B, k) on the compact set 1 > > 3 > 0. We are going to

prove that g(8, B, k)> 0 atall points of this compact set except the line p = 8. Let us show that g§(8, B, k) >0
for1>86>03>0:

25(5,B, k) =k5" " (B(3+1)"+ (3+1)(B+1)°) + 8*(2B(8 +1) + (B+1)7) -
=~ BH((B 1)+ 2(5+1)(B+1)) + (B+1)(25-B+1)>
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> 5t (B3 + 1)+ (3 1)(B+1)°) = 2B (8+1) + (B +1)(26 - B+1)>
SR I(B 1) (2B+1) 2B (8 +1) + (B+1)(25-B +1)=
=K (B1)(2B+1) - (B+1) +2(5+1)(B+1-BF)>
>(B+1)(kB* (B 1)(2B+1) — (B+1)+2(B+1-B))=

-(B+ 1)Bk*‘(k([3 +1)(2B +1) -2 +B(p + 1)[3*")2 (B+1)B 'h(B),
where h(ﬁ) = kl(B + 1)(2[3 + 1) -2B+ B(B + l)B k. Since h(B) B_k‘H(B k ) it follows from the arguments
of above proposition 5 that the equality #()=0, p (0, 1), holds only if § = B,. Because of #(0)=k,>0 and
h(1) =6k, >0, we get the inequality /(B) >0 for all Be [0, 1].

Proposition 6. Let Ny<n < N,. For any € > 0 one can find o, B such that 1>6>pB>p,, 0<d—-p<¢e and
L(S, B, k) 0, where B,=0.30455...; k= %

Proof. Let us show that for any fixed ne (Np No] one can find a solution f, € (Bl, 1) of the equation
L(B, B, k)=0. It is sufficient to prove that functions L(p,, By, k) and L(1, 1, k) have different signs. Clear-
ly, L(1, 1, k) =12k > 0. To prove that L(p,, B;, k) <0 it is enough to check that the function H,(B,, k) defined
before proposition 5 is increasing as a function of k, since H, ([31, k, ) =0. We consider the derivative

oH, (B, k)

T B 10g|31(2k[312 + (3k —2)pB, + k) + [3{‘(2[312 + 3B, + 1) =Bt (ka +b),

3 L . oH, (B, k)
where a=-2.49...;b=2.82.... It is easy to see that ErTa— >0 forall ke (0, 1). Hence L(Bl, By, k) <0

We are going to prove that Lé(B, B, k) >0 for any Be ([31, 1), ke {Ni’ %} So we have
o Vi
K-k
2

L (B, B, k)=(k2+ 2k)[3k+1+ [§k2+ %k-1j{3"+ (2k2—k)[3"—1+ BF 24 B+1.

Let us find the minimum of the function R(B, k) = L[g([}, B, k) within the closed rectangle [Bl, 1] [ Ni}
] Let

2|N 2|N

We will prove that the function R (P, k) has no critical points within the open rectangle (B, 1) x [i
us consider the derivative N

Ré(ﬁ, k)=(k2+ 2k)(k+1)[3"+k(§k2+ Ek_ljﬁk_l N

+ (k=1)(2k7 = 2)B* 2+ (k- 2)" . “Rgees g,

Itis clear that Ry (B, k) > —kB* ' + 1> 0 in the mentioned domain. Hence, the minimum of the function R (B, k),

( ) [[31, 1] {— Ni} is achieved on the boundary of the rectangle. Let us prove that R[Bl, NiJ =0
1

O 1

2 . 2 .
and R(Bl, FJ >0 on the boundary of the rectangle except the point B=f,, k= A To prove the equality
1 1

R [Bl, Nij:O let us recall properties of functions H (B, k), H (B, k) defined before proposition 5. Since
I
Hé(B, k) = Lé(B, B, k) + Lé(B, B, k) = 2R(B, k), it is sufficient to show that Hé (Bl, Ni] = (. Taking into account
1
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H(B, k)=B(B+1)H (B, k), we get Hy=(2p +1)H + ([32 + [3)1%,;. Since I—AI(BI, %) =0, A} (Bp %j =0 by
1 1

definition of B, and N,, we obtain the required H, [Bl, Ni] =0.
1

. 2 2 .
Let us examine the boundary B =1, ke {—, —} We have R(1, k) =6k" + 2k + 2> 0. Let us start with the
o M

boundary k = Ni’ Be [[31, 1]. Since R[g(B, k) >0, it is enough to show that R(Bl, Nij > (. The latter can be
0 0
verified straightforwardly using decimal approximations of 3, and »,. Now we consider the boundary £ = —,

1
Be [Bl, 1]. Since Ré(B, k) >0, we obtain R(B, Nij > R(Bl, Ni} =0. So it remains to examine the bounda-
1 1

2 2 . o
ry B =B, k€| —, — |. We consider the derivative
Ny N

R.(B), k)=(2k +2) {‘”+(5k+%)[3{‘+(4k—1) {‘H[k—%j -2y

2 k+1 5 2 3 k 2 k-1 kz_k k-2
| (12 2 )BE !+ Sk k- B + (24— k)Bf ' + B Jlogh,

We will show that R} (B, k)< 0. Indeed,

R,;(Bl, k)<2.2 -03+2-06-3.1-04-103 +1.2(1+ 0.1-32+ 0.05-10.4)<—1.1.

1
Since Li(B,, By, k) >0, Ly(B,, B, k) > 0, there exists a neighbourhood of the point (B,, B, ) such that these de-

Here we get the needed R (B, k) > R(Bl, Nij =0.

rivatives have a constant sign. By the Lagrange theorem, for any m > mO(B2, k) there hold L(B2 + %, B,, kJ >0,

L| By, B,— l, k |<0. Hence, the intermediate values theorem implies the existence of 0, € (O, l) such that
2 2 m m

L[B2 + %, B,— 67”', kj = 0. The relative position of the functions L(S, B, k) = 0 for particular values of the

parameter £ is illustrated in fig. 2.

1.0
—k=0.0816
— k=0.079
0.8 — k=007
—pB=5
0.6
B
04}
02}
0 1 1 1 1
0.2 0.4 0.6 0.8 1.0

1)

Fig. 2. Tllustration to the proof of proposition 6
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Corollary 1. For any n > N, property 1 holds.

Proof. If n>N,, the required statement follows from proposition 4. If n € (N], NO], by proposition 6 one
can find 8, B such that 8 > B > B, and L(8, B, k) =0. Additionally,

kook ke
a+c=58%+p*>2p2 >1,
so a triangle with sides a, b, ¢ exists.

Proposition 7. Property 2 is equivalent to property 3.

Proof. We suppose that property 2 holds for some fixed n, i. e. there exists a triangle such thata=1=5b > ¢
and /, ,=1. .1t follows from the equality a = b that /, , =1, . Hence, property 3 is valid as well. Now we sup-
pose that property 3 holds, but property 2 fails. Since property 2 is not valid, by proposition 3 we get n < N, =
=29.143359.... Thus, in a triangle, which satisfies property 3, all sides must have different length. Without
loss of generality we may assume that the shortest side ¢ has length with value of 1. Thena > 1, b > 1. It follows
from the equality /, , =1, , and proposition 1 that ab <1, which is impossible. So property 2 must hold.

Remark 2. Validity of theorem 1 for n > 0 follows from propositions 3—5 and corollary 1.

Proof of theorem 1: case n <0

We assume thatn < 0,b=1,a <c. Then §=a" > " =.

Proposition 8. If there holds either property 1 or 2, then 53 > 1.

Proof. We assume that there holds property 1 or 2, but 5p < 1. Without loss of generality 6 > 3. Since
8- pF<0, we get

g(5,B, k)= (8~ B*)(B(3+1)°+ 8(B+1)°) + 8 (B + 1)~ B (5 + 1)+ (3 +1)(B+1)(3- B) <

<5 (B+1) =B (8 +1) +(8+1)(B+1)(8-PB):=2(5, B, k).
If B <1<9, then

2(8,B, k)< (B+1)" = (5+1)+ (5 +1)(B+1)(8-B)=(5-B)(B5—1)<0.
Thus, 0 < B <& <1. We have
2(8,B, k)=8"(B+1)° =B (5 +1)°+ (5 +1)(B+1)(5-B)<
<8"(B>+2B) — (87 +28) + (B3 + B+ 5+1)(5-B)=
=(28B - 28"5 + (B+1)(3 - B)) + (8"B° — B*8> + (8B + 8) (5~ B)) = (8, B, k) + z,(8, B, k).
Let us prove that z,(3, B, k) <0 and z,(8, B, k) < 0. We obtain
z(38, B, k) =[3(25" —B- 1) - 5(2[3" —B- 1).

Since 28" — B—1<2p*~B —1and 0 <P <& <1, we have z (3, B, k) <0. The inequality z,(8, B, k) <0 is equi-
valent to the inequality

§'B* - B'5* <(B5 +8)(B - 9),

ba_gia [ L)L 1

vor {”BJ[S BJ'
1£5k—1—1—1j<1(ﬁk—‘—1—1}
8 B) B B

The last inequality holds, since % <% and 8 ' < B* L. Therefore, z,(8, B, k) <0 and g (3, B, k) < 0. The pro-

position is proved.

which is equivalent to the inequality

We rewrite it in the from

_k _k
Wesetk:—%,a=8 2,c=B % b=1,8>p>0.Then
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(8, B, k)= 5—"(3(5 1+ (B+1)P(5+ 1))—

B (3(B+ 1)+ (B+1)(8+ 1)) + (B+1)(3+1)(3 - B).
Proposition 9. If there holds either property 1 or 2, then ke (O, 2).
Proof. We suppose that there holds property 1 or 2, but k£ > 2. We examine the derivative

gp(8, B, —k)=57" ((8 + 1)2 +2(B+1)(8+ 1)) +kp* ‘1(8([3 + 1)2 +(B+1)(3+ 1)2) -
~BF(28(B+1) + (5+ 1))+ (3+1) = 2(B +1)(3+ 1)

Let us prove that gé(ﬁ, B, —k) > 0 for all > 3 > 0 such that corresponding a, b, ¢ satisfy the triangle inequality.

As it was shown in the proof of theorem 2.2 presented in the article [5], the needed inequality is obtained for

k> 4. So it remains to prove this inequality for k€[2, 4). . . .

Let us consider the case 3 > 1. By the triangle inequality, § 2+ [3_E >1.Hence 8 * > p* - 23_5 + 1. Taking
into account this inequality, we obtain

g3(5.B, —k)>2(8 + 1) + B (%5(5 PP+ g(s P +17+2(p+ 1)J -

- 2;3‘]5((5 +1)+2(B +1)(3+1)) = (3, B, k).

Since 6 > 3, we have [375 > %, which implies p™* > % Moreover, [37 <1. It follows from the inequality B_E > %
2

that B <2k <2.So e[l 2].

We prove that o(8, B, k)>0 for ke[2, 4], Be[l, 2], 8 > B. It is enough to show that wj(8, B, k) >0 and
(D(B, B, k) > 0.
Firstly, we prove that oj(8, B, k) > 0:

oy (5, B, k) =4(5 +1) + p(B + 1)(%(;3 i)+ 2%(8 + 1)] _ 45‘3((5 F1)+ 1)z

=B (B + 1)[§(B +1)+ 2%(6 +1) - 4[3/;] > Bfk(B + 1)[3]{1 + é} - 4[3/;] >

) >B(B + 1)t (k),
where t(k) =4.5k — 4- 22 Thus, it remains to prove that t(k) >0:

' %o (log(2.25) - log(log(Z)))
[(ky)=45-2-22log(2)=0=>k, =2 log(2)

Since 7(ky)=2.3...>0,7(2)=1>0 and #(4)=2> 0, we get 7(k)> 0.
Secondly, we will show that o(B, B, k) > 0:

o(B, B, k)=2(B+1)" +p* (k(B +1)°+ %([3 +1) +2(B + 1)] - 6[3{%(3 +1) =

=3.39738....

=B (B + 1)[([3 + 1)[23k— 6[3% + % + Zk] + 2] > (B+1)((B+1)o(B, k) +2),

k k
where @(B, k)=2B*— 682 +5. Let B> =x. Then the equality (B, k)=0 implies 2x*—6x+5=0. Since

¢(1, k) >0, we can deduce that for any ke[2, 4], B €[1, 2] the function @(B, k) takes only positive values.
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_k K
So g4(8, B, —k)>0ford 2+p 2 >1,8=p>1.
Let us consider the case § < 1. We have

25(8, B, —k)>p* [%5(3 +1)7+ %(ﬁ +1)(8+1) - 28(B+1) - (5+ 1)2) +(3+17 =2(B+1)(5 +1).
Since B > 1 and a multiplier for B is non-negative for B <1, ke[2, 4), we obtain
2,(5, B. —k)>%8(B i %(B+1)(8 FIP-28(p+1)— (5 +1)+ (541 —2(p+1)(8+1)>
>25(B+1)"+4(8+1)° = 25(p+1) —2(B+1)(3+1)>0.

Define new variables & = %, B =é and function g(S, B, k) =g(8, B, —k). Then

2(5.5, k)= Sk(B(S 1) (Be1) (3 1)82:)— p* (S(ﬁ #1) + (B+1)(5+1)B

k
We will prove that for any £ > 2 there holds g(S, f(S, k), k) <0, where f(S, k) = [1 - 52

clear that the last statement is equivalent to inequality h(S, k) <0, where h(S, k) = g(S, f (8, k), /’c)S2 f (S, k)z

2
Taking into account the inequality f (S, k) > § valid for & e {0, (%jk ], we obtain

ns, k):Sk(S—f(S, k))(8+f(8, k)+2£(3, k)S) +

(173 1)) 8 (14 7B 0) 1+ 8) 1 (5.8) | 3(1+. 7 (5. 8)) (2+5) <

<(1+ (5. k))[zs((1 /(8. 0))5+ (1+3) /(5. k)) ~5(1+ /(5. k))(2+g)] _
=3(1+ /(5. k))[f(S, k)(zégl(l +38)-2+ 8{28

ST

_1B I S}<S(1 75, )i (5. )
where h~(8, k) = Zf(s, k)[Sg_l(l + 38) - 1] + 282 — 2 - 8. Itis sufficient to prove that E(S, k) <0.

2

< k
The required statement is true for m = p € N if for any ke [2 p,2p+ 2] and o e [0, (%j ] there holds the
inequality / (S, k) < 0. We will prove that by induction on m € N.

2
Letm=1.Then ke [2, 4] and SE[O, (%jk}
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- . _ k
We prove that for any fixed k > 2 there holds f(8, k) < 2(%)]( — 8. Indeed, since fs”(S» k) = (1 - gjgz %
2.2

i 2

= ) . .= 1\& =. .

J <0, we see that f (6, k) is a concave function, and the line § = 2[5j — 0 is a tangent line to
2

the function f(S, k) at the point & = (%jk

J

2
A(3. k)<2 2(1]‘ _5 {Sg_l(u 35) —1j+ 252 _2_§

BN

1

. L . - .
Let us consider the case 6 €| —, ( , ke (2, 4]. Since 52 (1 + 36) ~1>8+38°-1> % >0, we obtain

1
2

[\

the estimate

2

Let us denote the right-hand side of this inequality by S(S, k). Then we obtain

[ SIE
[

k - - -
s(5, k)=—682+1+12a(k)6 - 214+ 20(k)),
2
where a (k)= (%]k We note that s(a(k), k) =0. So it is sufficient to show that sé(S, k) >0forde (0, a(k)),

k>2:

+ 4a(k)d

k k ke
$5(5, k) ==3(k +2)5% + 60 (k)k5>  +2a(k)(k-2)5>  +1>
~E ~ ~£—1 ~&,2
>-3(k +2)0% + 60kd?  +2a(k)(k—2)8% +1=
k E
=3(k-2)8% + 20.(k)(k - 2)5> 110,

Let us consider the case & e (O, %j, ke [2, 4]. We will prove the required inequality for k£ = 2. In this case,

the function 4 (8, 2) is a parabola with vertex at the point SO = o and branches directed below. Then

2
;}(S, 2)=—682+ 78 - 2<—6(1J +7(1J—2:0.
2 2

Let ke (2, 4]. We fix an arbitrary § e (0, %] There are two alternatives:
k
L ~

1) 82 (1 + 36) —1>0. As it was shown before, we have

. h(3, k)<s(3, k)<0;
2) 85_1(1+38)—1<o. Then

h”(S, k)SZ(l - 8)(8§_1(1+ 38) —1] + 28§ —2—8312(8, 2)<0.

We suppose that the required statement is valid for m=p —1e€ N, which means h (8, k)<0 for any
2

~ 1)\ . .
ke [Zp -2, 2p] andd €| 0, (Ej . Let us show that the statement is valid for m = p.

2
1 2 k
~ ~e—1 ~
We examine the case & € (%)p, [%jk , ke(2p, 2p +2]. Let us prove that &° (1 + 38) -1>0:
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Then we obtain

Let us examine the case & e 0, (%jp , ke[2p, 2p + 2]. We fix an arbitrary Se 0, (%)p . As it was

shown for ke (2, 4], there are two possible alternatives. In the first alternative the needed inequality is obvious,
k

so we consider the second alternative, 1. €. 85_1(1 + 38) —1<0. Then
h(8, k)<2(1- SP)II“ [85_1(1 +35) - 1} + 2S§ ~2-8<h(8,2p)<0.

On the plain OdP, we consider a domain bounded by the lines 5=0, =35 and the curve p=f (S, k) (fig. 3).

As it was already shown, we have gé(S, B, —k) > 0 in this domain, which means g[;(S, fﬂ, k) <0. Also it was
[z oz < 1\e | . (% % C (% .
shown that g(ﬁ, f(ﬁ, k), k) <0 forde|O0, (5) . Since g(S, 3, k) =0, we obtain g(8, B, k) < 0 in the men-

tioned domain (coloured in red in fig. 3) that contradicts properties 1 and 2.

1.5
1.0
~ — 5(8,B.k)=0
B ~£( Nk)
82+ pr=1
05} —B=9
0 1
0.5 1.0 1.5

)
Fig. 3. Tllustration to the proof of proposition 9 (k = 4)

Proposition 10. [f property 2 holds, then c=b=1 > a.
Proof. The needed statement follows from proposition 8.
Proposition 11. Property 2 holds if and only if n < -2.

Proof. By proposition 10, we havec=b=1,a< 1. Let k= % Similarly to the proof of proposition 3, we
deduce that property 2 is valid for some #n < 0 if and only if the equation
8+ 4

gh=_0F%
82 +65+5

is solvable for 8 € (1, 0).
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Let us consider the function

log (83 + 4) — log(8” + 63 + 5)

k(o de(l .
( ) 10g8 ’ e( ’OO)
2
We have k(1+0)=0, k(o0)=-1. Since 1<%<8, the value set of the continuous function k(3§),
+

8 (1, ), is the interval (-1, 0).
Proposition 12. For any n <-2 there exists a triangle with sides a, b, ¢ such thatc>1=b>aand l, ,=1

c,nt

Proof. Let us fix an arbitrary n, < -2, we set k, = nz Take ny e (n,, —2). By proposition 11, there exists
1
. o 2
a triangle with sides a, b, ¢ such that ¢y =by=1> a, and g (8, By, ko) =0, k)= — We have g(8,, By, k)>0
0
since the function k — g(8,, By, k) is increasing. Also for any sufficiently small £ >0 we get g(8,, By, k) <

< g(Sl, B, 0) =0, where B, =B, —€;6,= Bi By the intermediate values theorem, one can find the point (82, B, ),

1

which belongs to the segment with endpoints (8, B, ), (8;, B, ) such that g(8,, B,, k) = 0. It remains to check
k ki

that the numbers a; =87 , b =1, ¢, =B; define a triangle. Taking a sufficiently small ¢ € (0, 1), we obtain

ok k ko ko
a=B; <Bl =(1-¢)2 <(1-¢)2 <1+3§; <
ki ki
<1+8; <1+8; =b+a,

as it is required.

Remark 3. By propositions 9 and 12, without loss of generality we may assume that n [—2, —1) while
investigating property 1.

Proposition 13. For any n €[-2, —1) property 1 holds.

Proof. Let us consider an equation L(S, B, k) = 0 with the function L defined after proposition 4. We in-

troduce new variables & = é, ﬁz l, k =—k. Then the equation L(S, B, k) =0 is equivalent to the equation
G(S, [3, l:r) =0, where
8 — Bk 2 2 k
G(5. . k) === (B8 +1)+(B+1)8(5+1)) =B (5+B +25B) + (B+1)(5+1).

It follows from proposition 8 that 83 <1. Moreover, k[, 2).

Let us prove that for any ke [1, 2) the equation G(S, B, ]E) =0 has a solution in the domain 0 << <1
ko ko k
such that there exists a triangle with sides a =82 =82, b =1, ¢ =B? = 2. Clearly, the existence of such triangle
ko k
is defined by the inequality 82 + p2 >1 (fig. 4).

|32

BRI

. k
We fix an arbitrary k€1, 2). Let us consider the function p= f(8)= [1 ~ 32 J and the implicit function

B=F (6, Ig) defined by the equation G(E‘), B, l:t) =0 in a neighbourhood of the point & = 0, f = 1. Indeed, such
implicit function exists in some one-sided neighbourhood of the point 6 =0, B =1, since G(O, 1, IE) =0 and
Gé(O, 1, IE) #0. As f(O) = F(O, l:r) =1, it is enough to show that f'(O) < FS'(O, l:r)

By straightforward computations, we obtain f”(0)=—oo, FS'(O, Ig) = —% for ke (1,2) and Fé'(O, l:r) =-3.5
for k=1.
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1.0
—— G(8.8.k)=0
koK
0.9 —— 32 +p>=1
0.8
p
0.7
0.6
05 1 1 1
0 0.1 0.2 03 0.4 0.5

)
Fig. 4. lllustration to the proof of proposition 13 (k= 1.5)

Remark 4. Applying the same arguments as were used in proposition 7, one can obtain that properties 2
and 3 are equivalent for n < 0. Hence, the validity of theorem 1 for n < 0 follows from propositions 9, 11-13.

Proof of theorem 2

We consider number-theoretic properties of the so called critical triangle, i. e. a unique (up to homothety)
non-equilateral triangle with three equal n-lines /, ,=1/, ,=[. , for minimal possible n > 0. As it was shown
in proposition 3, such triangle is isosceles and has sidesa=b=1 and ¢ = BOZ , where ,=0.1396977... and
ky=0.0686262...,1.¢. c=0.9346926....

Proposition 14. The critical triangle can not be straightedge-and-compass constructed.
Proof. It is sufficient to prove that the number ¢ = [3]60 is transcendental. We assume the contrary, i. e. that
[3’50 is an algebraic number. Since
ko _ 8B, + 4
B+ 6B, +5
the right-hand side is an algebraic number as well. Hence, 3, is also an algebraic number. As it was shown in
proposition 3, the number 3, is a solution of the equation

28(2+B)(1-B) B 8B +4
2B+ (B+DB+35) B sy
The numbers B =,y = 8B, + 4 n= 2B0(2 +Po )(1 _ BO) are algebraic. Moreover, logy =nlogp.

(Bo+1)(Bo+5)" ~ (2Bo +1)(Bo+ 1)(Bo+5)

Hence y =B". By Gelfond — Schneider theorem [8], the number " can not be algebraic if n is an irrational
algebraic number. So the number 1) is rational. Hence, the degree of the number 3 does not exceed 3.
We consider the case in which [ is a rational number. Clearly, the number

1182 1208+ 5

WB= Bn +1_ l3(2[3+1)([3 +1)(B+5)
is also rational. Let B = %, where (m, n) =1, then

1B +20B+5  llm’n+ 20mn® + 5n’°
(2B+1)(B+1)(B+5) 2m* +13m’n + 16mn* + 5n°

We estimate the GCD:
d= (l 1m*n + 20mn* + 5n3, 2m® +13m*n + 16mn* + 5n3)=

:(2m(m2+ mn—2n2)’ n(11m2+ 20mn + Snz))S
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< IO(m2 + mn — 2n2, 11m® + 20mn + 5n2)=
=10(m2 + mn — 2n2, 9mn + 27112)S9O(m2 + mn — 2n2, m + 3n) =

=90(m + 3n, —2mn — 20> ) <180(m + 3n, m + n) =180(2n, m + n) < 360.

11B% +20B+ 5
Let B(zﬁ”)(f’”)('“ 5) %, where (my, n,)=1. Then
|

1m?n +20mn® + 50°  2m® +13m°n + 16mn* + 5n° Lnm®n +20mn” + 50 2m° +13m%n + 16mn® + 5n°
d d d d

Since m, n and m,, n, are coprime, the numbers m, m, have the same prime divisors. The same holds for » and »,.
Consequently, there exist positive integer numbers ¢, 7 such that

2m® +13m*n +16mn® + 5n° 2m® +13mn + 16mn* + 5n°
d d

m=gq ,A=T
Since d < 360, we get n°% > p? > »r, Clearly, n > 1, then > 1. This implies n? 2", Clearly, n < 5, which is

impossible since B < 0.14. Thus, the case deg(B) =1 is impossible.
We consider the case deg(B) =3. Let % =1 + 1. Then the polynomial

13m—-11n , 8m —10n Sm — 5n
+ x°+ X+
2m m 2m
_Sm —5n

is a minimal polynomial of the number 3, and Nm, (B) =———, where K= Q(B) is a cubic field. Since
m

f(x)zx3

n+1

YBeQ(B), we have y,:= B"*' e Q(B). Since B" =y;', we get (NmK (B))m = (NmK(y1 ))n So (NmK(B)) eQ

5m — SnJH

Therefore, there exist 7, seN, (r, s)=1, such that ( =S£. Then (5m —5n)"s"=r"(2m)". Let

m
S - . Sm -5 " .
d= (Sm — 5n, 2m). This implies y =q" for some g eN. Since 5m > % =¢g", we obtain g =1.

Since d <10, we get m —n<dq" <10, which is impossible for n > 100. For n <100 we use brute force and can
make sure that there are no admissible n, m.

It remains to consider the case of deg(pB,)=2. Let 4(x)e Q[x] be a minimal polynomial for . Then the
polynomial /(x) divides the annihilating polynomial f(x) defined above. This means the polynomial f(x) has

a rational root. Denote this root by Sf, where r€Z and s e N, (r, s) =1. We have

2mr + (13m -1 ln)rzs + (16m - 20n)rs2 + (Sm - Sn)s3 =0.

. . . (Sm - Sn)s
Clearly, s |2m. Let K= Q(B) be a quadratic field. According to Vieta’s formulas, we have Nmy (B) = 2—||
mir
Similarly to the previous case, y,:=f" *'e K. Then there exist numbers p, geN, ( D, q) =1, such that
((Sm -~ Sn)s)mq” = p”(2m|r|)m. Letd = ((Sm —5n)s, 2m|r ), then one can find € N suchthatM ="

m

Taking into account 2m > s and »n > %, we obtain 10m? > " > 12, 1. e. 100m* > ¢". If t > 2, then m < 30 (applying

the brute force over m, n, we make sure that the considered case is impossible). Hence =1 and d = (Sm - Sn)s.

2m|r|
d

10m* > t/'. Analogously to previous arguments, we obtain 7, = 1. We have just proved that d = (Sm - Sn)s =

Similarly, we prove that there exists # €N such that =1". Since r|5m — 5n, we have |r| <5m. Thus,

= 2m|r|. Applying Vieta’s formulas one more time for the roots x;, x; of the polynomial f (x), we see that
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‘xi xj‘ =1. Searching numerically for the roots of the polynomial f (x) with enough accuracy, we see that the

condition ‘xi X j‘ =1 can not hold. The obtained contradiction finishes the proof of this proposition.
Corollary 2. The number N,=29.143359... is transcendental. )
Proof. We suppose the opposite is true, i. e. N, is an algebraic number. Then k, = — is also an algebraic num-

2B0(2+Bo)(1_50) . . . ’ ky _ 8By + 4
(2[30 N 1)(B0 N 1)(50 N 5), we obtain that 3, is algebraic number. Hence ) = —(Bo N 1)(30 N 5)

is also algebraic number, which contradicts proposition 14.
Proposition 15. The number B,=0.30455... is irrational.
Proof. We suppose that the number £, is rational. Then the number

ber. Since k, =

3B+ 1B+ 6B, + 1—16B]
2([31 + 1)(2[31 + 1)

ky

is algebraic. Since the number

By — 1+ JB7 + 6B, + 1- 168}
2[31([31+1)

is algebraic as well, by Hilbert’s seventh problem, we obtain that the number &, should be rational. Let 3, = %,

—k
Bl =

where (m, n)=1,and k = g, where (p, ¢) =1. Then the equation

ki _ 2 _ k1(2l31 + 1)

1 i +1 By
can be written as
( n jg_ 2mng — p(2m + n)(m + n)
m) qm(m + n) .

We obtain

np(qm(m + n))q = mp(zmnq -p(2m+n)(m+ n))q.
Since (m, n)=1, (p, g)=1, we get n=r? for some reN. Then we have m=s? for some seN. Substi-
tuting n=r% m=s? into the equation and extracting the root of the degree ¢ from both parts, we get

rp(qsq(sq + 7 )) = sp(qusqq —p(2sq +rd )(sq +rf )) Since (7, s)=1and g > p, we have r”‘p(2sq + rq) %
x (S" + 71 ) Then we obtain 7|2 p. Hence 2 p > r”. We conclude that r=1 or (r, p) e {(2, 1), (2, 2)} Ifr=1,

then B, € N, which is impossible. If » = 2, then s = 1, but the inequality 0.29 < 0.5 < 0.31 does not have solu-
tions in positive integers. The obtained contradiction proves that ; & Q.
Proposition 16. The number N, =24.50613... is transcendental.

o . . 2 . .
Proof. We suppose the opposite, i. e. N, is algebraic. Then &, = A is also algebraic number. As well we

1
suppose that £, is irrational number. The number f, is also algebraic. Then, by the seventh Hilbert problem, the
number Bf‘l is transcendental, that is impossible since

gk B+ BT+ 6B+ 1-165]
: 26,(B, +1) ’

and the right-hand side is an algebraic number. Hence, £ is rational number. Let &, = %, where (m, n) =1.
It follows from the relation

3B, +1— B2+ 6B, + 1—16f;
k=
2(B,+1)(2B, + 1)
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that
(3B, +1)n —2m(B, + 1)(2pB, + 1))2 = ([312 + 6B, +1- 16[313);12.
Then

(887 + 1687 )n* — 4mn (B, + 1)(2B, + 1) (3, + 1) + 4m> (B, +1)° (2B, +1)"=0.
Dividing by 4(1 + 2B, ), we obtain
2m°B2 — mn (B, +1) (3, + 1) + m*(B, + 1)° (2B, + 1) =0.
Finally,
2m*B; + (Sm2 — 3mn + 2n* )Blz + (4m2 - 4mn)[31 +m* —mn=0.
So deg(p, ) <3. By proposition 15, the case of deg(p, ) =1 is not possible.
Let us consider the case deg(, ) =3. Then the polynomial

5m* =3mn +2n* 5, 2m-2n m—n
X"+ X +

2m? m 2m

f(x)=x3+

-7 where K = Q(B, ) is a cubic field. Since
m

is a minimal polynomial of the number B, and Nmy (B, ) =

2 k(2B+1)
= - €
B +1 B

we get v, =B e Q(P, ). Since B} =7/, we have (Nmy(B,))" =(Nmy(y,))". Hence (NmK(BI))k1 € Q. Thus,
there exist 7, s € N, (r, s) =1, such that
n—m % _r
[ 2m j S

Then (n—m)"s"=r"(2m)".Letd = (n — m, 2m). We obtain that

Q(B)),

n—m . n—m
=q" forsome ¢q € N. Since n > 7=

=¢q", there holds ¢ =1. Since d <2, we obtain that n — m < dg" <2, which is impossible for positive inte-
ger n, m since k; < 0.1.
It remains to consider the case deg ([31 ) =2.Leth (x) eQ [x] be a minimal polynomial for ;. Then the poly-

nomial 4 (x) divides the annihilating polynomial f ( x) defined above. That means the polynomial f (x) has a ra-

tional root. Denote this root by SK, where r€Z and s e N, (r, s) =1. We have
2m*r + (Sm2 —3mn + 2n2)r2s + (4m2 - 4mn)r32 + (m2 - mn)s3 =0.

Clearly, s

2m* Let K = Q(Bl ) be a quadratic field. According to Vieta’s formulas, Nm ([31 ) = (nz——m)s Similarly

mlr]
. . k . L] n
to the previous case, v, := B)" € K. Then there exist p, g €N, (p, ¢) =1, such that ((n — m)s) q9"=p (2m|r|)

m

(n - m)s " . 2 2
Letd = ((n — m)s, 2m|r|), then one can find ¢ € N such that T =¢". Taking into account 2n~ > 2m" > s,
we get 2n° > 1" If £ > 2, then n < 11 (checking by brute force all remaining m, n, we see that this case is not pos-
2m|r|
d
we get [r|<n’. So 2’ > 1. That is why ¢, = 1. We have proved that d =(n — m)s =2m|r|. Applying Vieta’s

sible). Hence t=1 and d = (n - m)s. Analogously, there exists # € N such that =1". Since r|m2 — mn,

formulas, we see that for some roots x;, x; of the polynomial f (x) there exists ‘x,. xj‘ =1. Finding numerically

the roots of the polynomial f (x) with sufficient accuracy, we can see that the condition ‘xi xj‘ =1 can not hold.
The obtained contradiction finishes the proof.
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Corollary 3. The number B,=0.304 55... is transcendental.

Proof. Indeed, if the number 3, is algebraic, then the number £, is also algebraic, which contradicts to
proposition 16.

Remark 5. Validity of theorem 2 follows from propositions 14 and 16.

Conclusions

As it is shown in the paper [5], the equality of external n-lines Z;, = I, in terms of variables 8, B, k can be
written as g (3, B, k) =0, where

g(8..k)=8" (-B(d -1+ (B-1)’(3-1)) -
B (-8(B-1)+ (B-1)(3-17) + (B-1)(5-1)(5 - B).

Despite apparent similarity of equations of surfaces z = g(S, B, k) and z= g(S, B, k), these surfaces have
fundamentally different geometry. As it is shown in the work [5], for any & # 0 in any sufficiently small neigh-
bourhood of the point (8, By)=(1,1) there exist points (8, B) such that & = B and g(8, B, k) =0, that is why

for any n # 0 there exist non-isosceles triangles with two equal external n-lines. These different behaviour of

internal and external n-lines can be explained in the following way. In case of external xn-lines the saddle point
> 3 (8, B, k L

(89, By) =(1,1) of the family of surfaces L(3, B, k)= % becomes invariant when the parameter k # 0

changes. For the family of surfaces z = L(S, B, k), which describes the equality of internal n-lines the saddle
point (8,, By) =(1,1) moves toward the limit point (B, p,)=(0.30455..., 0.304 55...) when k > 0 increases

2 S, B, k
up to the critical value k = F; as soon as k achieves this critical value, the function L(S, B, k) = g(fS—BB)
1 —
becomes strictly positive in the domain & > 0, B > 0. For negative values of £ situation is different: for any
k < 0 in a neighbourhood of the point § =1, § = oo there exist solutions of the equation L(S, B, k) =0, but for
koK
ke [—2, O) these solutions do not define a triangle, since the needed triangle inequality B2 + §2 >1 fails.

Partially, for n =1 we get a new proof of the Steiner — Lehmus theorem, as well as the known counter-
example of Bottema that the Steiner — Lehmus theorem fails for external bisectors (Bottema’s triangle has
angles 12°, 36°, 132° and two equal external bisectors [5]).

In the article [5], it is proved that for any real n the equalities /, , =1, ,, [ [, _, imply that a triangle is

a,-n "~ ‘c,-n

isosceles (a = ¢), the same property holds for pairs of external #- and (—n)-lines. Results of this paper show that
both the equalities /, ,=1. .,/ [, _, are substantial for a triangle to be isosceles in case of internal n-lines.

c,n> ‘a,—n c,—n
Indeed, one can find a non-isosceles triangle, which has two equal antisymmedians /, ,=1. ,. Clearly, such
triangle can not have two equal symmedians /, ,, /. ,, otherwise it would be isosceles. In other words, the
equality of symmedians /, , =1, , implies that a = ¢ and, consequently, it implies the equality of antisymme-
dians /, ,=1. _,. The opposite is not true: the equality of two antisymmedians does not imply the equality of
two symmedians. Nevertheless, the equality of two antibisectors /, _; =/, _; implies the equality of two bisec-
tors [, ; =1, ;. But the equality of three antisymmedians /, , =1/, ,=1. _, implies that a triangle is equilateral.
Also it is interesting to consider the same generalisation of the Steiner — Lehmus theorem in other geomet-
ries, such as a weak geometry that does not depend on the fifth Euclid’s postulate.
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