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BEL[[ECTBEHHBH?I, KOMITJIEKCHBIA
U ®YHKLMOHAJIBHBIN AHAJIU3

REAL, COMPLEX
AND FUNCTIONAL ANALYSIS

VIAK 517.968.7

PEIIIEHUE IT'MIITEPCUHTYAAPHOI'O .
NHTETPO-AUOPPEPEHLIMAABHOI'O YPABHEHUSA HA KPUBOWH,
PACIIOAOXEHHOHU B YTAOBOUM OBAACTHU

A. I1. HITHJIHH"

1)Eefzopycc;mﬁ eocyoapcemeennblil yHusepcumem, np. Hezasucumocmu, 4, 220030, e. Munck, Berapyce

Annomayus. Pemaercst HOBoe JIMHEHHOE HHTErpo-AnudepeHInanbHoe ypaBHEeHNE Ha 3aMKHYTOH KpUBOH, HaXo/s-
IIeiics Ha KOMIUIEKCHOM TockocTH. Ha pacronoxenne KpuBoi 1 KO3(GOUIHUCHTHI ypaBHEHHS HAKIIAIbIBAIOTCS HEKOTOPHIE
OrpaHUYCHUs. YpaBHEHUE COACPIKUT IMIICPCUHTYISIPHBIC M PErYJIsIpHbIC HHTErpajbl. BHavane oHO CBOAMTCS K KpaeBoH
3anade Pumana — Kapnemana Juis aHauTHYeCKUX (DYHKLUH, MMEIOLIEl YacTHBIN BUA U HETPaJULMOHHYIO IIOCTAHOBKY.
Jlanee pemarorcst 1a JIMHEHHBIX AU(GEpEHINATBHBIX YPABHEHUS C TOCTOSHHBIMU KO3()(DUIIMEHTaMH B 00IACTAX KOMII-
JIEKCHOH TIJIOCKOCTH C JIOIIOJIHUTEJIHBIMH YCIIOBHSIMH Ha peleHue. Bee ycnoBus pa3pennMocTi HCXOHOTO YPaBHEHHUS
YKa3bIBAIOTCS B SIBHOM Bujie. [Ipy MX BBINOJHEHUH IPUBOIUTCS PEILICHUE UCXOHOTO yPaBHEHHS B SIBHOM BHJIE.

Knroueswie cnosa: narerpo-nuddepeHnnansnoe ypaBHEHNE; THIIEPCHHTYISIPHBIA HHTErpast; 00001IeHHbBIE (hOPMYITBI
Coxorixoro; kpaeas 3aga4a Pumana — Kapinemana; jauHeiiHoe audQepeHuaibHoe ypaBHEHHE.

OO0pa3en UMTHPOBAHUS:
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BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

SOLUTION OF THE HYPERSINGULAR
INTEGRO-DIFFERENTIAL EQUATION ON A CURVE
LOCATED IN THE ANGULAR DOMAIN

A. P. SHILIN®

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus

Abstract. We solve a new linear integro-differential equation on a closed curve on the complex plane. Some res-
trictions are placed on the curve location and on coefficients of the equation. The equation contains hypersingular and
regular integrals. Initially, it is reduced to the Riemann — Carleman boundary value problem for analytic functions,
which has a partial form and an unconventional formulation. Next, two linear differential equations with constant
coefficients in domains of the complex plane with additional conditions on the solution are solved. All solvability con-
ditions of the original equation are stated explicitly. When they are performed, the solution to the original equation is
given explicitly.

Keywords: integro-differential equation; hypersingular integral; generalised Sokhotsky formulas; Riemann — Carle-
man boundary value problem; linear differential equation.

Beenenue
[MycTp L — mpocTas miagkasi 3aMKHYTast HOJIOXKHUTEIILHO OPHEHTHPOBAHHASI KPUBast Ha KOMIIEKCHOM TUIOC-
koctu. O603HaunM 4yepe3 D, BHYTPEHHOCTb, a uepe3 [D_ BHEIIHOCTb ATOM KPUBOH. 3a1auM KOMIUICKCHBIC
qyucna a, b, k= 0,n, neN, a,#0, b,# 0, ataxxe H-HenpepbIBHYIO (T. €. YOBIETBOPSIOLIYIO YCI0BHIO [ €b-
nepa) GyHkumo h(t), te L. B nanpHeiimem uckomoii 6yner dyrkuus ¢(7), € L, H-HenpepblBHas BMECTe CO

CBOMMMU ITPOU3BOJHBIMU, BXOAAINIMMU B YPAaBHCHUC.
Jns mpenenbHBIX 3HaUeHUM Ha KpuBo L nuHTerpana tumna Ko

(p dr
@, (2) 2mj ,zeD,,

T—z
U €r0 MPOU3BOJIHBIX CIIPABE/IIMBBI OJTY4YCHHBIC B padote [1] o6o0meHHbIe hopmyibl COXOIKOTO

CIAN. o(r 0
o’ (t)—iz 2mj — kﬂ,k_o, n,tel, (1)

YaCTHBIM CITy4aeM KOTOPBIX TpH k = 0 ABistroTcs Kiaccuueckue Gpopmynbl Coxorkoro. ['unepcuHrysipHbie UH-
Terpaibl B hopMynax (1) TOHUMAIOTCS B CMBICIIC KOHEYHOH JacTH 1o AaMapy, 9To coracHo padore [ 1] mms ux
BBIYHCIICHUS IPUBOAUT K hopMyiam

ko old) 4
(P Tti(p(k)(t) (P(‘c _J;)(p j!(t)(q;—t)J
J. k+1 - k! +LI (T_t)k+1

B IIPABbIX YaCTSIX KOTOPBIX MHTETPANIbl CXOIATCS B OOBIYHOM cMbIcie. B pabote [2] ¢ ucnonb3oBanuem ¢op-
My (1) B IBHOM BHUJE pellIEeHO ypaBHEHHE

z”: ak(p(k)(t)+bkk! (p(t)dr

k=0 T L(r—t)k+1

=h(t), teL. )

VYpaBuenue (2) sABIsETCS OMHUM U3 000OMICHUI KIACCHYECKOTO XapaKTEPUCTHUECKOTO CUHTYIISIPHOTO MH-
TErpajbHOTO YpaBHEHHUsI, KOHCTPYKTHBHOE perieHune kotoporo [3; 4] B 1930—40-x rr. obecrednino co3aanne
K HAaCTOAIIEMY BPEMEHHU OOraToi ¥ NMEIOLIEH BaKHbIEC IIPHIIOKEHUS TEOPUH CUHTYIIIPHBIX HHTEIPAJIbHBIX yPaB-
HeHu#. J{anpHelee n3ydeHue ypaBHeHHN, OTM3KUX K YpaBHEHUIO (2), MOXKET 0Ka3aThbCsl HHTEPECHBIM M HAUTH
TIPHIIOKEHMS.
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IMocTanoBKa 3a1a4u.
HexoTopsblie BciomMorare/ibHble (pakThl 1 0003HAYEHUS
3anaaum takxke uncio m € N, m > 2. O003Ha4uM 4epes

2mi .

=
— m ; —

g =e ,]eE—{O,l,...,m—l}, 3)

KOMITJICKCHBIE KOPHH CTETICHH /7 U3 eAHHUIIBL. [[pon3BoIbHBIM 00pa3oM BEIOEpEM U 3a()UKCUPYEM YUCIIO § € E.

3amganuMm erne H-HempepbIBHBIC (PyHKIINN a(t) #0, b(t) #0, te L. KpuByto L BO3bMeM TeNeph PaCIoNOKEH-

. . T
HOH B yII0BOI 001acT Buja y, < argz <7y, + - Bynewm pewars ypaBHeHue

n

> 1 (a(t)a +b(1)b, )™ (1) +

k=0

(a(t)a, —b(t)b; )(mk)! mZ

_1gtsj—‘P(T)dT = h(1), te L. 4
-0 L

+ J mk +1
(T‘SJ’)

T

-

B sTOoM ypaBHEeHHH B OTIIMYKE OT ypaBHEHUS (2) KOX(PPHUIUEHTHI ABISIOTCS HEPEMEHHBIMU U IMEIOT CTICIHAb-
HbIH BuI. C 9acTHBIMH CIy4asMU IIepeMEHHbBIX KOd(GUIIMEHTOB YpaBHEHHE (2) U3y4alochk, HalIpuMep, B pa-
6otax [5; 6]. [Ipu j = 0 uHTErpabl BO BHYTPEHHEH CyMMe ypaBHEHUs (4) Oy/lyT MHIIEPCHHTYIISIPHBIMH, a MPH

j =1, m—1— perynsapubivu. M3ydenune mogoOHBIX «ITOTHBIX» TUIIEPCHHTYISIPHBIX YpaBHEHUI HAYaTO HEJaB-
HO [7; 8]. Tak, B pabore [8] pemeno ypaBuenue (4) npu m = 2, s = 0. BBenem o0o3HaueHMe

m—1  m-1
p.=C\| b, JL, U Dy |
B=1 B=1
riue
Ly={t:t=gyt,veL}, Dy={z:z=g,(, LD}, p=1 m-1
Bo3MOXHBINH BHIT HEKOTOPHIX BBEICHHBIX 00BEKTOB N300paKeH HA PUCYHKE.

N

N

Bo3smoxnsIit Bua kpuBoii L n obnacreit D, , D, npum =8
Possible shape of the curve L and domains D, , D, in the case m =8

Tak xak KOpHHU CTETICHU /7 U3 SAUHHUITEI 00Pa3yIOT [0 YMHOXKCHHIO IIUKIMYECKYIO TPYIITY TTopsaka m (¢ 00-
PasyroLIUM JJIEMCHTOM ), TO BO3HHKAIOLINE B BEIYHCICHUSX YHCIA €;, 3alUCaHHbIC 110 (opmyie (3) s
j € Z\E, B nanbHeieM MOXKHO 3aMEHSTh Ha PAaBHBIC UM YHCIIA [T COOTBETCTBYIONIETo 3Ha4YeHus j € E. Beenem
aHAJIMTHYeCKHE (DYyHKITHH

m=l t)dt |¥Y.(z), zeD,,
S o ©
Ty ] TTEZ ‘I’*(z), zeD,.

W3 cBoiicTB mHTerpana tumna Ko ogeBuaHO, 90 A GyHKIN P, (z) JIOJKHO BBITIOJIHATHCSI PABEHCTBO
P, (oo) =0. (6)
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Kpowme Toro, 3ta ¢pyHKIus 00J1aaeT CBOMCTBOM

¥, (&2)=¢,¥.(2). (7

B camowm perre,

-1 1 -1
’" _s(p dt 1”’ - (ptdr S L polT)dr
¥, (g2) =— IT_S - f ) izglg e(r)de

. s “j-1
Zm 12 27:11 0 7 T—€z  2miiT T—-¢;z

L J

"’Z I ‘I’*(Z).

TSZ

£ 2 ot

7 T—E;zZ 2m 7Tz 2m

CaoiicTBo (7) 060011aeT CBOMCTBA YETHOCTH M HEUETHOCTH (DYHKIIHH, TToNydatommecs npum =2,s =0um =2,
s =1 coorBercTBeHHO. DYHKIMHU C TTOJOOHBIMH CBOMCTBAMHU yKa3aHbI B padboTe [9]: B cymMMy Takux (GpyHKIUH
MOKET OBITH pa3fiokeHa Besikasi QyHKIMs, 3aJjaHHas B 00JacTH C MOIXOSIIUMH CUMMETPUSIMH (HapUMep,

B obmactu D,). [locmeqauii ¢pakT s naasHEHIITNX pacCyXACHUH chopMyaupyem Ooiee ToaHo. Ecmun A(z) -
Kakas-Tu00 QyHKIHS KOMIICKCHOTO IEPEMEHHOTO0, 33/JaHHast B 001acT D,, TO €€ MOXKHO TPEICTABUTH B BHJIC

m—1
z)= Z Ak(z), (8)
k=0

e
m—1
A (2)= & A(52), ©)
puYeM /=0
A (82) =8, 4, (), k=0, m 1 (10)

[IpoBeneHHbIC BBIIIE BHIKIAJKH MOXHO PACLEHUBATh Kak o0ocHOBaHue paBeHcTBa (10) mpu k = s B ciyuae,

d
ecIu A( I (p . [Ipencrasienne (8) 06001maeT N3BECTHOE pa3IOKeHHE (PYHKIINHA B CyMMY YeTHON
2mi -z

¥ HEUYCTHOM (byHKuI/IH. Ecmu pyaxmms A(z) ABJIAETCS aHATMTUYECKOM, TO M Bce QYHKIMU A, (z) OyIyT aHATH-
tuaeckumu. uddepenupys B 3Tom ciaydae paeHctsa (10) 7 pa3, momydaem

r r)
A (g2)=¢,_,4V(z), reN.
Orcrona, B 4aCTHOCTH, CJIEAYET, YTO PABEHCTBA (10) TIEPEHOCATCS Ha TPOU3BOIHBIE OT (DYHKITHIA Ak(z) o-

pAIKOB, KpaTHBIX m. [lepBooOpa3Hble Bua B IA d(;, €CJIM OHU SIBJIIFOTCS] OZTHO3HAYHBIMU aHAJIUTH-

4eCKMMHU QYHKIHUAMHU B obnactu D,, OyayT O6JIaILaTI> CBOMcTBaMuU

B.(&z)=¢;,,B(2), k=0, m—1. (11)
gz
st obocHOBaHwmsI cBoiicTB (11) B mHTErpamax j A k(Q)dC cllelyeT cliesaTh 3aMeHy C = gw.
0

KpaeBas 3aga4a 19 anaanTu4eckux QyHKumi,
CBSI3AHHAS ¢ UCXOAHBIM YPABHEHHEM

3anuiem npeaenabHble 3HaUeHHs Ha KpUBOH L GyHKUUi (5) 1 UX TPOU3BOIHBIX MOPSIIKOB, KPATHBIX 71:

|m—1
‘Pﬁ’"">(r)=1<p(’”">r+(mk S e ol (12)
2 z(t- st)

(mk) :_l (mk) — _on
() =-20 2m z:: j(r st)’”k”’k 0,n, teL. (13)
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®dopmyiet (12) u (13) nonydaroTes mociie UCMoNIb30BaHusl 00001eHHbIX Gopmyn Coxorkoro (1) s uHTE-

rpana B ¢pyHkuusax (5) npu j =0 u quddepeHupoBaHms o] 3HAKOM UHTerpaia npu j =1, m — 1. Beruuras
u cknansiBast popmyinsl (12) u (13), momyduaem napy paBHOCHIBHBIX (hOpMyIT

(p“"")(t)wi'"")(z)—wi'"“(r), (14)

€ t

mk ) "] (mh) 4 (mk)
X I e = P () + (),
Jj= L ’E )
C MIOMOIIIBIO KOTOpLIX ypaBHeHI/I}O (4) MOXKXHO r[pI/IL[aTL BUJ KpaeBOf/’I 3aa4Yd )11 aHAJIUTUYCCKUX (l)yHKHHﬁ

3 [ (ae)a + (1)) (2 (0) = 2 (0)) + () = b0}, ) () 0) + 2 0)) [ = ) e

k=0

WJIM TIOCJIE OYEBUIHBIX YIPOIIECHUN

n
1) aw"(r) Z b, %™ (£)=h(t), te L. (15)
k=0
HepBasI cyMMa B JIEBOW yacTu paBeHCTBa (15) sBisieTcst MpeenbHBIM 3HAYSeHUEM Ha KPUBOH L QyHKIMN
Z a,\V , aHAIUTUYeCcKoH B obnmactu D,. Bropas cymma OyzeT npefiebHbIM 3Ha4Y€HUEM Ha KPHU-
BO L (I)yHKI.II/II/I Y Z bk , aHaJIUTU4ecKol B obnactu D,. Ilockonbky ‘P( )(812) = SS\I’*(km)(z),

TO MOIXOOHBIM CBOI/ICTBOM zxomxHa obnanars u pynkums Y, (z), T. e. ¥, (gz) =¢,Y.(z). Kpome Toro, u3 ycmno-
B3t (6) moyunm ¥, () = 0. Teneps kpaesyro 3anady (15) MOXKHO 3aIicaTh B BUC

Y,

+

(t)=MY*(t)+ hr) ,teL. (16)
a (t) 2(1(1)

Ota 3aa4a OTHOCUTCS K CMEIIaHHBIM KpaeBbIM 3a7a4aM Pumana — Kapnemana. OHa nmeeT HeCKOJIBKO HETpa-

JUIMOHHOE JUI CMEIIaHHBIX 3a]1a4 KpaeBoe yciaoBue. OHaKo MIMEHHO TaKOe KPaeBOe YCIIOBUE, BUJ] KOTOPOTO

Han0oJsee yrnoTpeOuTeNeH IS IBYX IEMEHTHBIX KPaeBbIX 33/1ad, TI03BOJISIET PACIIPOCTPAHUTH HA Hee Kilaccuye-

CKYIO CXeMy permeHus [3] ¢ mcrnob30BaHHeM OIXOSIIETo aHaiora 0000ImeHHO TeopeMbl JIMyBHILIS U TTO/-

xoseit pakropuzanun ko3 dunreHTa. B pesynprare nomydaem cienymoiiee odee pemenue 3aaadu (16):

(2)=X,(2)(T.(2) + P(2)) ¥(2) = X.(2)(T(2) + P(2)),

Y,

+
VIS

X+(Z):er+(z)’ X*(Z):(Zm_ Zg’)iaer*(z), ZOED+, a:IndLM

a(r)

27:1']:0 T-gz
Lmz_:lgfsj h(t)dt _ T,(z),zeD,, P(2)= ch S e C, e o> 0
47'Cij:0 J 7 a(‘C)X+(T)(T—sz) T;(Z), ZED*, k=0

0, ecmn a <0.

[Ipu o > 0 3agava (16) pazpemmma 6e3yciIoBHO, a IpH oL < 0 U151 ee pa3permnMOCTH HEOOXOTUMBIMH U JIOCTa-
TOYHBIMHU ABJIAIOTCA YCIIOBUA

h(r)'cmk_s_ldr
[T =0 k=1 -a. (17)

p a(9X.(7)

[peanonoxumM, uto 3ana4a (16) paspemnma, a ee peleHne HailAeHo.

10



BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

Pemenne nudppepeHunaIbHBIX YPABHEHHH

Teneps cnenyet pewars auddepeHuranbHble ypaBHEHHS

S 4 ¥ (2)=7,(z), zeD., (18)
k=0
Zn: bk‘P,fmk)(z)zY*(z), zeD,, (19)
k=0

U B ClTyyae HaXOXKJICHHsSI UX PEIICHUHN BOCIIONB30BaThes (hopmynoii (14) mpu k = 0:

o(t)="Y,(r)-Y.(1), te L. (20)

He cocrasnsgeT mpobiemMsl Hammucarh o0IIee perenne ypaBHeHus (18), moydyeHHoe KIIacCHIeCKUM METOIOM
BapHUallMy MPOU3BOJILHBIX MOCTOSHHBIX:

‘P+(z)=iuj(z) Cj+5%. @)

B dopmyne (21) dynkuun uj(z), SIBHBIM BHUJ| KOTOPBIX U3BECTEH W 3/IECh HE IpHBE/CH, 00pa3yoT (yHna-
MEHTaJIbHYIO CHCTEMY PELICHHH COOTBETCTBYIOLIETO OJHOPOIHOIO ypaBHEHUS, Cfe(C, U(C) ectb BpoHc-

KuaH QyHKIH u; (C), a UJ(C) — OTIpENIEIUTENH, TToTydeHHbIe n3 U (C) 3aMEHOH 2JIEMEHTOB j-TO CTOJIOIA Ha

Y+(C)

an

0,0,...,0,

, j =1, mn, z, € D, . IaTerpupoBanue nNpoBOAUTCS 10 JI0OOH KpUBOM, MpHHAaMIexKaleil 00-

nacTi D, 1 COEIUHSAIONIEH TOUKH z, U Z, U BCIEICTBUE KOHEYHOCTH M OJHOCBA3HOCTH 00nactu D, MPUBOAUT
K OJJHO3HAYHBIM (DYHKLIMSIM.
HyxHoe Ham pemenue ypasuenust (19) copepkurcs B popmyiie

w,(z)= :Z:lvc(z) cpj% , 22)

anajorugHou gopmye (21). 3mech vc(z) — (pymmameHTaNBHAS CUCTEMA PEIICHUN COOTBETCTBYIOIIETO OTHO-
ponnoro ypasuenus, C. € C, V((;) — BPOHCKHMAH (PyHKIUI vc((;), al ((;) — ONpPEJETUTENH, MOTYUYECHHbIE U3

nQ  —

n
MIPOBOIUTCS TI0 KPUBBIM, COSAMHSIONTIM Touku 0 1 z 1 mpuHapiexkanum oomactu D,. [Tockonsky obmacts D,

SIBIISICTCSI 7M-CBSI3HOM O€CKOHEUHOH 00JIaCThIO, TO CICIYET HAIOKUTH TPEOOBAHUS HA HHTETPAIIbI, IPUBOJISIINE
K UX 0JJHO3Ha4HOCTH. Kpome Toro, u3 pemieHuii no ¢popmyiie (22) ciaeayer BIOpaTh TE PEIICHUS, I KOTOPBIX
BBINONHsIETCSl paBeHCTBO (7). HakoHer, oT pemieHuii ciieayer T00UThCs aHaTUTUYHOCTH Ha OECKOHEYHOCTH
¢ ycroBueM (6). Takum o06pazom, TpeOyeTcs Ooee moapoOHbIi aHamu3 GopMyItsl (22).

ITyct A p — KOpHH ypaBHECHUS )
> prk=0,
k=0

V(C) 3aMEeHO 3meMeHToB G-ro ctonbna Ha 0, 0, ..., 0, , 6 =1, mn. UaTerpupoBanue B dopmyie (22)

q

MMCIOIHE COOTBETCTBYIOLINE KPATHOCTH k,, p =1, g, Z k,=n. Jlist onpeneneHHOCTH Oy/ieM CYUTaTh, 9T0
p=1

CPE/IM YHCeNI A , HET PaBHBIX HyI0. [l Kaka0ro p =1, g Npon3BOIBHBIM 00pa3oM BbiGepeM U 3aduKcHpyem

OJTHO M3 3HAYCHHUIT 7| A p» 9T0 3Ha4eHHUe OyneM 0603Hayarh yepes [,. Torna KopHU ypaBHeHUs

Zn: bu™ =0,
k=0

ABJIAIOMICTOCA XapaKTCPUCTUUCCKUM JJII OAHOPOAHOTO YPAaBHCHUSA (19), MOXHO 3amMcarb B BUAC COBOKYII-
HOCTEN Yncen
80“[;3 81Hpa FERS] Sm—lupv

11
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IPUYEM KaX/Iblil KOPCHb B COBOKYITHOCTH HMEET COOTBETCTBYIOLILYIO KPaTHOCTS k,, p =1, g. ®yHnameHTab-
HYIO CUCTEMY PELICHUH 0JHOPOIHOro ypaBHeHus (19) 0ObIYHO NPUHSTO 3aMCHIBATH B BUAE

AL e L b S ) k 1, p=Lgq (23)
Jlanee GyneM HUCIONB30BaTh HHYIO GYHIAMEHTATBHYIO CHCTEMY PEILCHHIA:
flop(z) = ZlgOP(Z)’ fllp(z) = Zlglp(z)= e fl,m—l,p(z) = Zlgm—l,p(z)ﬂ I= O’k—p_l’ 24)
e
g0, (2) = S et g (2 =% Z &', g —% 2 "N p=lg.  (25)
j=0 -

@yH/1aMEHTaJIbHAsI CUCTEMA PELICHUI (24) MoJTydeHa 3aMEeHOM KaXaoi u3 (pyHKIMI B COBOKyMHOCTX (23)
TUHEHHOI KOMOMHAIMEH ATHX ke (YHKINH B T€X jK€ COBOKYITHOCTSX.
OyHKInM (25) UMEIOT TaKyIo K€ CTPYKTYpy, Kak GyHKIwH (9), Mo3TOMY /71l HUX CTIpaBEeIJIMBBI PABEHCTBA
Buma (10):
gOp(glz) = SOgOP(Z)’ glp(glz) = Slglp(z)’ “ees gm—l,p(glz) = Sm—lgm—l,p(z)'
CrnemoBaTeabHO,

flop(slz) = (glz)l SOgOp(Z) = SIZIgOP(Z) = glﬁOp(Z)’
Jip (812) = (812)1 €181p (Z) :81+lzlg1p(z) = 31+1f11p(2),

! I
fl,m—l,p(glz) :(812) 8m—lgm—l,p(z) :81+m—lz gm—l,p(Z) :81+m—1ﬁ,m—1,p(z)'

Ecau nnpexcer [, [ +1, ..., [ + m —1 Kkakux-10 uucen €;, €, , ..., €, HE MPHHAIEKAT MHOXKECTBY E, TO
3aMEHHMM 3TH MHICKCHI Ha 3HAUCHMS U3 MHOXECTBA £, CpaBHUMBIE ¢ HUIMU 110 MOIYIIIO /1. B pesynbrare momy-
9UTCSL, 9TO JUTs Kax0ro ukcnpoBanHoro / =0, k, — 1 1 Kax10r0 pUKCHPOBAHHOTO p = 1, g B coBokymnHOCTH
¢bynkmii (24) ectb poBHO oiHA (DyHKIUS co cBoiicTBoM Buaa (10) anst kaxnoro k =0, m — 1. [IpoBeneHHbIe
pacCyKIeHUS MO3BOJISIIOT B JaTbHEHIIEM B3ATh B Ka4eCTBE (DyHKITHI vG(z) B opmyre (22) mepeodo3HaUCH-
Hble QyHKIMHU (24) Tak, 4TOOBI vs(z) =v .(z), puyemM

mk + j

vkm+j(alz)=8j_1vkm+j(z),k=0,n—1,j=1, m. (26)

JIBe ieMMBbI

Jlemma 1. Cnpaseoaugo pasencmeo

V(ez)=V(z2). (27)
H OKa3aTcCcJIIbCTBO. V(SIZ) CCThb OIIPCACINTCIIb
vi(g2) v;(&2) v, (&2) v Vet (812) Vo mea(812) Vo (€12)
vi(g2) vh(g2) v, (8:2) v Vimemar(82) Vo ia(812) Vim(£12)
vl('"fl)(slz) vgm*l)(slz) vfnm_l)(slz) V}(,,);:IVBHI(SIZ) vf,:,';:i,),”(slz) vf,',',’,_])(slz)
WM (gz) W (gz) e W (gz) o W (g2) ,,;ﬁ Aez) e V(g 2)
vl(nm—m+1)(812) vgmn—rrwrl)(slz) vg:m—m+l)(slz) vg:ﬂm:mm:ll)(slz) Vi,fnm,imm;rzl (EIZ) (nm m+l)(8 Z)
vl("m_])(slz) vﬁ"m_l)(slz) vf,,"mil)(slz) v,S’,'nm:,,:Ll(alz) v,(qfnmf,,:)”(slz) vf,"mmfl)(alz)

[Tocne ncnons3oBanus Gopmyi (26) 3TOT ONPEAETUTENb CTAHET PABHBIM

12
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egvi(2) e (z) Ep_1Vm(2) o Ve me1(2) Ve mia(2) o & u(2)
&,_M(2) egvh(z) e EmVi(2) e Vi1 (2) €V ma2(2) o € ain(2)
e” (2) ") e () e (2) e T(2)
. (28)
sovl('1m7m)(z) slvgnmfm)(z) Smflvfn"m_m)(z) sov,;;m mmzl(z) slv,(qfnm:mm)z(z) smflvifnm _m)(z)
8m?lvl(nm—mﬂ)(z) govgnm—mﬂ)(z) 8m72V£WM7m+1)(Z) €y E:nmi—mm;-ll)(z) SOV;(q:Inm:mm:zl)(z) g, 2v’(:nm m+1)( )
slvl("mfl)(z) szvgnmfl)(z) sovfn"'"*l)(z) slv,(q':nm:,;{l(z) szvf,f,,m:,;)”(z) sov("m 1)(2)

13 Bcex cronbuos ¢ Homepamu km + j, k =0, n —1, BetHeceM 3a 3HAK onpeaeuTess (28) MHOXUTEIH €
j =1, m. Torga

—1»

V(slz):(aoa] e am_])n x

egvi(2) gy (2) €V (2) e BV me1(2) EVm-m2(2) oo €V (2)
8mflvlr(z) gmflvé(z) gmflv;n(z) 8m lvnm m+](z) 8mflv:’lmfm+2(z) 8mfl‘};lm(z)
enl” (z) et Nz ) el () el(z) - ‘>(z)
aovl("m m)(z) Sovﬁnmfm)(z) Sovf,,"mfm)(z) Sovsl':nm:mmzl(z) sov,(qfnm:mmzz(z) sov,(qnmmfm)(z)

e ) e ) e () e ) e () L e (2)
g™ 1)(z) elvg"mfl)(z) elv,(:m_l)(z) slvf,fn'":nﬂl(z) slvﬁl':nm:n:lrz(z) slvf,z,m_l)(z)

[Tocne BeIHECEHMS 32 3HAK MTOTYYUBIIETOCS OMPEAETUTENS 00X MHOKUTENEH B KaKJOU CTPOKE MOTydYnM

V(slz):(sosl e sm_l)zn V(z).

2
JlokazarenbCTBO JIEMMbI 3aBEPIIIACTCS UCIIOJIb30BAHUEM CBOIMCTBA (8081 C €, _1) =1.
Jlemma 2. Cnpageonugvl pageHcmea
Vkm+j(slz):8s7ijm+j( ) k= 0 n-— 1 J 1 (29)
Hokasarenbcrso. Kaxapii onpesennrens Vi, ., ; (z—:lz) OTIIMYACTCS OT ONpeneiHuTess V (z—:lz) TOJb-
Y, (52)

0 (km + j)—M cTONOIOM, BNeMeHThl Kotoporo umeror Bux 0,0, ..., 0, . Mcnonws3zyem paBeHCTBa

Y*(glz) g7, ( ) £, Y( ) PacuenuBas €,_; Kak 0oOIIUI MHOXKHUTEINb BJIenMeHTOB (km + j)-ro cTonoua,

& JE* —-J
3alIMIIEM 3TOT MHOXKHUTEIb IEpe] ONpCACIUTEIICM:

V;€m+j(81 ) s — /Vkm+j(glz)‘

Omnpenenurens V,, , /(alz) OTIIMYACTCS OT ONPEIEIIUTENS V(s:1 ) TOJIBKO (km + ])-M CTOJIOIOM, 2JIEMEHTHI KO-

0, ( ) . Kak u B qoka3zareabCcTBe JIEMMHI 1,

n
npeacTaBuM 3JIEMCHTLI OCTAaJIbHBIX CTOH6HOB B BUJIC (l)yHKHHfI OT zZ C TCMH XK€ MHOXKUTEIIMU. B pe3yibTaTe

TOPOTr0 MOXKHO 3aIiCaTh B BUAC € _ - 0, € o 0,....¢

j—m+1
CTPYKTYpa MHOXXHTEJICH BCEX SIIEMEHTOB B openenurene V,, . ; (alz) OyZIeT TOYHO TaKOM, KaK B ONpEACInTe-
nie (28), 103TOMy aHaNOrHYHO MOy auTCst Vy,, , ;(€,2) =V, ;(2). Jlemma okasana.

CHpaBC,Z[J'II/IBBIMI/I OKa3bIBAKOTCA TAKKE paBCHCTBA

V(SBZ) =V (z), Vkm”(sﬁz) =E(,_)p Vkm”(z), B=l,m-1,k=0,n-1, j=1,m, (30)
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noyyaemMslie nipu 3 > 1 npumeneHneM paBeHcTs (27) u (29) Haanexariee ynuciio pa3. Papencrsa (27), (29) u (30)
CIIPaBEUIMBBI BILIOTH JI0 TPAHHLBI 00acTh D,, T. €. B TOM 4MCIIe U Ha KpuBbIX L, Ly, B =1, m —1, mockonbky
BXOZSIINE B OIIPEAECTUTEIN V(z), Vin+ (z) (YHKIIMH HETPEPBIBHO MPOIOKUMBI Ha 3Ty TPAHHMILY.

Yder 1ONOJHUTEILHBIX YCI0BHI
Ha peuieHue 1M PepeHIHAIBLHOTO YPABHEHHUS.
®opMyJIHPOBKa pe3yJibTaTa

- & ¢ Vim;(6)dC
=kZ::Z:: km+/ [ km+/+!W}

OdYeBUIHO, UTO IJIST OJHO3HAYHOCTH (PYHKITHH ‘P*(z) JIOJDKHBI BBITTOMHATLCS HEOOXOAUMBIE U JTIOCTATOYHBIE
YCJIOBHS

punagnm popmyne (22) Bun

V. ..(t)dt _ D
J‘M:O,kzo,n—l,jzl,m, 31)
: V@)
V., ..(t)dt
J‘wzo,ﬁzl,m—l,kzo,n—l,j=1,m. (32)
no V@)
B
Jlenast B HHTErpaiax u3 paBeHCTB (32) 3aMeHBI ¢ = €47 1 yuntbiBas popmyisl (30), nomydaem

[ Vi, (1)t _ Vin-e (1 )d” W

O

T. €. HIHTErpaJbl B paBeHCTBaxX (32) OTIIMYAIOTCS OT MHTETPajioB B paBeHCTBaX (3 1) JIMIIh MOCTOSTHHBIM MHOXKH-
TeJeM, MoAToMY paBeHcTBa (32) oka3biBatoTCs ciencTBrueM paBeHcTB (31). [peamnonoxkum, uro paBenctsa (31)
BBITTOJTHSFOTCSI.

g pemenust onnopoaHoro ypasHenus (19) cormmacHo dopmynam (26) moaydum

Ly

n-1 n—-1 m

= Z Z Vian+ j 812 Ckm+j Z ZS 1vkm+/( )CZ’””'
k=0j=

k=0j=1
" .

Pasenctso (7) Oyner BBIMOIHATBCS JIMLIb B TOM ciydae, korna Cp, ;=0 npu Beex j# s+ 1. Jlnst qacTHOTO

pelnieHust HeOMHOPOaHOTO ypaBHeHHS (19) momyuum

n—1 m
‘P*(Slz) = Z kam”(slz)Bkmﬂ(slz),
k=0j=1
V. (C)d V...
e By, ., j(z) — mepBooOpa3Hble BUIA J % oT (pyHKIHA k;%()z), 00aaromx CBOWCTBOM
z

|/ |/ 0
] (812) =g,_; ] (Z) C yueToM paBeHCTB, aHAJIOIMYHbIX paBeHcTBaM (11), nmeem
V(e z) 7V (z2)

n

zii ]—lvkm+] )85_j+1fM=
k=0j=

0 V()

Takum 06pazom, yueT ycioBus (7) mpuBen K perieHuto ypaBuenus (19) B Buze

n_l m z
i z (CI:;MHlvk’”“Jfl(Z)Jr kam+j(z),[MJ=
k=0

— mn

= j=1
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BemmecTBeHHBII, KOMIUIEKCHBIH M GYHKIMOHAJILHBII aHAJIN3
Real, Complex and Functional Analysis

Hakonerr, st yueta ycimoBus (6) pazaokuM QyHKITHIO ‘P*(z) B psx JlopaHa B OKpeCTHOCTH O€CKOHEUHOCTH
Y TIPUpaBHIEM K HYITIO KOA((HUIMEHTHI MPH HEOTPUIATENIFHBIX CTETEHIX z ATOTO pasjokeHHs. B pesynsrare
TIOJTYYUM CJICAYIOIIYH OSCKOHEUHYHO CUCTEMY JIMHEHHBIX aJiIreOpaniecKuX YpaBHEHHUN, KOTOPOI JOJIXKHBI yI0B-

*
JeTBOPATH nocTosiHuble Cpy o, o 1
"o

ZylkC;m+s+1=819l:0= L2,.., (33)
e k=0

b

Vi 15 +1(2)dt nm v,(¢t)dt V,(C)dC
Tie = I%’ 512_2 I tnjﬂﬂﬂ(_)[ jV(C)

P — J0CTaTOYHO OOJBIIOE TOJIOKUTEIBHOE YUCIo. Teneps, ncnonb3ys Gopmyiy (20), chopmynrpyeM OkoH-
YaTeNbHbIN Pe3yNbTaT.

Teopema. /[ pazpewumocmu ypasnenus (4) neobxooumo u 00Cmamoyro, 4moodwvl bINOAHAIUCL PABEH-
cmea (17) npu o < 0, pasencmesa (31) u dvira coemecmua cucmema (33). Eciu amu ycnosusi 8binoaHsiomces,
mo uckomas PyHKyusi Haxooumcsi no hopmyie

l=p J=1l=p

_{ v, (U6)dg V(0S|
(p(t)_jZZI uj(t) Cj +ZIW —Vj(l‘)(.)"w _l;)Ckm+s+lem+s+l(Z)’teL’

. *
20e Cj — NPOU3BONLHBIE KOMNIEKCHbIe nocmosnnble, j =1, nm,a C,,, , . .| — KOMIIEKCHble NOCMOAHHbIE, ABNAIO-
wuecst pewenuem cucmemol (33), k=0, n—1.

3akaounTeIbHbIE 3aMedaHu s

1. B pabote [8] MmoxkHO HalTH IpuMep ypaBHEeHU (4) it m = 2, s = 0. DTOT mpUMep MOKa3bIBACT HATHIHE
CIIy4aeB, KOTJIa BCE YCIIOBHS TEOPEMbI BBITTOJTHSIOTCSI.

2. TpeboBaHue IPUHAIICKHOCTH KPUBOI L YIIIOBOM 001aCTH MOYKHO HECKOJIBKO 0ClIabuTh. J1Jis MpoBecH-
HOT'O MCCIIEI0OBAaHUS MOXKHO ITOTPeOOBATh JIHIIb, YTOOb! &1 & L Vt € L. IlpuHaanexHocTs L yrinoBoi o61acTu —
IIPOCTOE U TIOHATHOE JJOCTaTOYHOE YCIIOBHE 3TOTO TPEOOBAHNS.

3. Ecnu omHO M3 4mcen A, PaBHO HYJIIO, TO PE3YNBTAT UCCIEOBAHMA HE M3MEHUTCA. B nannoM ciyuae
CJIE/IyeT JIUIIb OTAENBHO 3arCchiBaTh PyHKINU B (pyHIAMEHTAILHONH CUCTEME PELICHUH OJHOPOAHOTO ypaB-
HeHus (19), COOTBETCTBYIOIINE STOMY KOPHIO.

4. Ilpu o > 0 ycmoBwust (31) B pa3BepHYTOM BUE OyIyT IPEACTaBIATH COOOM CHCTEMY JIMHEHHBIX anreOpan-
YECKUX YPABHEHUM Il HAXOKAEHUS IIOCTOSIHHBIX ¢, BXOAALIMX B peleHue 3anadu (16). Ota cucrema jgerko
MOKET OBITh 3alrcaHa U 3/1eCh He TIPUBE/ICHA.

5. H-HenpepbIBHOCTh (D)YHKIIUN ‘I’+(t) u ‘I’*(t) BMECTE C MX MPOU3BOHBIMU JIO TIOPSIKA nm (@ 3HAYUT, CO-

macHo Gopmyre (20) 1 nckoMoit QyHKIIH (p(t)) 000CHOBBIBAeTCS HECIOKHO M BIIOJIHE aHAJIOTHYHO [5].
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Z[I/ICDCDEPEHI_[I/IAJH)HBIE YPABHEHUWA
N OIITUMAJIBHOE YITPABJEHUWE

DIFFERENTIAL EQUATIONS

AND OPTIMAL CONTROL

VIIK 517.925.42

Ob N30XPOHAX I'PYBOTO ®OKYCA

A. E. PYJEHOKY, M. H. BACHJIEBHY"

YBenopyceruii 2ocyoapemeennviii ynusepcumem, np. Hesasucumocmu, 4, 220030, 2. Munck, Benapycey

Annomayusn. TIpOBOIUTCS aHANIN3 METOIOB HUCCIICAOBAHUS M30XPOHHOCTH aBTOHOMHBIX CHCTEM Ha IIOCKOCTH IS
Pa3IMYHBIX TUIIOB 0COOBIX TOUEK: IIEHTPA, HErpyooro Gokyca, rpyooro hokyca. OObSICHACTCS, B YeM COCTOUT CIIOKHOCTD
IIPU ONPEICIICHAN HErpyOOro M30XpOHHOTO (okyca. [IpuBOASTCS MPUMEpPBI CHCTEM B BUJEC HOpMaybHOU (opmsr [lyan-
kape — J{rormaka, KOTOpbIe OKA3bIBAIOT, YTO TPEOOBAHUE OBITH N30XPOHHOW HAKJIAIBIBACT HA CHCTEMY C HErpyObIM (pOKycOoM
ciabble orpanndeHust. JJoka3pIBaeTCs TeOpeMa O BHJIE HOPMAU3YIOIIEH 3aMEHbI CHIIbHO H30XPOHHOTO rpyboro (okyca.
HaxonsiTest i30XpOHBI CUIIBHO M30XPOHHOTO Tpyboro (okyca CUCTEMbI ¢ KBaIPATHYHBIMU HelTUHEHHOCTAMU. CTposiTCst
(ha3oBbIe MOPTPETHI MONTYUSHHBIX H30XPOHHBIX (POKYCOB M UX H30XPOH.

Kntouegwie cnosa: uentp; HerpyOblii Goxyc; rpyObiit OKyc; H30XpOHHOCTB; M30XPOHBI; HOpManbHast Gopma [lyan-
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O0pa3en NUTHPOBAHMA:

Pynenox AE, Bacunesnu MH. O6 uzoxponax rpyboro ¢okyca.
JKypran Benopycckoeo 2ocydapcmeennozo yHusepcumema. Ma-
memamuxa. Ungopmamura. 2025;2:16-29.

EDN: JOWYSK

For citation:

Rudenok AE, Vasilevich MN. About isochrons of strong focus.
Journal of the Belarusian State University. Mathematics and
Informatics. 2025;2:16-29. Russian.

EDN: JOWYSK

ABTOpBI:

Anekcandp Eezenvesuu Pyoenok — kannunat pu3nKo-MaTeMa-
TUYECKUX HayK, OICHT; TOLCHT Kadeaps! qudhepeHInambHbIX
ypaBHEHHH 1 CHCTEMHOT0 aHaJIM3a MEXaHHKO-MaTeMaTHIECKOrO
¢axynbreTa.

Muxaun Huxonaesuu Bacunesuy — xannuiat Gu3nuKo-mMaTeMa-
THUYECKUX HayK, IOLEHT; I0IeHT Kadenps! auddepeHirnanbHbIX
YpaBHEHHIA U CHCTEMHOTO aHaJIi3a MEXaHUKO-MaTeMaTHIECKOTO
(baxynsreTa.

Authors:

Alexander E. Rudenok, PhD (physics and mathematics), docent;
associate professor at the department of differential equations and
system analysis, faculty of mechanics and mathematics.
roudenok@bsu.by

Mikhail N. Vasilevich, PhD (physics and mathematics), docent;
associate professor at the department of differential equations and
system analysis, faculty of mechanics and mathematics.
vasilevich.m@gmail.com
https:/lorcid.org/0000-0001-6618-8649

16



Juddepennnanbubie ypaBHeHHsI H ONITHMAJIbHOE YIPABIeHHE
Differential Equations and Optimal Control

ABOUT ISOCHRONS OF STRONG FOCUS

A. E. RUDENOK®, M. N. VASILEVICH"

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus
Corresponding author: A. E. Rudenok (roudenok@bsu.by)

Abstract. The article analyses the methods for studying the isochronism of autonomous systems on a plane for different
types of singular points: centre, weak focus and strong focus. The difficulty of determining a weak isochronous focus is
explained. Examples of systems in the Poincaré — Dulac normal form, which show that the requirement to be isochronous
imposes weak restrictions on a system with a weak focus, are given. A theorem on the form of a normalising change of
a strongly isochronous strong focus is proved. Isochrones of a strongly isochronous strong focus of a system with quadratic
nonlinearities are found. Phase portraits of the obtained isochronous foci and their isochrones are constructed.

Keywords: centre; weak focus; strong focus; isochronism; isochrones; Poincaré — Dulac normal form; system with
quadratic nonlinearities.

BBenenune

Onpenesenne 1. M30xporHoii [1] HaspIBacTCs aBTOHOMHAs CHCTEMa Ha IIOCKOCTH, 0cobas Touka O(0, 0)

KOTOPOH ABJISIETCS IEHTPOM FUTH (DOKYCOM M JIJIsl KOTOPOH CYIIeCTBYET IIajKasi KpUBas Y, HCXOAAIIAst U3 0CO00H
TOYKH U TPAHCBEpCATbHA K BEKTOPHOMY TIOJIO CUCTEMBI, TaKasl, 9TO B HEKOTOPOH JTOBOIBHO MaJIO OKPECTHOC-

TH 0COOOH TOUKH O(O, 0) T00ast TOUKa, IBMKYIIASCS M0 TPACKTOPUH CHCTEMBI (M300pakarolasi TOUKa), COBEp-
HIaeT MOJHBIH 000pOT (0T Y A0 ) 32 OAHO U TO Ke Bpems T.
[lepuon 7 paBeH 27 U1 CHCTEM € TMHEWHOMN 9acThIO (—y +Ax, x + ly). B paGore [2] kpuBas y Ha3pIBaeTCA

t-kpuBOi. B nanpHeimem OyneM HCIOIB30BaTh CIEAYIONIIUE ONPEaCIICHHS.

Onmnpenesienne 2. Kpupas y Ha3bIBa€TCsl N30XPOHHBIM cedeHueM [3].

Onpenenenne 3. Ecnu 00e moiaynpsiMble HEKOTOPOW MPSIMOM, MPOXOIAIIEH yepe3 Hauajao KOOPANHAT, sB-
JSIFOTCSI OMHOBPEMEHHO M30XPOHHBIMM CEUEHHUSIMH CHUCTEMBI, TO CUCTEMa Ha3bIBACTCSI CHIIBHO M30XPOHHOM
OTHOCHUTEJIBLHO 3TOM mpsiMoit [1].

Omnpenenenne 4. Cucrema Ha3bIBAaeTCsS paBHOMEPHO M30XPOHHOM, €CITH yIIIoBasi CKOPOCTh BCEX M300pa-

JKAIOIIUX TOUeK moctostHHa [1]. s cucteM ¢ TMHEMHON 4acThiO (—y +Ax, x + Xy) OHa paBHA €IUHULIE.

CraTbH, B KOTOPBIX paccMaTpuBacTCs mpodireMa H30XpOoHHOCTH auddepeHInaIbHbIX TIOCKUX TOIOMOP(HBIX
CHCTEM, MOYKHO OOBEIIMHUTD B TPU TPYIIIIbI.

B myGiukarusax mepBoid, caMoit 00BN TPYIIIEI PACCMATPUBAIOTCS H30XPOHHEIE IIEHTPHI. 3a1ada 00 130-
XPOHHOCTH IIeHTpa OepeT Hadao co BpemeH X. [foiireHnca [4]. C Tex mop MOIyYHIH pa3BUTHE TAKUE METOIBI
HCCIICIOBAaHNS, KaK IMepexo K HOpMaJdbHOW GopMe (Kak TpaBHIIO, 3TO JTMHEHHAS CUcTeMa [5] mim cuctema
C PaBHOMEPHOU M30XPOHHOCTHIO [2; 6; 7]) ¥ HCTIONB30BaHUE KOMMYTHPYIOITUX cucTeM [8—11].

PaboTsI BTOpO#i TpyIIIBI TOCBSAIICHB N30XPOHHBIM HETPYOBIM (hokycaMm. CTaTell Ha ATy TeMy Ha MOPSII0K
MEHBIIIE, YTO CBSA3aHO C PACXOXKICHHUSIMU B ONPE/ICIICHUH H30XPOHHOTO Herpyooro doxyca.

Onpenenenne 5. HerpyOsbrit (1)01<yc aHATMTUIECKON CHCTEMBI HA3BIBACTCA H3OXPOHHBIM, CCIIH CYILECTBYCT

3aMeHa KOOpAWHAT BHIIA V = ) + Z B; X'y u=x+ Z 4;x ')/, IepeBOaAILAs CHCTEMY B CHCTEMY C PaB-
i+j=2 i+j=2
HOMEPHOH U30XPOHHOCTHIO [3; 6; 7].
OCHOBHOE pa3HOIIACHE COCTOUT B TOM, KAKAM B OTIPENIEICHUN H30XPOHHOTO HETrpyOoro ¢oKyca CUHTaTh
peoOpa3oBaHre KOOPIMHAT — CXOmAMMCs [6; 7] nim dopmaibHbIM (pacxomsamumcst) [3]. ABTOpbI myOnmiKa-

e [3] yKa3pIBaIoOT, 4TO €CIIM 0c00ast TOUKa 0(0, 0) ecTb (POKYC aHATUTUIECKOM CHCTEMBI, TO B OOLIEM ciIydae
HEJb35 TAPAHTUPOBATh HAJTMYHE CXOAAIIETOCS peoOpa3oBaHusl. 3HAUYUT, MOYKET CYIIIECTBOBATh AHAIUTHYECKOE
BEKTOPHOE 110J1e, 0co0ast TOuKa O(O, 0) KOTOPOTO SIBJISIETCS N30XPOHHBIM (POKYCOM, HO KOTOPOE HE YAOBJIETBO-

psieT onpeaeeHUIO, IPUBEACHHOMY B padote [6].

3aMeTnM, YTO €CJIM CUUTATh HOpMAJIM3YIollee Ipeodpa3oBaHne CXOIAIUMCS, TO, Kak OyJIeT MoKa3aHo HUXKE,
HM30XPOHHBIN (POKYC, HMEIOIINN B Ka4€CTBE U30XPOHHOTO CEUCHUS MOIYNPSMYIO, UMEET B KaUeCTBE ITOrO
1 Bclo npsimyto. OTCrofa ClIeIyeT, YTo eCiIi HopMallu3yloliee Mpeodpa3oBaHue CXOAUTCS, TO HErpyObIil hoKyc
C MOJIYNPSIMOH B Ka4€CTBE M30XPOHHOIO CEUCHHUS SIBIISIETCS. CHIIBHO M30XPOHHBIM OTHOCUTEIBHO NpsiMoi. Bos-
MOKHO, JaHHOE CBOMCTBO CIIPAaBEAIMBO U B ciIydae ¢ popMaIbHBIM HOPMATU3YIOIUM IIPe0Opa30BaHUEM, HO 9TO
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JI0 CHX TIOp He JJokazaHo. Huke OyneT 000CHOBaHO, YTO 3TUM CBOWCTBOM 00J1a/1at0T rpyObie (OKYCHI, a TaKkxKe
M30XPOHHBIE IIEHTPHI U HETPyOble (POKYCHI CHCTEM C HEYeTHBIMU HEJIMHEHHOCTSMU B MPaBBIX dacTsx [12].

Ecnu cunrarh npeoOpa3oBanie B HOpMaIbHYIO GopMy GopMalibHBIM, TO H30XPOHHBIE CEYCHHUSI CUCTEMBI,
KakK Mpoobpa3 paauanbHbIX TPAMBIX (M30XPOHHBIX CeYeHUH (OPMATFHONW CUCTEMBI C pAaBHOMEPHOM H30XPOH-
HOCTBI0), He onpezieneHbl. CyIIecTBYIOT JIM TOTja M30XPOHHBIE CEYSHNUSI UCXOTHOH cucTeMbl? VIHBIMU cl10BaMH,
SIBIISICTCSI JIA OHA HA CAMOM JIeJie U30XPOHHOM?

OTMeTHM, 4TO CHITbHAsI H30XPOHHOCTH IIEHTPOB U HErpyOBIX (POKYCOB aBTOHOMHBIX IIJIOCKHX CUCTEM H3yda-
Jjlach B pabotax [12-18].

B cTaresax TpeTbeit rpynIbl OMUCHIBaeTCS H30XPOHHOCTE rpyObix Gokycos [18; 19]. M3BecTHO (cM., HanpH-
Mep, myonukanuto [ 11]), 4To cymecTByeT aHaIUTHIECKask 3aMeHa JISKapTOBBIX KOOPMHAT, TIEPEBOASIIAS CUCTEMY
B OKpPECTHOCTH Tpy0oT0 (hokyca B THHEHHYI0 cucTemy. ClemoBaTenbHO, B CHITY OIpeeeHs S5 TpyObIit hokyc
BCer/ia SABJSIETCSl N30XPOHHBIM. OIHAKO B MPAKTUYECKOM CMBICIIE 3HaHHUE 3TOr0 (hakTa He MPeACTaBIsIeTCs 3Ha-
YUMBIM 0€3 3HaHHS 00 U30XPOHHBIX ceueHusIX. [loctaBum Bonpoc: «I[ne OyJeT HaXOUThCS TOUYKA, JIBUKYIIASICS
10 TpaeKTopuu rpy0doro Gokyca, yepes BpeMs, paBHOe moyreprony?» OTBevas Ha HEro, MOXKHO CKa3arh, YTO
TOYKa 6y[ICT HaXOAUTHCA Ha NPOXOAAIIEM Y€PE3 HAa4YaJI0 KOOPAUHAT aHAJIUTUYCCKOM MNPOAOJIKEHUU TOTO U30-
XPOHHOTO CEYCHHS, Ha KOTOPOM OHA HAaXOJMJIACh B HAYAJILHBIA MOMEHT.

Hopmajsbnas ¢popma Ilyankape — Jronaxa

ABTOpHBI paboTsl [3] 3ameTniu, yTo HOpMaibHas ¢opma Ilyankape — Jlronaka it KpUTUIECKOW TOUKU
IJIOCKOTO BEKTOPHOTO TIOJSI MOYKET OBITh UCIIOJIB30BaHA B IENISAX U3yUEHUS TIPOOIEMBI IIEHTPa, H30XPOHHOTO
LIEHTpa ¥ M30XpOoHHOTO (hokyca. HopmanbHas ¢popma [Tyankape — [ronaka onpeienseTcs Cley e TeopeMoil.

Teopema 1 [20, c. 23; 21, ¢. 70-72]. [na cucmemsi

x=-y+f(x,p), y=x+g(x,») (1)

¢ eonomopreimu ynkyusmu f, g, paznodicenuss KOmopvlx HAYUHAOMes co cmenenel 22, cywecmeyem gop-
MAnbHAA 3aMEHA NePEeMEHHbIX

o0 o0
— iy, = i
Uu=x+ Z Ay X'y, v=y+ Z B;x'y, 2)
i+j=2 i+j=2
npusoodsWdst IMy cucmemy K cucmeme, Komopas 8 NOJSIPHbIX KOOPOUHAMAX umeen eUo

F=rF(r*), §=1-G(r*), 3)
eoe
s . sl .
F(r2)=2air2’, G(r2)=2bir2’ @)
i=1 i=1
ecmb popmanbHvle psobl.

Cucrema (3) 1 ee 1eKapTOB aHAJIOT Ha3bIBAIOTCS HOpMabHOM Qopmoii [Tyankape — [{romaka cuctemsi (1).
Hwxe, ncnions3ys HopmanbHyto ¢popmy Ilyankape — lronaka, Oynem roBopuTh 0 mpoliiemMe, KOTopast BO3HUKAET
[IpH MTOCTAHOBKE 3a71a4i 00 U30XPOHHOCTH HErpyooro okyca.

Koaddumnments! a; B popmanbHbIX psinax (4) MMEHYIOTCS paguaibHBIMU ITOCTOSIHHBIMU (TIOCTOSIHHBIMHU
JIsamyHoBa, GpoKycHbIMHU BennuuHaMu) cuctemsl (1), a koadduuenTs! b, — yrIoBbIMH HOCTOSIHHBIMU 3TOI
cuctembl. 13 BeIpakeHHsI (4) BBITEKACT CICMYIOIIEEe YTBEPKICHHE.

YrBep:xkaenne. s Toro yto6s! cuctema (1) mmena B 0co00M TOUke O(O, 0) M30XPOHHBIN IIEHTP, HE00X0-
VMO U I0CTAaTOYHO, YTOOBI BCE €€ paJualbHbIC U YITIOBBIC IIOCTOSIHHBIE 00PAIlaIich B HYIb.

W3 yTBepkIeHus ciaemyeT, 94To A1t CUCTEMBI (1) ¢ TICHTpOoM B 0C000M TOUKE O(O, O) YIJIOBBIE IOCTOSIHHbBIE
SIBJISIFOTCSI MHBapHAHTAMU TPH PpeoOpa3oBaHusX BUAa (2). MOXXHO MPEANOI0KUTE, YTO ATO BEPHO ISl CUCTE-
™Mbl (1) ¢ HerpyObIM poKycoM B 0c000ii TOuke 0(0, 0), T. €. U151 TOro 4yToObI cuctema (1) uMerna B 0co0o# Tou-
Ke O(O, 0) N30XPOHHBIN (OKYC B CMBICIIE OIIPEACITICHUS 5, HEOOXOOUMO U I0OCTAaTOUYHO, YTOObI BCE €€ YIVIOBBIE
MOCTOSIHHBIE 0Opamaitiuch B Hyllb. Ha caMoM Jiesie 3To He Tak, 4TO TOKA3bIBAIOT CICAYIONIHE IPUMEPHI.

[Mpumep 1. Paccmorpum cucremy

%=—y(1— n(x2+y2)2) + kx(x2+y2),

%:x(l— n(x2+y2)2j + ky(x2+y2),

)
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TPaeKTOPHUU U U30XPOHBI KOTOPOIl MpeicTaBieHsl Ha pyc. 1. B momsipHbIX KoopanHaTax cucreMa (5) ecTh
F=hkr, o=1-nr'. (6)
Cucremsl (5) u (6) sBistoTcs HOpMabHO#H opmoit [lyankape — rornaka. 13 mepBoro ypaBHeHUst cucteMsl (6) ciie-

nyer, uto eciu k # 0, To ocobast Touka O(O, O) siBisieTcst pokycoM cuctemsl (5). Jlerko mokasark, 4To 3aMeHa

0=+ %rz MepeBoANT cucteMy (6) B cuctemy j; =kr?, 7(;) =1. 3nauur, ocobas Touka O(O, 0) SIBJISIETCS

H30XPOHHBIM (pOKycoM cuctemsbl (5) HECMOTPsI Ha TO, YTO YIVIOBask IOCTOSIHHAS 71 CUCTEMbI HE paBHa Hy:i0. B ne-

n
KapTOBBIX KOOpAMHATAX 3aMEHa O = + ﬁl"z NMCCT BUJ

u =x—ytg%(x2 + yz), Vv=y+ xtg%(x2 + yz).

OTa aHaIMTHYECKast 3aMeHa TIEPEBOUT CUCTEMY (5) B CHCTEMY C paBHOMEPHOIN H30XPOHHOCTHIO.

Puc. 1. Tpaektopun ¥ H30XPOHBI CUCTEMEI (5)

Fig. 1. Trajectories and isochrons of the system (5)

IIpumep 2. PaccmoTpuM cructemy, HopmanbHas Gopma [lyankape — Jlronaka KOTOpO B IMOJSPHBIX KOOPAH-
HaTax UMeeT BUJ|

ﬂzkr3+mr5, ﬂ=1—Kr4—Mr6. (7)
dt dt
IIpenmnonoxum, aro km # 0. 3amena 5
ke(Km — kM )In| 1+ 7
Mi? k (®)
0=+ +
" om 2kt

dr do
epeBonT cucteMy (7) B CUCTEMY 7 =k + mr, % =1. CnenoBatenbHO, 0cO0asT TOUKa O(O, 0) SIBIISICTCS
t t

U30XPOHHBIM (DOKYCOM KaK MCXOJIHOM CUCTEMBbI, TaK U €€ HOpMaibHOU Gopmbl (7). B nekapToBbIx KOOpAHHA-
Tax 3aMeHa (8) uMmeer BUj

M(x2+y2) k(Km—kM)ln(1+’]1’l(x2+yz))
u=x-—ytg > + 2km2 |

m
M(x2+y2) k(Km—kM)ln(1+k(x2+y2))
v=y+xtg m + Py

U SIBJISIETCS. QHAJIUTUYECKON B OKPECTHOCTH HAa4aJ1a KOOPAMUHAT.
[pumep 3. Paccmorpum cucremy, HopmanbHas popma [lyankape — J[ronaka KOTOpOH B TTOJISIPHBIX KOOPAM-
Harax uMmeeT BuA (3) u (4). Illpumenum k cucreme (3) 3aMeHy
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c0=(p+Zcir2i )

i=1

do N
TaKyro, uto — = 1. [Tocne mpeoOpa3oBaHmii MOIYINM PAaBEHCTBO

00 00 00

2i ; 4+2i 2 4+2i _
ZI" a; . ZZ(H—I)V ¢ | —br —Zszr =
i=0 i=0 i=0

© 0
4+2i 2i-2 6+2i _
_br +Z( i+1) alHl—sz) + Zr a; . Z21+1 ¢y |=

i=1 i=0

o0

:_blr2+(_b2+2alcl)r4+2(2(i+1)alci+l_bi+2) 4+21 Z”zza 2 iZil’4+2ici

i=1 i=1

0. (10)

4+2i
HpI/IpaBHHB K HYJIIO KOS(l)(bI/ILII/IeHTBI npur !

IIOJIOKCHHUH, YTO

, i 20, B paBenctse (10), onpenenrm ko3GPUIUEHTHI ¢; B IPEA-

b=0,a#0. (11)
b,
Koa¢pdumuenr ¢, = ey BBIpakaeTcs 13 BToporo ciaraemoro pasenctsa (10). [Ipennonoxum, uto koadduieH-
a
1
ThI ¢; y’K€ BEIYUCIIEHBI. 3AMETUM, YTO KOIPMULNEHT ¢, , |, i = 1, HAXOAUTCS B TPETheM ciaraeMoM paseHcTsa (10),
a B UCTBEPTOM CJIara€MOM COZEPIKATCA y’Ke BbIUMCIIEHHbIe Kod(duiueHTsl ¢;. OTcrona claeayer, 4To, yUuThbl-
Bas BBINOJIHEHUE BTOPOTo ycioBus (11), MoxkHO ojHO3HaYHO HATH KOA(HIHMEHT ¢, _ .
B nexapToBpIx KOOpauHATaX 3aMeHa (9) UMeeT B

ks i ks i

u=x—y2ci(x2+y2) , v=y+chi(x2+y2) .
i=1 i=1

W3 omnpenenenus 5 cienyer, uro npu ycnoBusx (11) ocobast Touka 0(0, 0) SIBJISICTCS. H30XPOHHBIM (DOKYCOM

KaK UCXOJTHOM CHCTEMBI, TaK M €€ HOpMalbHOH (popMeI (3).

C yuetom ycnoBuii (11) MOKHO cienaTh BEIBOJ] O TOM, YTO OIPEECIICHUE 5 HAKIIabIBAET Ha CUCTEMY C He-
rpyObiM (hoKycoM cliaOble orpannueHus. Ha Hann B3msiz, 3a1a4a Ipy TAKKMX OTPAHUYCHUSX CTAHOBUTCS MaJio-
HMHTEpeCcHOM. B To e Bpems 3a/1a4a 0 MOCTPOCHUH CUCTEMBI ¢ (DOKYCOM U 33 JaHHBIM H30XPOHHBIM CEYCHHUEM
MIpeCTaBIIIeT HECOMHEHHBIN HHTEPEC.

3ameuanue 1. CymiecTByeT ompeeseHne N30XPOHHOTO (POKyca, OTIIMYHOE OT ompenenaeHus 5. Hampu-
Mep, B pabotax [12-15; 20] u apyrux myOIuKamusx H30XpOHHBIM (POKycoM Ha3bIBaeTcs HOKyC, UMEIOITHI
B Ka4eCTBE N30XPOHHOTO CEYSHHS MOTYTPSIMYIO.

HN30xponbl rpyonIx GoKycoB

Paccmorpum cuctemy
dx dy
—=—y+lx+P(x,y), —=x+ky+Q(x,y), (12)
dt dt
rae A #0; P, Q — ronoMop¢HbIe B OKPECTHOCTH 0COO0H TOUKH O(O, 0) (YyHKIMH, HAYMHAIOIIUECS CO CTere-
Heit >2. Ilyers I 1y, (x, y) =0 — ronomMopdHOE B OKPECTHOCTU 0COOOH TOUKHU O(O, O) CEMENCTBO KPUBBIX
0e3 KOHTaKTa C IOJIeM HampaBlIeHUH CHCTEMBI, TTePECEKAIOIINXCS B 0CO00H Touke 0(0, 0) C Pa3HBIMH YIJIO-
BbIMH KOO uumenTamu k € (—oo, +o0), BKiouas k = +oo,
Omnpenesienne 6. Kpusble I, Ha3pIBatOTCS H30XpOHAMH CUCTEMBI (12) B OKpecTHOCTH 0CO00H TOUKU 0(0 O)
€CITH TPACKTOPHH CHCTEMBI [IEPECEKAIOT CEKTOP MEXKTY ABYMs TH00BIMI KpHBBIMI I , Iy 3a OZIHO 1 TO JKe BPEMSsi.
ObocHoBaHueM onpeneneHus 6 ciayxuT Teopema Ilyankape, koTopast UMeeT cnez[y}oun/m BUI.
Teopema 2 [11]. Cywecmsyem conomoppuasn 3amena

Uu=x+ U(x, y),v=y+V(x, y), (13)
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nepegooswas cucmemy (1) 6 cucmemy

@:—v+ku,@=u+7w. (14)
dt dt

B 3amene (13) U (x, y), V(x, y) — ¢yHKIMU 0€3 MOCTOSHHBIX U JIMHEHHBIX YJICHOB.
Cucrema (14) B monsipHbIX KOOpAUHATaX €CTh

dr d
—=kr,—(p:1. (15)
dt dt
U3 cucremsr (15) ciemyer, uro cuctema (14) nmeeT paBHOMEPHYIO H30XPOHHOCTB, & €€ H30XPOHAMU SIBIISTFOTCS
panvabHbBIE IPSMBIE.
Jlemma 1. Cucmema

ﬂz—v+ku+A(u, v),ﬂ=u+7w+B(u, v) (16)
dt dt
ABNIAEMCS PAGHOMEPHO US0XPOHHOLL, eCl BLINOIHAEMCSL YCI08UEe
vA(u, v) —uB(u, v)zO. (17)
Jloka3aTeabcTBO. B HONAPHBIX KOOpAMHATAX BTOPOE ypaBHEHUE cHCTEeMBI (16), IU1st KOTOPOi BBIMION-
do

Hsiercs ycnosue (17), npuHUMaeT BUI 2 1, rne ¢ — ymioBast iepeMeHHasl.
4

U3 teopemsl 2 criemyer, 4to rogomopdHas cucrema (12), umeromast TpyObIii pokyc B Hadaie KOOpIUHAT,
SBJISIETCSI H30XPOHHOM, @ €€ H30XPOHBI €CTh ITPO00pa3 pagualbHbIX IPSIMBIX IIPH OCYIIECTBIEHUH 3aMeHbI (13),
T. €. CEMEICTBO KPUBBIX

I,: {y + V(x, y)=k(x + U(x, y)), k € (-, +oo)} U {x+ U(x, y):O}. (18)

Caencrue 1. /[éa 1100bix u30XpoHHbIX cevenus cemeticmea (18) ¢ oOnum u mem gice yeno6vim KOIPPu-
yuenmom k 6 nauane KOOPOUHaAmM sIAIOMC AHATUMUYECKUM NPOOOINCEHUEM OpYye Opyed.

Touxka O paccekaet u3oxpoHy I, Ha JBe ayrH (1Ba 30XpOHHBIX ceuenns) — [ u [

Caencrue 2. Eciu mpaexmopusi cucmemvt (12) nepecexaem oyey U npu snauenuu t = t,, mo ona nepe-
cexaem oyzy I, npu 3navenuu t = t, + m.

Jlemma 2. Eciu 3amena (13) nepesooum cucmemy (12) 6 cucmemy ¢ pagHOMePHOU U30XPOHHOCTBIO, MO

Jamend u =(x+ U(x, y))(l + W(x, y)) v=(y + V(x, J/))(l + W(x, y))’ (19)

20e W(x, y) — eonomopuas ghyuxyus, npu 3mom W(O, 0) =0, maxkoice nepesooum cucmemy (12) 6 cucmemy

€ PABHOMEPHOTL U30XPOHHOCTNBIO.
HoxazarenscTso. Ecnu3amena (13) mepeBoauT TOUKy A(xo, Yo ) B TOUYKY (uo, ku,, ) Ha IpAMOi v = ku,

To 3ameHa (19) nepeBoguT TOUKY 4 B TOUKY ((1 + W(xo, Yo ))uo, k(l + W(xo, Yo ))uo) Ha TOH ke MPsSIMOI.

Teopema 3. /[ cucmemvt (12) cpedu conomopgHulx cemeiicmas uzoxpou cemeticmao (18) aensemes eoun-
CMGEHHBIM.

HoxaszartenbcTBo. [Ipeanonoxkum, 4To CymecTByeT roaomMopdroe cemeiictBo n3oxpon H, cucre-
MBI (12), otnunoe ot cemelicTBa n3oxpoH I, Toraa B 11000i Manoii OKpecTHOCTH () Hayaja KOOPAMHAT Cy-
IIECTBYET TOUKa A TiepeceyeHns KakKux-T100 AByX HECOBMAAIOIINX U30XPOH (HArpuMep, I,uH,, I #Hy ).
MOXHO CUMTaTh, YTO TOUKA A — €TUHCTBEHHAsl TOUKA IIEPECEUCHUS 3TUX M30XPOH B OKpPEeCTHOCTH (2, MHaue
TaKHUe TOYKH OyIyT CyIIECTBOBATB B JIF000ii Majloi OKpPECTHOCTH Havana KoopauHar, u torna I'y = H, 1o Teo-
peMe o enuHCTBEeHHOCTH [21, ¢. 73—74]. B cnyuae eciu IBUKEHUE HAYMHACTCS C TOUKU A, TPACKTOPUS CUCTE-
Mbl (12) uepes nepuon 7 = 27 10IDKHA OKA3aThCsl, HE MOKHUIAsi OKPeCTHOCTH € (B MPOTUBHOM CIy4ae MOXKHO
3aMCHUTS / Ha —1), KaK Ha H30XpoHe [ , Tak 1 Ha u30xpoHe H) , 4T0 HEBO3MOKHO.

Onpenenenne 7. Eciau cpeny n30XpoHHBIX cedeHuii cuctembl (12) umeercs nonyock Ox', To GyneM ro-
BOPHUTH, 4TO 0co0asi TouKa O(O, O) SIBJIIETCSI M30XPOHHON OTHOCHUTEJIBHO JaHHOH moistyocu. Ecau oHa npu
9TOM SIBJISIETCSI M30XPOHHON M OTHOCHUTENBHO mosiyocu Ox, TO OydeM Ha3blBaThb OCOOYIO TOUKY 0(0, 0)
CUJIBHO U30XPOHHON OTHOCHTENBHO och OX.

Teopema 4. Eciu cucmema (12) sigrsemcea u3oxpoHHou, mo cywecmsyem 3amena euoa v=y — f (x) KO-

Mmopas nepesooum CUcmemy 6 CUIbHO U30XPOHHYI0 omHocumenvro ocu Ox cucmemy. 30ecw f— conomopgpnas
6 okpecmuocmu x = 0 Qhynxyus, HauuHarowancs co cmenenu >2.
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Hokaszarenbctso. [lycts [ :y=f (x) — KpuBas u3 cemericta (18), He saBsromasics ocbio Ox. Tou-

ka O paccekaer kpusyio I, Ha aBe xyru — [, u I[,. I3 cienctBust 2 M3BECTHO, YTO €CIIM TPACKTOPHS CHC-
+ _ - —

temsl (12) nepecekaer nyry I'j npu 3Ha4eHuu ¢ = £, TO OHA MEpeCEKaeT Ayry [; pu 3HAYEHUH ¢ = f,, + . 3a-

MeHa V=) — f (x) nepeBouT n30xpoHy Iy B ock Ox, a cucremy (12) — B CHIIBHO H30XPOHHYIO OTHOCUTENIBLHO

ocu Ox CHCTEMY.
Teopema 5. /[ mozco umobwl ocobas mouxa O(O, O) cucmemvl (12) 6vira U30XPOHHOU OMHOCUMENTLHO

nonyocu Ox*, Heobx00uMo u 00CmMamouHo, 4mobbl Cyuwecmeosand 2010MoPHHAsL 3aMena

u=x+U(x,y),v=y, (20)
xomopas nepeeooum cucmemy (12) 6 cucmemy ¢ pagnomeprotl uzoxpornnocmoio. Ilpu smom ocobas mouxa
0(0, 0) ABAAEMCSL CULHO U30XPOHHOU omHocumenvho ocu OX.

HoxaszarenscTBo. Heooxooumocmo. Ilycth 0cobast Touka 0(0, 0) cuctemsl (12) sBIsieTCsl N30XPOH-

HOIt oTHOCHTENBHO nostyocu Ox . 3amena (13) nepeBoaut u3oxponHoe ceuenre Ox* cuctemsl (1) B M30XpOHHOE
ceyenre Ou" CUCTEMBI C PABHOMEPHOM H30XPOHHOCTBIO, 0003Ha4eHHOI Kak NF, Tak kak 3amena (13) coxpanser

yIII0BO# K03(h(pHIIMeHT KacaTenbHO# B 0c000i Touke O(O, O). CrnenoBarenbHO, MPeoOpa30BaHUE ITyTEM MPH-
MeHeHHs 3aMeHbI (13) umeeT BUA

u=x+U(x, y),v=y(1+V(x, y)), (21)

e V(x, y)— ronomopduas ¢yrkuus, mpu stom V (0, 0) = 0. 13 npeobpasosarust (21) ciemyert, 4To 1pood-

pa3 m3oxponsl Ou cuctembl NF ectb ock Ox, T. €. ocobast TOUKa 0(0, 0) cuctemsl (12) siBnsieTcst CUIIBHO H30-
XpoHHOU. PaccMoTpuM npeobpa3oBaHue CHCTEMBI

x+U(x, y)
U=————"2 v=
1+V(x, y)

kotopoe umeeT B (20). B coorBeTcTBUE € 1emMMOi 2 0HO Takke nepeBoauT cuctemy (12) B cuctemy NF.
Llocmamounocmy. J1oka3aTenbcTBO JOCTaTOYHOCTH OYEBUIHO.

CuibHasi H30XPOHHOCTB rpydoro gokyca
CHCTEeMbI C KBaJIPATHYHBIMHU HeJIMHEHHOCTAMH

PaccMoTpuM cucteMy ¢ KBaJipaTUYHBIMU HEJTMHEHHOCTSIMY U TPYOBbIM (hOKYCOM B 0COOOM TOUKE 0(0, 0)

x=—y+kx+(a+k)x2+(b+c—2m)xy+(d—k)yzz—y+kx+p(x, y),
(22)
y=x+7uy—(c+m)x2+(a—d—2k)xy+(b+m)y2=x+ky+q(x, y).

Cucrema (22) momrydeHa u3 paBHOCHIbHOW CHCTEMBI

%zkrﬁt Fz(aCOS(p + bsing + kcos3¢ — msin3(p),
t

do . .
EZI_ r(ccos + dsing + mcos3¢ + ksin3p)

MEPEXO0M OT TOJIIPHBIX KOOPJAHHAT K JCKAPTOBBIM.
3ameuanue 2. Hike UCKITIOYUM U3 PACCMOTPEHHUSI CIydai paBHOMEPHOH H30XPOHHOCTH CUCTEMBI (22):

x=—y+xh+x(by +axL), y=x+yh+ y(by + axk).

Teopema 6. /[ mozo umobwl cucmema (22) 6viia cunbHO U30XPOHHOU omHocumenvo ocu Ox, Heobxo-
OUMO U QOCMAMOYHO, YMOObL OHA NPEOCMABIANACH 8 OOHOM U3 CLEOVIOUUX BUOOE:

1) ==y +xh—dex(-2y + k), §=x+yh —de(x’ - 4)7 + 20,

2) ==y +xh - c(—2xy +(x? —yz)x), y=x+yh—c(x =y + 200);

3) k=—y+Ax+ 4cx(2(2 57 )xy = sx%h+ p? (25 + x)), P=x+ 0+ 4cx(y2 + 25p(2x + 1) —
Sl G 2xyx)),-
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4) Xx=—y+Ax+ %(5sy(4x+ y?») + 2[3(6)627»—)/27» + xy(2 + 302 ))) y=x+Ay+ %y(Ssy + B(y+

+ 6x\ + 3y)? ))

30ecw A, ¢, B, s — napamempor cucmemot. Coomeemcmayioujue npeodpazo8anus, NoOIy4eHHvle nymem 6blnoJ-
Henus 3amensl (20), umerom ciedyiowuil 6uo.

I)u=x(1—4cx),v=y;
2)u=x—c(x2+y2),v=y;
3)u=x—4c(sx—y)2l,v:y,'
4 5 3BxA
4)u=x-— y((B+ $)y+ 3 ),v=y.
3(5+ 4By1)

HJoxkazartenscTBo. Heobxooumocms. llpumenum 3ameny (20) k cucreme (22) U, COXpaHUB B TPaBbIX
4acTsX KOOPAUHATHI X, V', IOIYYHM CHCTEMY

CZ (1 +U,] ( ))(—y +Ax+ p(x, y)) + (1 + Uy' (x, y))(x + Ay + q(x, y)),

E:(X + Ay + q(x, y))

C yuerom 3amensl (20) Beipa3um u3 Hee QyHKIMU A U B (cM. cuctemy (16)):

A=p(x,y)-2U(x, y)+ (x+yl +q(x, y))Uy’ (x,y)+ (—y +x\ + p(x, y))Ux'(x, »),

B= q(x, y) - U(x, y). (23)
[Torpebyem BeimonHaeHus ycnosus (17). [lycts
J
Ux+Zny,]xy Z (24)

i=2

rae V(x y) — OIHOPOJHBIE MHOI'OWIEHBI i-i CTENEHU; V; — nocrosigable. C yderoMm ¢yHkuuit (23) u (24)

i,j—i
3aIuIIeM JIEBYIO 4acTh paBeHCTBa (17) B epeMeHHBIX (x, y) (orpaHM4YMMCS MHOTOWICHAMHU I/i'(x, y) IO CTe-

TeHN = 3 ¥ OIyCTUM NEPeMeHHBIC (X, 1) B [PABOii YaCTH) H Oy 4nM
S(x, ¥)=3p = xq + ¥y = 1Yy =qVy + V7 + xVy = Vs = qls + 203V, + 17 + b+
+ 200+ yqr O 1D ) g - 2O a0 4
+yp(x )0 =y a0 4 i) 4
MCcrionp30BaB OXHOPOIHOCTH MHOTOWICHOB
p(ox, ay)=a’p(x, y), g(ox, op)=a’q(x, y), V.(ax, ay) =o'V (x, ),
Vi(o’l)(ax, oy)= oc"flVi(O’ 1)(x, »), Vi(l’o)(ax, oy)= oc"flVi(l’ 0)(x, ),

BBIPA3MM CITHCOK Kod(pduumenTos S (oux, OLy) M0 IEPEMEHHOM Ol (OTpaHUYMMCS CTETICHBIO 4 110 MEPEeMEHHBIM
(x, ) M OILYCTUM KX B BBIP@XCHHH (yHKIIHA):

yp —xq +xV, — yAV, + xsz(O’l) +y2M/2(0’1) — (1 0 xka(1 0)=0,
Vs + V3 & ¥y = by y Oyt 4
+ypV2(’0)—y V3(’ )+xyM/3(’ )=0,....

[loncraBuB BeIpaXXeHUs p, ¢ U3 CUCTEMBI (22) U BBIpaKCHUE Ig(x, y) n3 GyHKUMi (24), MOTYyYUM CHCTEMbI
{d—k + M= v 1=0,¢=3m+3vy )+ Ay = 2v, =0,

d+3k+2v1,1+7»v2’0:0,c+m+v2’0:O},
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{bvo’2 +mvy , + vg,z + 2%1}0’3 + ale1 - kvL1 -V ,= 0,
avy , — a’vo,2 - 2](\/0,2 + 4\/0,3 + va1 +ov -

= 2mvy  + 2vy ovi  + 2hvy 5+ 2dvy = 2kv, = 2v, 4,
—CVg,—Mmvy , tav |+ kvL1 + V12,1 +Vv,+

+ bvz’o + 20\/2’0 — 5mV2,0 + 2v0’2v2,0 + 27»v2’1 - 3v3’0,

avy o+ dvz,o + 4kv2’0 + 2v1, Va0t 2v2,1 + 2%\/3,0 =0,

2 —
CVy g+ mvy o+ V5 g +v3,0—0},

PemB Kax1yt0 CHCTEMY OTHOCHTEIBHO V; i=0,j, j=2,9, nonyuum uaean

j-i
J= {9d +3k —9ch — mh + dA? + 3kA2 — e} — mdl,
—48bc + 48¢* — 6ad —15d* — 18ak — 24dk + 63k* + 64m* + S4ach +
+15bdA + 3cd) + 45bkA —153ckh + 30amh + 46dmh — 48km. —
— 27bcA? + 722N = 9ad)\? + 10d*\* — 27ak)* + 51dk)? + 63k*\* —
— 27bm)? + 161cm)\? + 89m*\* + 21ach’ — 23cd)’ — 48ck)’ +
+ 2lam)® - 23dm)> — 48km)> + 251" + S0em)* + 25w, ., (25)

MHOT000pa3ne KOTOPOTo JaeT YCIOBUSA Ha KOA(P(HUIMEHTH MHOTOWICHOB p, ¢, TIPU KOTOPBIX cucTeMa (22)
SIBJSIETCSI CHJIFHO M30XPOHHON OTHOCHTENBbHO ocu Ox. 3aMeTuM, 4To B (popmare A4 3TOT macan 3aHUMAET
50 cTpaHUIl, TOAPTOMY €Tr0 IMOJHOE TPEJCTaBICHHEe HEBO3ZMOKHO U OCTAJIbHBIC CeMb 00pasyromux uiaeana J
MBI HE MPHUBOJIUM. YUUTaTE)Ihb MOXKET BBIYMCIIUTL UX C TIOMOIIBIO JFOOOH CHCTEMBI KOMITBIOTEPHOU anreOpbl
(Mathematica, Maple u 1. 1.). B wacTHOCTH, BoChMas obpasyromias uaeaita J coctout u3 3142 ciaraeMbprx
creneneit 5, 7, 8, 8, 8, 8, 10 mo mepeMeHHbIM b, a, ¢, d, m, k, A, COOTBETCTBCHHO.

Ecnu npeanonoxurs, 4to A > 0, TO ciieayeT BhITOJIHUTh 3aMEHY

A=k, d—dVk, k—kIh, a— ah, m— 3k + m(L+9),
c—>d—m(L+1), b—>—(2a—3d +9m) +b(L+ 4). (26)
Ecnu npeanonoxutk, yto A < 0, To HeOOXOAMMO IPUMEHHUTH 3aMEHY
A==k, d > —d\h, k= —kL, a——ah, m =3k + m(h+9),
c—>d—m(A+1), b—>—(2a—3d +9m) + b(h + 4). (27)

JIJ1st HOBBIX TIEPEMEHHBIX Z = (k, b, a,d, m, k), HaxOMISAIINXCS B 3aMEHAX CIpaBa, COXpPaHEHBI CTaphie 000-
3HaueHus. B 00enx 3ameHax mepBbIil wieH uaeana (25) obpaiaetcs B Hyab U uaean J NepeBOIUTCS B Ueal

j= {2ad— 4bd — 2d* +12k* — 2am + 4bm + 10dm + 72km + 100m* + adk — bd\ + d*\ +
+ 3akh — 3bk\ + Tdkh + 12k>A +12am). — 14bm + 23dm + 8lkmh + 154m> A, } (28)

rJe, Kak cienyer u3 3ameH (26) u (27), cautaem, uto A > 0.

OO0pasyroinue ujeana j o0JIaar0T CBOMCTBOM OJHOPOJHOCTH IO NMEPEMEHHBIM Z =(b, a,d, m, k), T. €.
Jji(ab, aa, od, am, ak)=a'j(b, a, d, m, k). Tlpu Beruncnenun ero Gasuca I'peGHepa 5T0 CBOHCTBO aaeT
BO3MOXKHOCTb TTOJIOKUTH OJIHY M3 TIEpEMEHHBIX Z pPaBHOW CHadaja HyIo, 3aTeM eIuHuIe. B kauecTBe Takon
TIEpEeMEHHOW BEIOEpEM 1.

Ecmu m = 0, To 6a3uc ['pedHepa g uaeana j, BRBIMUCIEHHBIA CHCTEMOM KOMITBIOTEPHOH anreOpbl Mathema-
tica B IeKCUKOTpaUIecKoM TIOps/IKe ITIepeMeHHBIX Z, cocTouT u3 91 unena. [lomHoe ero mpencrabieHue He-
BO3MOYKHO TIO U3JIOXKEHHOM BhIIIe TpuunHe. [IprBenemM HeckombKo epBhIX WieHOB Oa3uca [ pedHepa g:

g= {(d— k)i (d +3k)", (d = 5k)(d = k)i (d +3k)", (d — k)i (d +3k)"(d* - Sdk + 22k°),
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(d =k )ke(d +3k)"(d* = 5d°k + 22di” = 86K ), I*(d +3k)(a + d + 4k),

K*(d +3k)(ad - 3ak — dk = 9k”), ...|.

[lepssiii unen 6a3uca ['pedHEpa g TO3BOISAET YIPOCTUTH BRIYUCIEHHE MHOT000pa3us uaeana (28) no aHanmmza
cienytromux ciyyaes: k =0, d = -3k, d = k. Eciu k = 0, To 0a3uc ['pebuepa g, uneana j ectb

gi={~(a=3b-3d)d*(a+d),d"(a+d)(1+1), d*(a+d)(a+3d)(1+1),
~d(2a—4b—2d + al.— bk + d)), d*(a+ d)(1+1)(25+ 92.)}.

Eciu d = -3k, 10 g, = {—k(a —2b+ k), k(a + k)zx}, ITpu d = k 6a3uc 10BOIBHO TPOMO3IOK. IIpuBEIEM €10
MIEPBbIE YIICHBI:

gy={k*(a+5k), (a—5k)K*(a -+ 5k), bk*, abk’, =k (a> =24 +125K° ),

—k(47a4 —94a°b — 65a°k — 37 500k4), b, —kz(a3 — dab® + 125k3), }

Pemu cucremsl g, =0, g, =0, g; = 0, nosryuum cienyromue MHOrooopasus uzneana (28):

1)m=0,d=0,k=0,c=0;

2Qym=0,b=13k, d=k, a=-5k;

NYm=0,b=-Tk,d=-3k, a=—k;

4HYm=0,b=d, k=0,a=—d.
3ameTuM, uTo Apyrue perienus cucteM g, = 0, g, = 0, g; = 0 ABitoTCs NoAMHOr000pa3usaMu MHoroodpasuii 1) u4).

Ecny nckinrounth ciyvail paBHOMEPHOW M30XPOHHOCTH, yUeCTh yciaoBue A > 0 1 epeiiTu K cTapbIM nepe-
MEHHBIM C ITOMOIIIBbIO 3aMEHBI (20), MOJIyYrM CIIGAYIOIIHEe MHOrooOpa3us uaeana (25):

1)d=ch, k=ch, a=-5ch, m=3c, b=13c;

2)Yd=ch, k=0,a=—ch, m=0, b=c;

ch cA Tc

Nd=ch,k=——, a=—, m=—c, b=—.
3 3 3

Muoroo6pasust 1) u 2) cOOTBETCTBYIOT cucTeMam 1) u 2) u3 yciioBus TeopeMbl. MHOrooOpasue 3) siBisieTcst
HOIMHOT000pa3feM OTHOTO U3 MHOroo0Opasuii, Koropoe OyaeT MOTydeHO HUKE.

Ecmm m =1, 10 6a3uc ['pebHepa g nneana j, BIMUCIEHHBIN CHCTEMOI KOMITBIOTepHOH anreOpsl Mathematica
B JICKCUKOTpaQMIeCcKOM TOpsIKE MepeMEHHbIX Z, cOCTOUT u3 51 unena. [Tocnenuuit 4nen Bkiodaer 797 cia-
raembIX. [IpuBeeM HeCKOJIBKO NEpPBBIX WiIeHOB Oa3uca ['pebHepa g:

g={(3+ k) (4+ k) (6 + k) (124 k)(8+d +3k) (8:+ a +d +4k),

%(3 + k) (4+ k) (8+d+3k) (8+a+d+4k)(120 + 24d + T8k +13k> + i),

%(3 + k) (4+ k) (8+d+3k) (8 + a+d+4k)(192 672 — 20 520d + 540d” + 309 528k —

—12960dk + 202 878k* — 2160dk* + 68145k +12133k* + 1067k’ + 37k6), }
[lepBerii unen 6a3uca [peOHepa g MO3BOISIET CBECTH BBHIUMCIIEHHE MHOT000pa3us uaeaia (28) k ananusy cie-
1
JYIOIMHX ciydaeB: k=3, k=—6,k=—-12,k=—4, k= g(—S —d), a=—-8—d —4k. Beuzy rpomoszkoctn 6a-

3UCOB Fpe6Hepa, BBIYMCJIICHHBIX IPH 3TUX YCIIOBUAX, IPUBCAEM TOJIBKO UX MEPBLIC YICHBI:
) (-1+ d)s(—4 +a+d);

2)(-10+ d)z(—4 +d)(-16 +a+d);

3) (<28 + d)*(—40 + a + d);

4)(9+a-3b-3d)(~4+d) (-2 +d)(-8+a+d);
5)(4+3a-d)(40+3a—d)(10 + 3a— 6b —d)(-7+ d) (-4 +d)(-1+d)";
6) (<3+b)(3+ k) (4+k)’(5+K)(9+2k)(15 + 2Kk)(439 + 50k).
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Brraucnenne MuHOT000Opa3uit naeana MOXHO MPOIOJDKUATE AHAIIOTHYHBIM 00pa3oM, MPU 3TOM CHITHHO YIIPOIIa-
€TCs1 BEIYHCIICHHUE COOTBETCTBYIOMMX 0a3ucoB I pedHepa. [IpuBenaem cimydan:
DN8+a+d+4k=0,-3+b=0;
2)8+a+d+4k=0,439 + 50k =0;
3)8+a+d+4k=0,5+k=0;
H8+a+d+4k=0,15+2k=0;
S)8+a+d+4k=0,9+2k=0;
6)8+a+d+4k=0,4+k=0;
N8+a+d+4k=0,3+k=0.
WM cooTBeTCTBYIOT Ciienyrommue 0a3uchl [ pedHepa:

1) {32 —4d — d*+ 20k — 2dk + 3k* + 4x};
(=3 +b)(~246 + 25d), (-3 + b)(=55+ 7b), 679 301 — 80 325b + 67 800d ~ 50004” + 20 000A.|;

=3+ b)(=17+ 2d), (=3 +b)(-39 + 5b), 293 - 30b + 44d — 4d” + 16)};

)
J(-3+d)’, T+ 6d - d>+ 4;
)(1+2d), (<9 +b)(=3+b), =7+ 6b+20d — 4d” + 16A;

—3bd? + 256x}.

B xoHeuHOM cueTe moaydnM MHOT00Opa3us uaeana (28):

l)a:%(_gb_3d_12k)’X:_(4b—3d+ 31;)[)(28b+3d+9k)’ ng;

1 b 1
k=—(8b-5d), m=-=, a=—(8b+d).
2) 15( ), m 5 d 3( +d)

3ameTuM, 9To MHOTO0OOpa3us O6aszucoB I'pebuepa 1)—7) U Apyrux BOZHUKAIOIINX MMOIXOOHOTO poaa 6a3ucoB
SIBJISTEOTCST TIOAMHOT000pa3usIMy MHOTO00pas3uii 1) u 2).

B uesmsix ynpowenus BBeeM B MHOrooGpasue 1) HoBbIi mapamertp s 1o opmyie (8 + 3d + 9k ) =—(4b -
-3d + 3k)S2, a B MHOTOOOpasue 2) Takoii ke mapameTp 1o Gopmyne d = sA, IpU 3TOM 3aMEHUM 0003Haue-
Hue b Ha o0o3HaueHue [3 (BO M30e)aHue MyTaHUIIBI B AajbHelmeM). [Ipu nepexone K cTapsiM 0003HAYCHUSIM
C MOMOIIBIO 3aMEHBI (26) MOIyYUM MHOTOOOpa3usi:

k(2s+3x+s2x) k(—és—x+5s2x) k(—3+3s2+ 2sx) k(3+s2—2sx)
l)d: P ) = P s = P 5 = P 5
—65s — A+ S5°A —65s— A+ S5°A —65s— A+ S°A —65s — A+ s°A
k(7+13s2+6s7»)'

b=

b

—6s + (—1+ sz)k

2)d =sh, k:%(gﬁ—ss)x, a=%(8[3+s)k, m=§(—[3—5s—[3x2), c:%(B+5s+ B27),
1
b:E(7[3+ 355 +15B1° ).

B cmyugae ¢ mHOrooOpasuem 1) cucremy (22) MOXKHO YHPOCTHTH 3aMEHON KOOPIMHAT X —> XOL, ¥ —> YO,
o=—6s+ (—1 + 57 )k. [Tomyuum cucremsl 3) u 4) U3 yCIOBUS TEOPEMBI.

HHocmamounocmo. Jlerko npoBepuTh, 4TO TipeodpasoBanust 1)—4) U3 yCIOBUS TEOPEMbI TIEPEBOISAT CUCTE-
MBI 1)—4) B CHCTEMBI C paBHOMEPHOH M30XPOHHOCTHIO. Tak, yuanTeiBas 0603HaueHus B cucreMe (16) u ycimo-
BuH (17), miist cuctemsl 3) u mpeoOpa3oBaHuii 3) umeeM

A=u, % +u, % +v= —k(—x +4c(—sx + y)2k)(1 — 8esx(—1+ 1) + 80y(1 + 257+ s?»)),
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dx ah
B=v.—+V, Y= xy(l - SCsx(—l + s?») + SCy(l + 257+ Sk)), vA—uB =0.
¥
dt dt

Teopema 7. Hszoxponvt cucmem 1)—3) uz yciosus meopemovl 6, NOMUMO MOUKU Nepecedenusl 0(0, 0),
umerom mouxy nepecevenus O, nexcawyro na ocu Ox, Komopas, @ 6010 ouepedd, AGNAEMES CUTLHO UZ0OXPOHHBIM
omuocumenvro ocu Ox epyovim goxycom cucmemvi. Te uzoxponst gpoxyca 0(0, 0), Komopbie npoxoosim uepes
mouxky O,, agnsaomes makdce uzoxponamu goxyca O,.

JokaszarenbcTBo. [IpeodpazoBanus 1) onpenesstoT ypaBHEHUs H30XPOH 0CO00M TOUKU 0(0, O) cuc-
TeMHI 1):

{yzkx(l— 4cx), ke(—oo, +oo)}u{x=0}u{x=4Lc}. (29)

. N N 1 .
Jns cucremsl 1) npyroit oco06oit Toukoi sBasgercs Touka O, (4—, 0 |. ITapannenbHbIi epeHOC
c

x—)x-i—i,t—)—t (30)
4c
TIEPEBO/INT €€ B Hauaj0 KOOPAHMHAT, a CUCTEMY 1) B cucTemy
? =—y+ xh—8cxy + 4ex’A, % =x + YA + dex? — 16¢y* + 8cxy. (31)
¢ t
3ameHa
u=x(l+4cx), v=y (32)

. 1
nepeBoaut cuctemy (31) B cucteMy ¢ paBHOMEPHON M30XPOHHOCTBIO. CrieoBarensHo, ocodast Touka O, (4—, 0
c

cucTeMbl 1) ABNSETCA CHILHO M30XPOHHBIM OTHOCHTENILHO 0cH Ox TPyObIM (hOKYcOM cHCTeMbl. Takixke 3ame-
Ha (32) 3a1aeT ypaBHeHHs H30XpoH 0coboii Toukn O(0, 0) cucremst (31):

(=t der) k(o 0)} =0 =L (33)

Ypasuenus (33) momydarorcs u3 ypasaeruit (29) nmepenocom (30). 3HaunT, H30XpOHBI PoKyca 0(0, 0), KOTO-

pbIe IPOXOIAT Yyepe3 TouKy O, SBISIOTCS TakKe H30XpoHaMu (okyca O,. AHAJIOTHYHO ITPOBOIUTCS J0Ka3a-
TEIBCTBO JUIS CUCTEM 2)—4).

Teopema 8. Kaowcowiii uz 08yx ¢hoxycos cucmem 1), 3) u 4) u3z ycroguss meopemul 6, nomumo uzoxponst y =0,
uMeem U30XpoHy 6 ude npamotl, npoxooaueli yepesz smom gokyc. /s cucmemvl 1) npamvimu a61210mes u3o-

1 _ 2
xponvl x=0u x = 2 071 cucmembl 3) — U30XPOHLL Y =SX U Y = %c;?»x 0s cucmemvl 4) — U30XpOHbL
c cs
_ 3B _ 5
B+ 5s 40 |
HoxkazarenbcTBo. s cucremsl 1) Hanuuue u30XxpoH x =0 u x = ym BBITEKACT U3 ypaBHEHUH (29).
c

YpaBHEHUS N30XPOH CHCTEMEBI 3) OTPEACIIIIOTCS IPeoOpa30oBaHUAMH 3):
{y = k(x — 4c(sx —y)zk), k & (-0, +oo)} U {x —4c(sx —y)zk = O}.

—1+ des®hx

4esh
YpaBHEHUS N30XPOH CHCTEMEBI 4) OTIPEACIIIIOTCS PeoOpa30BaHUIMH 4):

{y o Yoo ((B+Ss)y + 3pxh)

[Ipu 3Ha4eHNN k = 5 OTCIOZ]A TTOTYYUM TIPSMBIE Y = SX, Y =

, ke(—o0, +oo)} v {3(5 + 4By )x —

3(5+4pyr)
—4y((B+5s5)y +3Bxh)=0, (5+4Byr) = 0} U {(5 + 4Byr) =0},
HpI/I 3HaYeHHH k = — [335};; OTCroZia MOJIy4YuM IPSAMBIC Y = — B3f7gs X, y= _4[3%.
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Ha puc. 2—-5 npencraBiensl TpaeKTopuu cucteM 1)—4) U3 ycrmoBHs TEOpeMBbl 6 M UX W30XPOHBI IPU BBI-
OpaHHBIX 3HAYCHUSX.

!
!
I
!
I

7 S

2

7 s
T

///«/744,0/;67/
77
=il
=5
S A

ga'd
Puc. 2. TpaekTopuH ¥ U30XPOHBI CUCTEMEI 1)

=

Y0

/
\

| {

mpu A =1, ¢ = 4 Puc. 3. TpaeKTOpUH U H30XPOHBI CUCTEMBI 2)

Fig. 2. Trajectories and isochrons of the system 1) npu A =1, c=1
1 Fig. 3. Trajectories and isochrons of the system 2)
atA=1,c=—— _ _
4 atA=1c¢=1

Puc. 4. TpaeKTOpUH U U30XPOHBI CUCTEMBI 3) Puc. 5. TpaekTopuH 1 U30XPOHBI CUCTEMBI 4)
1 1 103
mpu A=—-1,c=1,s=1 mpuiA=—r71,s=—, f=-125
P 100 P 100 4 P
Fig. 4. Trajectories and isochrons of the system 3) Fig. 5. Trajectories and isochrons of the system 4)
atk=L,c=l,s=1 atk=L,s=@,|3=—125
100 100 4
3akiaoueHue

}_IOKa3aHa Teopema o HCO6XO,[[I/IMI:IX " JOCTAaTOYHBIX YCJIOBUAX U30XPOHHOI'O I‘p}I6OI‘O (I)OKyca CHCTCMbI
C KBaApaTUiHbIMH HEJIMHEUHOCTSIMMU. HaﬁHCHBI €ro N30XPOHBI U COOTBECTCTBYIOIINUC HOPMAJIU3YIOIIHEC HpCOG-
pa3oBaHus.
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O IIOTOKE PUYYA HA TPEXMEPHbBIX HEYHUMOAYAAPHBIX
I'PYIITIAX AU C IIOAYCUMMETPUYECKOU
SKBUNAOO®VNHHOU CBSI3HOCTBIO

JI. C. TPHTOPBEB", JI. H. OCKOPEHH?, E. JI. POJHOHOB"

YA nmaiickuii 2ocyoapemeennoiii ynusepcumem, np. Jlenuna, 61, 656049, . Bapnayn, Poccus
IMockosckuii pusuxo-mexnuyeckuti uncmumym, nep. Muemumymekuii, 9, 141701, 2. JJonconpyonsiti, Poccus

Annomayuza. M3ydaerca notok Puyun Ha TpeXMEpHBIX HEYHHUMOAYISAPHBIX Tpynmnax JIu ¢ moiycuMMeTpruecKkon
sKkBUa(GUHHON CBSIBHOCTBIO. YpaBHEHHE MMOTOKA PU4um B cucTeMe KOOpauHaT, peuioxkenHoi [Ix. MuiHopoM, mpruBo-
JIITCS K cUcTeMaM anredpandeckux U quddepeHunaisipx ypaBHeHnil. Haxoqures pemenue ypaBHeHHs IOToKa Puaun
B KJIACCE JICBOMHBAPHAHTHBIX MeTpUK MumHOpa. O6001marores pesynsratsl padot K. Oumer, 1. Knonda u K. Maxk-Jleona,
Kacaroluxcs oToka Puuun Ha TpexMmepHsbIX rpymnnax Jlu B ciydae cBsizHocTH JleBU-UHBUTEI.

Kntouegvie cnosa: norok Pudum; TpexmMepHbIe HEyHUMOIYISIpHBIE Tpyniibl JIu; momycumMeTpuueckue skBuaddun-
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ABOUT THE RICCI FLOW
ON THREE-DIMENSIONAL NON-UNIMODULAR LIE GROUPS
WITH SEMISYMMETRIC EQUIAFFINE CONNECTION

D. S. GRIGORYEV?, D. N. OSKORBIN®, E. D. RODIONOV*

*Altai State University, 61 Lenina Avenue, Barnaul 656049, Russia
°*Moscow Institute of Physics and Technology, 9 Institutskij Lane, Dolgoprudnyj 141701, Russia

Corresponding author: D. S. Grigoryev (danila.grigoryev.2019@mail.ru)

Abstract. The Ricci flow on three-dimensional non-unimodular Lie groups with semisymmetric equiaffine connection
is studied. The Ricci flow equation in the coordinate system proposed by J. Milnor is reduced to systems of algebraic and
differential equations. A solution to the Ricci flow equation in the class of left-invariant Milnor metrics is found. The re-
sults of works by K. Onda, D. Knopf and K. McLeod concerning the Ricci flow on three-dimensional Lie groups in the
case of Levi-Civita connectivity are generalised.

Keywords: Ricci flow; three-dimensional non-unimodular Lie groups; semisymmetric equiaffine connections.

BBenenue

P. C. 'aMunbTOH U Apyrue MaTeMaTHKU UCCIEI0BANIN ypaBHEHUE oToKa Puyun n1st cesizHoctu JleBu-Yu-
BUTBI, KOTOPOE UTPAET BAXKHYIO POJIb B pUMaHoBOM reomeTpui [1]. Kitacc momycumMeTpruiyeckux cBA3HOCTEH,
cofepxaiuii cBsI3HOCTh JleBu-UmBuThI, ObIT OTKPHIT O. Kapranom [2]. EcTecTBEeHHBIM SBISIETCS M3yYEHUE
noToka Puyyn Ha pUMaHOBBIX MHOTOOOPA3UAX C MOJIyCHMMETPHUUECKOH CBSI3HOCTHIO. M3BECTHO, UTO TEH30D
Puvun nonmycuMMeTpruUecKoi CBI3HOCTHU HE SBJISIETCS] CHMMETPHYHBIM, II03TOMY HEOOXOANMO pacCMaTpUBATh
HOJTyCUMMETpUUeCcKre 3KkBHa((UHHBIE CBI3HOCTH, T. €. CBA3HOCTH C CHMMETPUYHBIM TEH30pOM Puvum.

B nanHoit paborte n3yuaercst motok Puuum Ha TpexMepHBIX HEYHHUMOAYSPHBIX rpynnax Jlu ¢ nomycum-
METpHUECKO 3kBHa((PUHHOM CBA3HOCTHIO. YpaBHEHHE ITOTOKAa PUu4M B crcTeMe KOOpAMHAT, IPEATIOKEHHOH
Jx. MuitHOpOM, IPUBOIUTCS K CUCTEMaM anredpandeckux 1 tuddepeHunanbHeix ypaBHenuil. [locpeactsom
pELIeHHs CHavasIa MOACUCTeMbI aare0pandeckux ypaBHEHHIH, a 3aTeM cUcTeMbl Tu(depeHnnanbHbIX ypaBHeHUI
HAaXOIUTCS PELICHUE YPaBHEHUs MOTOKa PUuum Ha TpeXMEpHOM HEeyHMMOIYNSpHOW rpynne JIu ¢ MeTpuKoi
MusiHOpa OTHOCUTENBHO ITOJIyCUMMETPHUYECKOH SKBUAQ(PUHHON CBSI3HOCTH.

B nacTosimieli cratbe 0600meHs! pesynasrarsl uccnenoBannii K. Oupel, [, Kaonda n K. Mak-Jleona, ka-
caroluxcsi NoToka Puuun Ha TpexmMepHbIX rpynmnax JIu ¢ neBonHBapuaHTHONW MeTprukoi MuHOpa B cityyae
cBs3HOCTH JleBu-UuBuThl [3; 4], a Takke OTpakeHO MPOAOIDKEHHE paboThl B ATOM HarpasieHun. [pyrue pe-
3yABTATHI cofieprKarcs B myOnukanusix [5—9]. Tak, ux aBTOpbI U3y4aiu METPUKU JHHINTEHHA U COJTUTOHBI Praun
Ha rpynnax JIu ¢ noixycuMMeTpu4ecKol CBSI3HOCTBIO.

IIpeaBapure/ibHbIE CBeICHUSA
ITycts M — puMaHOBO MHOTOOOpasue pazmepHocTH #. Onpenenum Ha MHOrooopasuu M noixycuMMeTpuye-
CKYTO CBSI3HOCTB V (pOpMyIToit
VY =VEY +g (X, Y)V —g(V. V)X,

rae X ¥ Y — mpou3BOJIbHBIE BEKTOPHBIC MOJsT; VE — cBs3HOCTH JIeBU-UNBUTHL; g(X ,Y ) — METPUUYECKHUI TEH-

30p; V' —HeKoTopoe (PUKCHPOBAHHOE JIEBOMHBAPHAHTHOE BEKTOPHOE MoJie. CBA3HOCTH V ABIISETCSI METPUIECKOM.
Briepssie ona Obuta omrcana D. Kaprarnom B padore [2]. [Ipu V= 0 cBs3HOCTH V COBITIaET CO CBA3HOCTHIO V&,
Tenzop kpuBU3HBI R U TeH30p Puvum Ric cBsizHOCTH V OmpeienstoTcs paBeHCTBAMH

R(X,Y)Z=V\NyZ-V\V,Z + Vix. 1%
Ric(X, Y)=tr(Z > R(X, Z)Y)

COOTBETCTBEHHO.
PaccmoTpum Ha mosHOM MHOTOOOpasuu M onHOMapaMeTpUIecKOe CEMEWCTBO PUMAHOBBIX METPUK g(t)
U 3allMIIEM YpaBHEHUE NIOTOKA Puyun

a_at g(t)=—Ric(g(1)). (1)
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Hauaso uccnenoBanuto noroka Puyun 66010 onokero P. C. Tamunsronom mist csizaoctr VE [1]. U3BecTHO,
4T0 TeH30p Puuum Ric cBs3HOoCTH V He sBIsieTcs cuMMeTpudHbIM. [1o 3Toil IprunHe paccMOTPUM CHTYaLUIO,
KOTJIa CBSI3HOCTH V siBisieTcst akBuahGUHHOM, T. €. TeH30p Puuun Ric cummerpuder. CoriacHO HCTOUYHUKY [ 7]
B ciryuae rpymn JIu skBuadpUHHOCTh SKBUBAJICHTHA PABEHCTBY

i J —
Vgicu=0, ()
e V' — KoOpaMHATEl BEKTOPA; g;; — KOMIIOHEHTBI METPHYECKOTO TEH30Pa; ¢/, — CTPYKTYPHbIE KOHCTAHTBI all-

reopel JIu, onpexnesnsieMble pa3ioKeHUEM [Ek, E,] = c,éEj JUIsL HEKoToporo oprobasuca E,. B nHBapuaHTHOM
¢dopme rxBraGGUHHOCTL HMEET BU

([ V])-

HerpymHo 3aMeTHTD, 9TO HaIMYNE HETPUBHATLHONW dKBUAG(OUHHON CBI3HOCTH V 3aBUCHUT OT anredOpande-
ckoro crpoenus rpytisl JIn. Tak, B ciaydae ¢ npocToid rpynmoii JIu eIMHCTBEHHON TaKoW CBA3HOCTHIO SIBISIETCS
CBSI3HOCTH V¥, a B ciTy4ae ¢ KOMMYTaTHBHOH TPYIITION — JTF00ast ”HBapHaHTHAs CBSI3HOCTD V.

[lycte M = G — rpymma JIu ¢ neBonHBapruaHTHON PUMaHOBOM METPHUKOMH, g — ee anredpa JIu. 3adukcupyem

0azuc {El, oo En} B anredpe g ¥ MOJIOKUM, YTO

[Ei’ Ej]zcgE ) g(Ei’ Ej) 8> s = %8s

Taxoke 3auKkcHpyeM HEKOTOPOE JIEBOMHBAPUAHTHOE BEKTOPHOE MOJIE V, ¢ HOMOIIBIO KOTOPOTO OIIPEACTINM Ha
rpymne G ceszHocTs V. Torna cumBonsl Kpuctoddens cessznoctu V 3anatorcs popmyaamu

Iy =(rg)z + gV - g V8,

ko1
e (Fg)ij = Egls (ciﬂ —cyt c,l-j) — KOMIIOHEHTSI CBsi3HOCTH V¥

65.‘ — cuMBoOJTBI KpoHekepa.
AHamornyHO 00IIeMy CITyJaro ONpeaeTuM TeH30p KpUBHU3HEI R 1 TeH30p Pudun Ric. B 6a3nce {El, . En}
MX KOMIIOHCHTBI €CTh

ks

— Marpuiia, o0parHas K MaTpuiie ||g s>

R,

o = (T TS ~Th TF + T ) 2,0

. _ jS
Ric, = Rijksg
COOTBETCTBEHHO.
HccnenyeM MoBeICHHE MOTOKOB PUYYHN IS HEKOTOPBIX KIIACCHUYSCKUX JICBOMHBAPUAHTHBIX PUMAHOBBIX
METPHK Ha rpymnmnax JIu Maibix pasMepHOCTEH.

IHosycummerpuyeckne IKBHA((PUHHBIE CBA3HOCTH

HA TPpeXMepPHbIX HEeYyHUMOY JISIPHBIX rpynnax Jiu

[lyctb G — TpexMepHas HeyHuMoy IsipHast rpytna JIu. Toraa B anredpe g CyIiecTByeT opTodasuc {El, E,, E, },
HasbIBaeMbIl O0azucom MuHopa [10], Takoit, 4yTo

[E,, E,|=0E, + BE,, [E,, E;|=VE, + (2 - ) E,.

Paccmotpum Ha rpyminie G oHOIapaMeTPUIECKOe CEMENUCTBO JICBOMHBAPUAHTHBIX PUMAHOBBIX METPUK

g()=A(1)(0') + B(1)(6?) + C(1)(6°),

rae {Oi } — xoba3zuc k 6asucy MunHopa {Ei } Torna cipaBeanuBa cienyromas JeMMa.

Jlemma. {5 nonycummempuueckux dK6UadOUHHBIX C6A3HOCMEN HA MPEXMEPHBIX HEYHUMOOVISIPHBIX 2PYH-
nax Jlu umeem mecmo 00un u3 cieoyiouux 603MONCHbIX CITYYAES.

V=(O 0,0) Va, B, veR.
V=(v,0,0), »n#0,0=0Vp, veR.
V=(0,v,,0),v,#0,p=v=0 VaeR.
V=(0,0,v3), »3#0,a=2Vp, veR.
V=(v, v, 0),1#0,v,#20, a=p=v=0.
r=(

0,vy, v3), v, #0,v;#0, =2, B=v=0.
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7. V= (vl, 0, v, ) v #0, v;#0 (8 9mom cryuae pewenuii nem).

8. Vz(vl, Vs, v3), v#0,v,#20,v,20,a=2, v=0, A(t)z—BﬁB(t), B&<0
2v, 2v,

JloxazaTenbcTBO. YUUTHIBas ycinoBue dSkBUadGUHHOCTH (2), TTIOTydaeM CUCTEMY YPaBHEHUI
A(t)av + B(t)Bv, =0,
B(t)vv, + C(£)(2 - o)y =0, (3)
B(t)vv, — C(£)(2 - o) v, =0.

Ilpu V= (0, 0, 0) cucrema (3) mMeer pernienne s Beex a, B, v e R.

Ipu V' =(v, 0, 0) cucrema (3) npunmmaer Bux A(¢)ov;=0=>a =0.

Ilpu V = (O, Vs, O) cucrema (3) cBOOUTCS K BULLY
B =
{ (1)Bv, =0, = B=v=0.
B(t)vv,=0
Ipu V'=(0, 0, vy ) cucrema (3) nmeer Bug C(7)(2 — o) v;=0= o =2.

Ipu V' =(v, v,, 0) cucrema (3) mpuHAMAET B

A(1)av, + B(t)Bv, =0, —B=v=0
B(1) v, =0 .

Ilpu V= (O, Vs, v3) cuctema (3) CBOIUTCS K BUILY
B(t)pv,=0,
B(t)vv, + C(1)(2—a)v;=0, > a=2,p=v=0.
B(t)vv, — C(1)(2 = )1, =0
Ipu V'=(v, 0, v;) cucrema (3) umeer Bux
A(t)av, =0,
{C(t)(2 — )y, =0.
Tak kak v, # 0, v; # 0, cucreMa OTHOCHTEJIBHO O PEILICHUI HE UMEET.
Ilpu V' = (vl, Vy, v3) cuctema (3) npuHUMAaET BUJ
A(t)av,+ B(t)Bv, =0
Bl + )2 )=
B(t)vv, - C(1)(2 - a)v3 )
W3 BTOpOro u TpeThero ypaBHEHUN cucTeMbl nostyyaem o = 2, v = 0. [loncrapinsis B nepBoe ypaBHEHUE Hali-
JICHHBIC 3HAaYCHHsL, TToydaem A (1) = —BﬁB(t), % <0
1 1
Pemienus ypaBHeHus noroxka Puyyu

HA TPeXMEPHBIX HEYHUMOAY/ISPHBIX rpynnax Jiu
¢ MOJIyCHMMEeTPHYeCKOi IKBHAPPUHHON CBA3ZHOCTHIO

[IpuMeHsist OCHOBHYIO JIEMMY, 3allMILEM M PELIMM ypaBHEHHE IOTOKa PHYUYM A7l Ka)KAOTO BO3MOXKHOTO
cilyuasl.

Teopema. Ilycmo G — mpexmeprasn HeyHuMoOyaapHas epynna Jlu ¢ norycummempuueckou 3K8uapunuot
cesaznocmoio. Toeoa pewenus ypasrnenus nomoka Puuuu (1) umerom credyrowuil 6uo.
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1. B cyuae eciu V= (0, 0, 0) vVBeR:

1.1

Ilpu o =v =0 nonyuaem

1.2. Ilpu 0. =2, v=0 nonyuaem

2. B cryuae ecnu Vz(vl, 0, 0), v#0,a=0:
2.1. Ipu v =0, v (B +2)>0 umeen

20e A, =

4, N
B(t):Bol+A—0(l—e’)
4, N
c(:)=c01+A—0(1—e’)
B2+ 4
—— >0, A=y (p+2)>0.
V](B+2) l( )
2.2. llpu v=0, vl(B + 2) >0 umeem
A(t):+‘A0— 1:11 e+ ;11
4, — 4|+ A
B(1)=B, ‘o i 1€

C(t)zC i‘AO—le ~le_)~”’
' +‘A0_~1‘+ 1
B’ + 4
>0, A=—v(B+2)>0
V1(B+2) 1( )

A(r)=4,-(p*+4)r
B(BZ+ 2)
B’ + 4 B’ +4
B(1)=B, -1
AO
2(B2+ 2)
B’ + 4 B+ 4
C(1)=C, -1
AO

A(t)=(4o+ 4,)e™ - 4,

4
l+——|t
[5+2]

E A0+A1v](27Xt71)7VIB]+ 4 t
B+2 B+2
e ,
A A0+A1v](e_7"71)7v1[3 37i t
B+2 B+2
e ,
_B
Ay i‘Aofjl‘iﬁ‘jz(ei’fl)fv]ﬁ[
e
2
R )
e ’
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3. B ciyuae eciu V=(O, Vs, 0), B=v=0:
3.1. Ilpu o = 0 nonyuaem

C
C(0)=S0|| g+ |emimn - 2|
4y v B, vy By
3.2. Ilpu o =2, v, <0 nonyuaem
1 vt
A(r)= 4,1 - 2 + 2 e ! eE(Z_VZBO)(e2 _1)+2VZI,
wBy WB
_ 2 2 2vqt
B(t)_€+[BO—ZJ 2,
2B, )2 -1
C(r)= Coe2( ).
3.3. Ilpu ao=2, v, >0 nonyuaem
2 —2v,t 2
I | PR (R PP
A(1)= 4, e ’ :
2 2
=+ |B -
V2 V2
2 2 2v,
B(t)zgi BO—ZQ Zt,
22, - () - 2w
C(t)=Cpe * =)
4. B ciyyae ecau V = (0 0, v3 oa=2,npuv=0VpReR umneemn
[ ot BB o+ Bop? 2C0,_4A0+BOBZ
‘ v3zB G v32B0C0
[ 5, 4ot BB o+ Bop’ zcot_4A0+BOBZ
¢ 24,C, Vv24,C,
C( t :CO.

5. B cyuae eciu V = (vl, Vs, O), o =B =v=0, pewenuii nem.

6. B cnyuae ecnu V = (0, Vy, V3 ) o =2, B=v =0, pewenuii nem.

7. B cyuae eciu V:(vl, Vs, v3), a=2,v=0, A(t)z—

<0, B#0, pewenuii nem.

B2 (e, B2

Y Y
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Hoxka3zarenbcTso. JlokaxkeM TeopeMy Ul KasKI0I'0 BO3MOXKHOIO CIIydas.
1. [yct V' = (O, 0, O). Toraa ypaBHeHue notoka Puuun umeer Buj

a(a—2)=0,

d4_ 24(1)C(r)o’ + B(1)*v*+2B(1)C(r)o* = 8B(¢)C(r) o + 2B(t)C(1)B* + 8B (1) C(¢)

dt 2B(t)C(1)

dB  24(1)C(1)a® - B(¢)'v? = 2B(1)C()ap + 2B(r)C(¢)B + 4B(r)C(1)B

dt 24(1)C(1)

b

dC _ B(1) V' +2C(1)a’ = 2C(r)ap - 8C(t)a + 4C(1) + 8C (1)

dr 24(1)

C yderoM cucTeMbl alreOpandeckux ypaBHEHUH 1OCTaTOYHO PACCMOTPETh CIIEAYIOIINE CIIydau.
1.1. Iyctb o = v =0. Torna cucrema nudpepeHInaNbHBIX YpaBHEHUH IPUHAMAET BT

dA 5
i S}
dt B
d_B:_B(t)B(B+2)
dt Alt)
dc__2c(n(p+2)
dt A(r)
Orcrofa nonyyaem
A(f)= 4, - (B*+ 41,
B(Bz+2)
2 B2+4
B(t):BOB 4, ,
4,
2([32+2)
2 Bz 4
c(r)=co [Py 7
4y

1.2. Ilyctb a. =2, v =0. Torga cucrema quddepeHInanbHbIX YpaBHEHUH CBOAUTCS K BHITY

d4_ 4A(1)+ B(t)p’

dt B(t)
d_B__4A(t)+B(t)B2
dr Ay 7
dc
dr
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Otcrofa, pa3aensisi IepeMeHHbIE, UMEEM
44
A(t)=4, - [BZ + B—sz,
B(t)=B, - LEBZ + 4]:,
4y
C(t) =Gy
2. Ilycts V' = (vl, 0, 0), v, # 0, oo = 0. Torna ypaBHeHue noroka Puaun umeer Buj
BO(A(M+4)
2A4(1)
dd _ 24(1)C(1)Bv + 44(1)C (1) + B(1)v? + 2C(1)B* +8C(1)
dt 20 (1) ’
dB _ (1) 24() C(1)v2 + 44(1)C(£)Bv, + 84(1)C(£)v, — B(1)v? + 2C(1)B? + 4C(1)B
dt 24(1)C(1) ’
dc __2A(t)2C(z‘)v12 +4A(¢)C(2)By + 84(1)C(1)w + B(t)v* + 4C(¢)B + 8C(¢)
dt 24(r) '
C yderoM cUCTEMBI alreOpandecKuX ypaBHEHHUH moiydaeM cucteMy anddepeHnnanbHbIX ypaBHEHUH
npu v=_0
dA
=" —A(t)(B+2)v - B> -4,
dB _ _B(t)(A(z)vl +B)(A(t)v, + B +2)
di A(r) ’
dc _ _C(t)(A(t)vl +2)(A(r)v + B +2)
dt A(r) '
Otcrona umeem |4 (1) + prrd | ot p+ 4 ey
vl(B+2) V1(B+2)

2.1. Eciu v, (B + 2) >0, To peuienne cucteMsl AU dHepeHHaIbHBIX YpaBHEHHH IPUHUMAET BUJL

A(t)=(40 + 4,)e™ - 4,

A 4 vl(ef)‘lfl)fvlﬁ[3 77}
C(t)=C01+A—(1)(1—e“) e Pr? pr2
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2.2. Ecmu v, (B + 2) < 0, TO TTOITyYaeM cIeAyIolee pemeHne CUCTeMbl TudGepeHInaIbHbIX YPaBHCHUN:

()= [T T AL A S A g
t|do- 4+ 4, ‘
I
cli)=c i‘AO—;ll‘~+;11f’M Alvlei\Aof”lB”(&’ 1)- 1[3(37[:—2]
1|, - 4]+ 4, ’
2
rﬂeﬁlz—%>0;i=—vl([3+2)>0.

3. Iycte V' = (O Vs, ) v, #0, B =v =0. Torna ypaBHeHue noToKa Puyun cBoauTCs K BUIY

a(a-2)=0,

dd_ A(t)B () 3 —24(t)B(t)aw, + A(t)a’ + B(t)o’ — 4B(t)o’ + B(t)

dt B(t) ’

% =—a(B(t)v, - a),
dc A(1)B(t)vs — A(t)ow, + o — 4o + 4
E:_C(t) A7) .

C ydeToM cuCTeMBbI anreOpandecKuX ypaBHEHHH TOCTAaTOYHO PACCMOTPETH CIEAYIOIINE CITydau.
3.1. Ilyctp o = 0. Toraa cucrema auddepeHanbHbIX YPaBHEHH UMEET BUT

dA

— = ~A(t)B(t)v; - 4,

dB _

dr

dc _C(f)(A(f)B(f)vz+4)

dt At

Orcrona momygaem
4
A(t)=| 4, + 2Bt ,
() ( ’ V22 0}? VgBo

B(t)=B,,

[Tyctes oo = 2. Tornma cuctema nudpepeHInaTbHBIX YPaBHEHUH MPUHAMAET BUT

a4 A@)(B()w-2)

dt B(t) ’

”;—lf =2(B(1)v, - 2),
& (0B - 2)
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2

B(t)- -

2

2
By= -

_ 2yt

OTtcrona nMeeM

3.2. Ecau v, < 0, T0 pewienne cucteMsl quddepeHunanbHbIX ypaBHEHUH CBOAUTCS K BUILY

e%(Z -v,B, )(ezvz' - 1) + 2yt

2 2
+ e 2vyt
By, By,

B(t) =% + [BO - vijezvzf,

A1) = Ay |1 -

b

3.3. Ecau v, > 0, T0 1oy4aem cienymoliee pereHue cucreMsl A hepeHInaIbHbIX YPaBHEHHUMH:

2 —2v 2
P G O e
A(t)=4, e ’
2 B _ 2
no
2 2 2vyt
B(1)=5- % |By — e,
iViB 771762\12!
C(t)=Cye 2" =)

4. Ilycte V = (0, 0, vy ), vy # 0, o0 = 2, Torna ypaBHeHHE II0TOKa Pudyn umeer BUx

%B(I)V\gzo,

dt 24(1)C(1) ’
dc _ B(t)V?
dr - 24(1)

C yderoM cUCTEMBbI alre0OpandecKux ypaBHEHHUH mosydaeM cucreMy anddepeHunanbHbIX ypaBHEHUH
npu v=0

d_A:_z‘l(l)B(t)C(t)v32 + 4A(t) + B(t)B2
dr 50 ,
d_B:_A(l)B(Z)C(t)v32 + 4A(1) n B(t)ﬁz

dr 0 ,
dc

-
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OTcrona nmeeM

44, + B,p> 44, + B,B*
A(t)=| Ag+ ——— of et - 90 oP
v; ByC, v; ByC,

b

44, + B,p* 44, + B,p*
B(t)=| By + —5——— op e L 007 op
v;4,Cy v;4,Cy

5. Hycts V= (vl, Vy, O), v, #0,v,#0, 0 =P =v=0.Torna ypaBHeHue noroka Punyun npuHumaer Buj
A(1)B(t)wv, =0,
% =—A(t)B(t)v; — 24(t) - 4,

L (1) +2),
dc A(e) V2 + A()B(£)v3 + 4A(1)V3 + 4
—=—¢() 0 .

Tak xak v, # 0, v, # 0, cucTeMa pelIeHHii He UMeeT.

6. [lyctp V = (0, Vy, V3 ), v, #0,v;#20, a=2, B =v=0. Torna ypaBHeHHe 0TOKa Pu4yun cBoauTCA K BUILY
B(t)C(l)v2v3 =0,

dd _ A(t)B(1)'v3+B(1)C(1)vi - 4B(t)v, + 4
dr B(1) ’
dB
o=
Tak kak v, # 0, v; # 0, cucTeMa pelIeHni He HMEeT.

—B(t)C(1)v; + 2B(t)v, — 4.

7. Thyets V= (v, v, 3 ), # 0, v, %0, v, 20, 0 =2, v =0, A(;):—BﬁB 0, B

) ) < 0. Torga ypaBHeHue 10-
v V.
TOKa PHyum mprHUMAET BUI ! 1

B(t)C(1)Br,vs =0,

- B(t)2 Bv% + B(l‘)c(f)% + B(t)B2v2 - 4B(t)% + [32 _ 4‘}%,

B _ B(z)’ Buvs _ B(£)C(t)v2 = 2B(¢)Bw, + 2B(t)v, + Bv
dt vV, Vs

d

7(; = C(t)(B(t)Bvl"z - B(’)"% -Pn+v, )

C yuerom anreOpanmueckux u anpdepeHnnanbHbIX ypaBHeHuid nomydaem f3 =0, v, # 0, v; # 0. Orcrona
umeeM A(t)=0, 4To SIBISETCS IPOTHBOPEYHEM. 3HAUYHT, CHCTEMA HECOBMECTHA.
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3akjaueHmne

[IpoBeneno nccnenoBanne MoToka Puyan Ha TpeXMEepHBIX HEYHUMOAYISIPHBIX Tpymnax JIu ¢ moixycummeT-
prdeckoit dKkBHaPUHHON CBA3ZHOCTHIO. [loTydeHo sBHOE TpeaCcTaBICHIE MTOTOKAa PHaun B cucTtemMe KOOpau-
Har, npeuioxenHol Jhx. Munnopom. HaliieHo TouHOE pelieHue ypaBHEeHUs TOTOKa Puduu i1 TpexMepHbIX
HEYHUMOIYIAPHBIX Tpyni JIu ¢ momycnuMmeTprudeckoi s5kBuapGUHHON CBA3HOCTHIO.
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A GENERALISATION OF THE STEINER — LEHMUS THEOREM
AND CRITICAL VALUES TRANSCENDENCE
OF ITS PARAMETERS

M. M. VASKOUSKI®, M. A. FIRSAU®, P. D. BABAYEVA®

*Belarusian State University, 4 Niezaliezhnasci Avenue, Minsk 220030, Belarus
Corresponding author: M. M. Vaskouski (vaskovskii@bsu.by)

Abstract. The internal n- hne of a triangle is a segment from the vertex to the opposite side dividing this side into seg-
ments proportionally to the n™ powers of the adjacent sides. An analogue of the Steiner — Lehmus theorem for the internal
n-lines of a triangle is considered. All values n € R for which the mentioned analogue of the Steiner — Lehmus theorem
holds are found. Also all values #n € R for which there exists a non-equilateral triangle with three equal internal n-lines
are determined. The transcendence of positive critical values of n of the generalised Steiner — Lehmus theorem is proved.

Keywords: internal n-line of a triangle; transcendental number; algebraic number field; surface.

Introduction

The Steiner — Lehmus theorem mentioned for the first time in 1840 states: «Any triangle that has two
angle bisectors... is isosceles» [1, p. 14]. This theorem allows a trivial algebraic negative proof. Existence of
a direct proof in the frame of classical and intuitionistic logic was shown in 2018 [2], and the first such proof
was found in 2022 [3]. Also there are known analogues of the Steiner — Lehmus theorem in other geometries
different from the Euclidean geometry [4]. In the present paper, we consider the generalisation of the Steiner —
Lehmus theorem, which is studied by methods of differential geometry. Let n be a real number. We examine
a triangle ABC on the Euclidean plane R* with sides a = BC, b = AC, ¢ = AB. Let AA,, BB,, CC, be the internal
n-lines (shortly n-lines) through sides a, b, ¢ respectively [5], i. & each n-line divides the corresponding side
of the triangle into segments with lengths proportional to the n™ powers of the adjacent sides. For example,

BA;: 4,C=(4B: ACY)". Particularly, A4, is the median for n = 0, A4, is the bisector for n =1, A4, is the sym-
median for n = 2. Denote the lengths of the corresponding n-lines by /, ., 1, ., [

If we assume that points 4;, B,, C, divide externally the correspondlng sides of a triangle into segments pro-
portionally to the n™ powers of adJacent sides, we have definition of the external n-lines. Their lengths will be
denoted by 1 | [ [

a,n> “b,n> ‘c,n*

It is well-known that any triangle having two equal medians, two equal bisectors or two equal symmedians
is isosceles. In the article [5], an analogous statement was proved for n-lines, where n € [—0.5, 2], and there
also was shown that for all sufficiently large real n there exists a non-isosceles triangle with two equal n-lines.
In the present paper, we give a complete answer to the question: «For which real 7 can one find a non-isosceles tri-
angle with two equal n-lines?» We shall say that for a given n € R an analogue of the Steiner — Lehmus theorem
for two n-lines holds if any triangle with two equal n-lines is isosceles. Similarly, we say that for a given n € R
an analogue of the Steiner — Lehmus theorem for three n-lines holds if any triangle with three equal n-lines is
equilateral. The main results of the paper are the following two theorems.

Theorem 1. An analogue of the Steiner — Lehmus theorem for two n-lines holds if and only if n € [—1, N, ]

An analogue of the Steiner — Lehmus theorem for three n-lines holds if and only if n € [—2, N, ) Here
4(B;+1)(2B,+1)
3B, + 1= B+ 6B, + 1-16B;

N, = =24.50613...,

1
Ny=2 min 0B X

=29.143359...
v<(0.1) Jog(8x + 4) — log(x2 + 6x + 5)

and B, is a unique positive solution to equation

1B r 6P I 16 log(B—l+\/B2+6B+l—16B3)—10g(2B2+2B)
2Bl logh

=0.
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Theorem 2. The numbers N,y and N, defined in theorem I are transcendental.
We will consider the following three properties directly related to the mentioned above generalisations of
the Steiner — Lehmus theorem. Let n € R.

Property 1. There exists a non-isosceles triangle ABC (a # ¢) such that [, , =1/, .
Property 2. There exists an isosceles triangle ABC (a # ¢) such that /[, , =1 .

Property 3. There exists a non-equilateral triangle ABC such that [, , =1, ,=1. .
Using elementary computations, we deduce the formula for length of a n-line:

b*c" + c*b" a’b"c"
n n 2°
e ()
Without loss of generality we may assume that » =1 and @ > c. Since the case of n = 0 is trivial, we will assume

further that n # 0.
Let us rewrite the equality of two n-lines in terms of barycentric coordinates. We denote 6 =a", B=c",

a,n

k= % Then the equality /, , =1, , is equivalent to g(8, B, k) =0, where
g(8,B, k) =8" (B(E+1)"+ (B+1) (5:+1)) -
=~ BH(8(B 1)+ (B+1)(5+1)°) + (B+1)(5+1)(3-B).

Proof of theorem 1: case n > 0

We assume that n > 0.
Proposition 1. If there holds either property 1 or 2, then 83 < 1 and k (O, 1).

Proof. We suppose that either property 1 or 2 holds. Then there exists a triangle ABC such that & > 3 and
g(3,p. k)=

Let us show that k e (O, 1). Assume the contrary, £ > 1. As it was shown in theorem 2.2 presented in the
paper [5], the assumption of gé(& B, k) <0 ford=>p >0, k>1 implies the inequalities B > 1 and

KB(3+1)+ k(B +1)° <28,

k(B +3p +1)’ S
2— kB

k k
that k €[1, 2). Since k€[1,2) and B > 1, we get 2— kB <1. Hence 5> B+ 3 + 1. Moreover, 6<[B2 + 1} <
? K k
<|B?+1| =PB*+ 2B2 +1. Therefore, p* + 2B2 +1> B>+ 3B + 1, which is impossible for p > 1 and k e [1 2)
k k

Consequently, we obtain that g{(8, B, k)>0 for 8% < B> +1, 8>B>1, ke[l,2), and gi(3,p, k)>0 for
02P>0, k>2 and for 0<PB<1, 62P, ke [1, 2). Because of g(B, B, k) =0, we get a contradiction to
g(8, B, k)=0 in the domain coloured in red (fig. 1). Hence k € (0, 1).

Now we need to show that 3 <1. Let us assume that 5 > 1. If we assume that & >12> 3, then we obtain
2(8,B, k)=g(8,B, k)0=(5—B)(8B —1)>0.Hence d > B> 1. Taking into account § > > 1, k € (0, 1), we have
(5, B, k) =(6"— B")(B(S +1)"+5(p +1)2) +85(B+1) =B (B +1)+ (8 +1)(B+1)(5-B)>
>85(B+1) =B (8+1) + (B5+PB+8+1)(5-B)>5 (B +1)2—Bk(6+1)2+([36+ BF+ 8 + 1)(5— B)=
=5 (B2 +1+B+3)—BE(°+1+8+B)+ (BS+1)(5—B) >8P’ — B3>+ (B3+1)(5 - B).

Let us show that

From this relation we obtain 2 > kB and &> 0 (2—-k)8>5k. The last inequality implies
2

I

§'B* - p*8* + (B +1)(8-B)>0
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which is equivalent to the inequality

[6,5[3 - BSS}(SIZCB " BIZCS} > B3(B - 5)—[32;1.

1 k_l E_]
+ x is strictly increasing at x > 1 for ke (0,1), we get 8> +8>p> +p. Hence

L L
66;1. Indeed 8% B2 > BS, B> 8% > 1. Therefore,

[SIE

Since the function x

k k k k
8°B — P25 >B3(B - 8). Itremains to prove that §?B + B8 >
3p<1.

k k
82=1+p?
—B=38

Fig. 1. Illustration to the proof of proposition 1 (k=1.5)

Proposition 2. [f there holds property 2, thena=b=1> c.

Proof. It follows from proposition 1 that property 2 is not compatible with the case ac > 1, hence ac < 1.
If we assume that b = c =1, then a > ¢, and we get ac > 1. So a = b =1. But then ¢ <1, as it is required.

Proposition 3. Property 2 holds if and only if n > N,, where

log x

N,=2 min =29.143359....

v<(0.1)Jog(8x+4) — log(x2 + 6x + 5)

Proof. It follows from proposition 2 that a =b =1, ¢ < 1. Thus, we need to determine all possible values
ke (O, 1) such that there exists e (0, 1) such that g(l, B, k) =0.
It is easy to see that the equation g(l, B, k) =0 is equivalent to the equivalent
k_ 8[3 +4

Y
. . +6p+5
Let us consider the function p B

log (8B +4) — log(B2 + 6B+ 5)

logf
Critical points of this functions are the solutions of the equation

2[3([3 + 2)(1 - B) B 10g(8[3 + 4) - log(B + 1) - log(B + 5)

(2B+1)(B+5)(B+1) logP

which has a unique solution B, € (0, l), By=0.139697 7.... This can be verified with the help of the results of
the paper [6].

Since k(+0) =k (1-0)=0, we deduce that the value set of the function k(B) is the segment (0, k, ], where
ko="k(PBy)=0.0686262.... Therefore, property 2 holds if and only if k < k), which is equivalent to n > N,,.

Proposition 4. For any n > Ny =29.143 359... there exists a triangle with sides a, b, ¢ such thata>1=b>c
andl, =1, .

, Be (0, 1).

b
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Proof. By proposition 3, there exists a triangle with sides a, = b, =1> ¢, such that g (8, By, ko) =0, ko= Ni

0
It is clear that g(8,, By, k) <0 for any k (0, k, ). Also for any & > 0 we have g(&,, B;, k)>g(8,, B;, 0)=0,
where 6,=9,+ ¢; B, ZSL' By the intermediate values theorem, for any ke (0, ko) one can find the point

1
(Sk, Bk), which belongs to the segment with endpoints at (60, [30), (8,, By ) such that g(Sk, B k) =0. It re-
k k

mains to check that there exists a triangle with sides a, = Skz, b=1,¢,= Bki Taking €€(0, 1), we obtain the
needed triangle inequality
koK k ko k k k
=82 <8 =(1+g)2 <(1+8)2<2? <1+PF <1+Pf <1+P;=b +¢,.

Remark 1. 1t follows from proposition 4 that we may assume that n < N, while investigating property 1.
Let us consider the function

5, B, k
L(5, B, k):g(TBB)

inthe domain 1>6>p>0, ke (0, 1). It is easy to see that

k_ nk
L(3, B, k):66 b

(B8 +17 + (B+1)° (8 +1)) ~ B*(3:+ B +2) + (B+1)(5+1),

We shall examine the function L(8, B, k) in the domain (0, 1) x (0, 1) x (0, 1), assuming that the function is
defined by continuity at the line 6 = f3.

We are going to find all values of & such that the curve L (6, B, k) =0 has common points with the line 8 = .
Let us consider the function H(B, k) = L(B, B, k). We get

H(B, k)=kB ' (B+1)° (2B +1) = (2B +2)B + (B +1)*=(B + 1) H,(B, k).
It is sufficient to find all & such that the following equation has a solution 3 € (0, l):
H,(B, k):kBk‘1(2B2+3B +1) —2BF+ B+1=0.
Multiplying by 3 > 0, we obtain
A (B, k) =B (2487 + (3k —2)B + k) + B(B +1)=0.

We consider the implicit function & = k(B) defined by the last equation. It is sufficient to check the critical

points of this function, the boundary points and the points in which the implicit function theorem fails. Critical po-
ints can be found by solving the equation

Hy=2k(k+2)B* '+ (3k —2)(k +1)B* + K2B* "+ 2(B +1) =0.
Multiplying by B and subtracting the equation H (B, k) =0, we obtain
Bk((2k2 + 2k)B+ (3K7 - 2k )B + K2 k) +B2=0.
So we get
p+1 _ p
2hBT+ (3k—2)B+k (24 + 26 )B2+ (3K2 - 2k B+ k2~ k

Solving this equation with respect to k, we obtain

k:3B+1i\/Bz+6B+1—16B3

2(B+1)(2p +1)
It is clear that the largest root does not work, since
3B +1 1
k> —
2(B+1)(2B +1) %)
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and the equality H, (B, k) =0 fails in this case because of

0="H,(B, k)>§(2[32+3[3+1)—2ﬁ"+[3+1
! 1 2 8 1 2
and B3 >Bk>§B2+B+§.ThenB>E:>B>O.97, andweget§ﬁ2+ B+§>1.Hence

3B+1— B+ 6B +1-168°
k= :
2(B+1)(2p+1)

Let us obtain an equation on 3 for finding the critical point. We have

B(B+1)
(B+1)(28+1)-2p’

k—_
B_k

then
2 k(2B+1)

"B+l B

B—k

Substituting the found value %, we obtain

P14 \BP+ 6B +1-16p°

—k
P B(B+1)

Finally, we get

1B 6P I 16p log(B—l+\/B2+6B+1—16B3)—log(262+ 28)
2(B+1)(28 +1) " logB =0.

Applying an algorithm from the work [7], one can show that this equation has a unique root 3, =0.30455....
The corresponding value of k is k; =0.081612....
Let us investigate the existence of points in which the explicit function theorem fails:

H; (B, k) =0.

By routine computations, we find
2B 1
(B+1)(2B+1) logP’

Taking into account

2 k(2B+1)

B+l B

B_,(:2[3+1
Plogp

which does not have solutions B & (0, 1), since logf <O0.
So the equation L(B, B, k) =0 has a solution B e (O, 1) if and only if k (O, kl] with k£, =0.081612.... We

set NV, =k£=24.50613....

Bk

B

we obtain the equation

1
Proposition 5. For any ne [O, N, ] property 1 does not hold.
Proof. By proposition 1, we may assume that n > 2, which means & € [kl, 1), where &k, =0.081612.... For
any fixed ke [kl, 1) let us consider the function g(S, B, k) on the compact set 1 > > 3 > 0. We are going to

prove that g(8, B, k)> 0 atall points of this compact set except the line p = 8. Let us show that g§(8, B, k) >0
for1>86>03>0:

25(5,B, k) =k5" " (B(3+1)"+ (3+1)(B+1)°) + 8*(2B(8 +1) + (B+1)7) -
=~ BH((B 1)+ 2(5+1)(B+1)) + (B+1)(25-B+1)>
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> 5t (B3 + 1)+ (3 1)(B+1)°) = 2B (8+1) + (B +1)(26 - B+1)>
SR I(B 1) (2B+1) 2B (8 +1) + (B+1)(25-B +1)=
=K (B1)(2B+1) - (B+1) +2(5+1)(B+1-BF)>
>(B+1)(kB* (B 1)(2B+1) — (B+1)+2(B+1-B))=

-(B+ 1)Bk*‘(k([3 +1)(2B +1) -2 +B(p + 1)[3*")2 (B+1)B 'h(B),
where h(ﬁ) = kl(B + 1)(2[3 + 1) -2B+ B(B + l)B k. Since h(B) B_k‘H(B k ) it follows from the arguments
of above proposition 5 that the equality #()=0, p (0, 1), holds only if § = B,. Because of #(0)=k,>0 and
h(1) =6k, >0, we get the inequality /(B) >0 for all Be [0, 1].

Proposition 6. Let Ny<n < N,. For any € > 0 one can find o, B such that 1>6>pB>p,, 0<d—-p<¢e and
L(S, B, k) 0, where B,=0.30455...; k= %

Proof. Let us show that for any fixed ne (Np No] one can find a solution f, € (Bl, 1) of the equation
L(B, B, k)=0. It is sufficient to prove that functions L(p,, By, k) and L(1, 1, k) have different signs. Clear-
ly, L(1, 1, k) =12k > 0. To prove that L(p,, B;, k) <0 it is enough to check that the function H,(B,, k) defined
before proposition 5 is increasing as a function of k, since H, ([31, k, ) =0. We consider the derivative

oH, (B, k)

T B 10g|31(2k[312 + (3k —2)pB, + k) + [3{‘(2[312 + 3B, + 1) =Bt (ka +b),

3 L . oH, (B, k)
where a=-2.49...;b=2.82.... It is easy to see that ErTa— >0 forall ke (0, 1). Hence L(Bl, By, k) <0

We are going to prove that Lé(B, B, k) >0 for any Be ([31, 1), ke {Ni’ %} So we have
o Vi
K-k
2

L (B, B, k)=(k2+ 2k)[3k+1+ [§k2+ %k-1j{3"+ (2k2—k)[3"—1+ BF 24 B+1.

Let us find the minimum of the function R(B, k) = L[g([}, B, k) within the closed rectangle [Bl, 1] [ Ni}
] Let

2|N 2|N

We will prove that the function R (P, k) has no critical points within the open rectangle (B, 1) x [i
us consider the derivative N

Ré(ﬁ, k)=(k2+ 2k)(k+1)[3"+k(§k2+ Ek_ljﬁk_l N

+ (k=1)(2k7 = 2)B* 2+ (k- 2)" . “Rgees g,

Itis clear that Ry (B, k) > —kB* ' + 1> 0 in the mentioned domain. Hence, the minimum of the function R (B, k),

( ) [[31, 1] {— Ni} is achieved on the boundary of the rectangle. Let us prove that R[Bl, NiJ =0
1

O 1

2 . 2 .
and R(Bl, FJ >0 on the boundary of the rectangle except the point B=f,, k= A To prove the equality
1 1

R [Bl, Nij:O let us recall properties of functions H (B, k), H (B, k) defined before proposition 5. Since
I
Hé(B, k) = Lé(B, B, k) + Lé(B, B, k) = 2R(B, k), it is sufficient to show that Hé (Bl, Ni] = (. Taking into account
1
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H(B, k)=B(B+1)H (B, k), we get Hy=(2p +1)H + ([32 + [3)1%,;. Since I—AI(BI, %) =0, A} (Bp %j =0 by
1 1

definition of B, and N,, we obtain the required H, [Bl, Ni] =0.
1

. 2 2 .
Let us examine the boundary B =1, ke {—, —} We have R(1, k) =6k" + 2k + 2> 0. Let us start with the
o M

boundary k = Ni’ Be [[31, 1]. Since R[g(B, k) >0, it is enough to show that R(Bl, Nij > (. The latter can be
0 0
verified straightforwardly using decimal approximations of 3, and »,. Now we consider the boundary £ = —,

1
Be [Bl, 1]. Since Ré(B, k) >0, we obtain R(B, Nij > R(Bl, Ni} =0. So it remains to examine the bounda-
1 1

2 2 . o
ry B =B, k€| —, — |. We consider the derivative
Ny N

R.(B), k)=(2k +2) {‘”+(5k+%)[3{‘+(4k—1) {‘H[k—%j -2y

2 k+1 5 2 3 k 2 k-1 kz_k k-2
| (12 2 )BE !+ Sk k- B + (24— k)Bf ' + B Jlogh,

We will show that R} (B, k)< 0. Indeed,

R,;(Bl, k)<2.2 -03+2-06-3.1-04-103 +1.2(1+ 0.1-32+ 0.05-10.4)<—1.1.

1
Since Li(B,, By, k) >0, Ly(B,, B, k) > 0, there exists a neighbourhood of the point (B,, B, ) such that these de-

Here we get the needed R (B, k) > R(Bl, Nij =0.

rivatives have a constant sign. By the Lagrange theorem, for any m > mO(B2, k) there hold L(B2 + %, B,, kJ >0,

L| By, B,— l, k |<0. Hence, the intermediate values theorem implies the existence of 0, € (O, l) such that
2 2 m m

L[B2 + %, B,— 67”', kj = 0. The relative position of the functions L(S, B, k) = 0 for particular values of the

parameter £ is illustrated in fig. 2.

1.0
—k=0.0816
— k=0.079
0.8 — k=007
—pB=5
0.6
B
04}
02}
0 1 1 1 1
0.2 0.4 0.6 0.8 1.0

1)

Fig. 2. Tllustration to the proof of proposition 6
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Corollary 1. For any n > N, property 1 holds.

Proof. If n>N,, the required statement follows from proposition 4. If n € (N], NO], by proposition 6 one
can find 8, B such that 8 > B > B, and L(8, B, k) =0. Additionally,

kook ke
a+c=58%+p*>2p2 >1,
so a triangle with sides a, b, ¢ exists.

Proposition 7. Property 2 is equivalent to property 3.

Proof. We suppose that property 2 holds for some fixed n, i. e. there exists a triangle such thata=1=5b > ¢
and /, ,=1. .1t follows from the equality a = b that /, , =1, . Hence, property 3 is valid as well. Now we sup-
pose that property 3 holds, but property 2 fails. Since property 2 is not valid, by proposition 3 we get n < N, =
=29.143359.... Thus, in a triangle, which satisfies property 3, all sides must have different length. Without
loss of generality we may assume that the shortest side ¢ has length with value of 1. Thena > 1, b > 1. It follows
from the equality /, , =1, , and proposition 1 that ab <1, which is impossible. So property 2 must hold.

Remark 2. Validity of theorem 1 for n > 0 follows from propositions 3—5 and corollary 1.

Proof of theorem 1: case n <0

We assume thatn < 0,b=1,a <c. Then §=a" > " =.

Proposition 8. If there holds either property 1 or 2, then 53 > 1.

Proof. We assume that there holds property 1 or 2, but 5p < 1. Without loss of generality 6 > 3. Since
8- pF<0, we get

g(5,B, k)= (8~ B*)(B(3+1)°+ 8(B+1)°) + 8 (B + 1)~ B (5 + 1)+ (3 +1)(B+1)(3- B) <

<5 (B+1) =B (8 +1) +(8+1)(B+1)(8-PB):=2(5, B, k).
If B <1<9, then

2(8,B, k)< (B+1)" = (5+1)+ (5 +1)(B+1)(8-B)=(5-B)(B5—1)<0.
Thus, 0 < B <& <1. We have
2(8,B, k)=8"(B+1)° =B (5 +1)°+ (5 +1)(B+1)(5-B)<
<8"(B>+2B) — (87 +28) + (B3 + B+ 5+1)(5-B)=
=(28B - 28"5 + (B+1)(3 - B)) + (8"B° — B*8> + (8B + 8) (5~ B)) = (8, B, k) + z,(8, B, k).
Let us prove that z,(3, B, k) <0 and z,(8, B, k) < 0. We obtain
z(38, B, k) =[3(25" —B- 1) - 5(2[3" —B- 1).

Since 28" — B—1<2p*~B —1and 0 <P <& <1, we have z (3, B, k) <0. The inequality z,(8, B, k) <0 is equi-
valent to the inequality

§'B* - B'5* <(B5 +8)(B - 9),

ba_gia [ L)L 1

vor {”BJ[S BJ'
1£5k—1—1—1j<1(ﬁk—‘—1—1}
8 B) B B

The last inequality holds, since % <% and 8 ' < B* L. Therefore, z,(8, B, k) <0 and g (3, B, k) < 0. The pro-

position is proved.

which is equivalent to the inequality

We rewrite it in the from

_k _k
Wesetk:—%,a=8 2,c=B % b=1,8>p>0.Then
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(8, B, k)= 5—"(3(5 1+ (B+1)P(5+ 1))—

B (3(B+ 1)+ (B+1)(8+ 1)) + (B+1)(3+1)(3 - B).
Proposition 9. If there holds either property 1 or 2, then ke (O, 2).
Proof. We suppose that there holds property 1 or 2, but k£ > 2. We examine the derivative

gp(8, B, —k)=57" ((8 + 1)2 +2(B+1)(8+ 1)) +kp* ‘1(8([3 + 1)2 +(B+1)(3+ 1)2) -
~BF(28(B+1) + (5+ 1))+ (3+1) = 2(B +1)(3+ 1)

Let us prove that gé(ﬁ, B, —k) > 0 for all > 3 > 0 such that corresponding a, b, ¢ satisfy the triangle inequality.

As it was shown in the proof of theorem 2.2 presented in the article [5], the needed inequality is obtained for

k> 4. So it remains to prove this inequality for k€[2, 4). . . .

Let us consider the case 3 > 1. By the triangle inequality, § 2+ [3_E >1.Hence 8 * > p* - 23_5 + 1. Taking
into account this inequality, we obtain

g3(5.B, —k)>2(8 + 1) + B (%5(5 PP+ g(s P +17+2(p+ 1)J -

- 2;3‘]5((5 +1)+2(B +1)(3+1)) = (3, B, k).

Since 6 > 3, we have [375 > %, which implies p™* > % Moreover, [37 <1. It follows from the inequality B_E > %
2

that B <2k <2.So e[l 2].

We prove that o(8, B, k)>0 for ke[2, 4], Be[l, 2], 8 > B. It is enough to show that wj(8, B, k) >0 and
(D(B, B, k) > 0.
Firstly, we prove that oj(8, B, k) > 0:

oy (5, B, k) =4(5 +1) + p(B + 1)(%(;3 i)+ 2%(8 + 1)] _ 45‘3((5 F1)+ 1)z

=B (B + 1)[§(B +1)+ 2%(6 +1) - 4[3/;] > Bfk(B + 1)[3]{1 + é} - 4[3/;] >

) >B(B + 1)t (k),
where t(k) =4.5k — 4- 22 Thus, it remains to prove that t(k) >0:

' %o (log(2.25) - log(log(Z)))
[(ky)=45-2-22log(2)=0=>k, =2 log(2)

Since 7(ky)=2.3...>0,7(2)=1>0 and #(4)=2> 0, we get 7(k)> 0.
Secondly, we will show that o(B, B, k) > 0:

o(B, B, k)=2(B+1)" +p* (k(B +1)°+ %([3 +1) +2(B + 1)] - 6[3{%(3 +1) =

=3.39738....

=B (B + 1)[([3 + 1)[23k— 6[3% + % + Zk] + 2] > (B+1)((B+1)o(B, k) +2),

k k
where @(B, k)=2B*— 682 +5. Let B> =x. Then the equality (B, k)=0 implies 2x*—6x+5=0. Since

¢(1, k) >0, we can deduce that for any ke[2, 4], B €[1, 2] the function @(B, k) takes only positive values.
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_k K
So g4(8, B, —k)>0ford 2+p 2 >1,8=p>1.
Let us consider the case § < 1. We have

25(8, B, —k)>p* [%5(3 +1)7+ %(ﬁ +1)(8+1) - 28(B+1) - (5+ 1)2) +(3+17 =2(B+1)(5 +1).
Since B > 1 and a multiplier for B is non-negative for B <1, ke[2, 4), we obtain
2,(5, B. —k)>%8(B i %(B+1)(8 FIP-28(p+1)— (5 +1)+ (541 —2(p+1)(8+1)>
>25(B+1)"+4(8+1)° = 25(p+1) —2(B+1)(3+1)>0.

Define new variables & = %, B =é and function g(S, B, k) =g(8, B, —k). Then

2(5.5, k)= Sk(B(S 1) (Be1) (3 1)82:)— p* (S(ﬁ #1) + (B+1)(5+1)B

k
We will prove that for any £ > 2 there holds g(S, f(S, k), k) <0, where f(S, k) = [1 - 52

clear that the last statement is equivalent to inequality h(S, k) <0, where h(S, k) = g(S, f (8, k), /’c)S2 f (S, k)z

2
Taking into account the inequality f (S, k) > § valid for & e {0, (%jk ], we obtain

ns, k):Sk(S—f(S, k))(8+f(8, k)+2£(3, k)S) +

(173 1)) 8 (14 7B 0) 1+ 8) 1 (5.8) | 3(1+. 7 (5. 8)) (2+5) <

<(1+ (5. k))[zs((1 /(8. 0))5+ (1+3) /(5. k)) ~5(1+ /(5. k))(2+g)] _
=3(1+ /(5. k))[f(S, k)(zégl(l +38)-2+ 8{28

ST

_1B I S}<S(1 75, )i (5. )
where h~(8, k) = Zf(s, k)[Sg_l(l + 38) - 1] + 282 — 2 - 8. Itis sufficient to prove that E(S, k) <0.

2

< k
The required statement is true for m = p € N if for any ke [2 p,2p+ 2] and o e [0, (%j ] there holds the
inequality / (S, k) < 0. We will prove that by induction on m € N.

2
Letm=1.Then ke [2, 4] and SE[O, (%jk}
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- . _ k
We prove that for any fixed k > 2 there holds f(8, k) < 2(%)]( — 8. Indeed, since fs”(S» k) = (1 - gjgz %
2.2

i 2

= ) . .= 1\& =. .

J <0, we see that f (6, k) is a concave function, and the line § = 2[5j — 0 is a tangent line to
2

the function f(S, k) at the point & = (%jk

J

2
A(3. k)<2 2(1]‘ _5 {Sg_l(u 35) —1j+ 252 _2_§

BN

1

. L . - .
Let us consider the case 6 €| —, ( , ke (2, 4]. Since 52 (1 + 36) ~1>8+38°-1> % >0, we obtain

1
2

[\

the estimate

2

Let us denote the right-hand side of this inequality by S(S, k). Then we obtain

[ SIE
[

k - - -
s(5, k)=—682+1+12a(k)6 - 214+ 20(k)),
2
where a (k)= (%]k We note that s(a(k), k) =0. So it is sufficient to show that sé(S, k) >0forde (0, a(k)),

k>2:

+ 4a(k)d

k k ke
$5(5, k) ==3(k +2)5% + 60 (k)k5>  +2a(k)(k-2)5>  +1>
~E ~ ~£—1 ~&,2
>-3(k +2)0% + 60kd?  +2a(k)(k—2)8% +1=
k E
=3(k-2)8% + 20.(k)(k - 2)5> 110,

Let us consider the case & e (O, %j, ke [2, 4]. We will prove the required inequality for k£ = 2. In this case,

the function 4 (8, 2) is a parabola with vertex at the point SO = o and branches directed below. Then

2
;}(S, 2)=—682+ 78 - 2<—6(1J +7(1J—2:0.
2 2

Let ke (2, 4]. We fix an arbitrary § e (0, %] There are two alternatives:
k
L ~

1) 82 (1 + 36) —1>0. As it was shown before, we have

. h(3, k)<s(3, k)<0;
2) 85_1(1+38)—1<o. Then

h”(S, k)SZ(l - 8)(8§_1(1+ 38) —1] + 28§ —2—8312(8, 2)<0.

We suppose that the required statement is valid for m=p —1e€ N, which means h (8, k)<0 for any
2

~ 1)\ . .
ke [Zp -2, 2p] andd €| 0, (Ej . Let us show that the statement is valid for m = p.

2
1 2 k
~ ~e—1 ~
We examine the case & € (%)p, [%jk , ke(2p, 2p +2]. Let us prove that &° (1 + 38) -1>0:
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Then we obtain

Let us examine the case & e 0, (%jp , ke[2p, 2p + 2]. We fix an arbitrary Se 0, (%)p . As it was

shown for ke (2, 4], there are two possible alternatives. In the first alternative the needed inequality is obvious,
k

so we consider the second alternative, 1. €. 85_1(1 + 38) —1<0. Then
h(8, k)<2(1- SP)II“ [85_1(1 +35) - 1} + 2S§ ~2-8<h(8,2p)<0.

On the plain OdP, we consider a domain bounded by the lines 5=0, =35 and the curve p=f (S, k) (fig. 3).

As it was already shown, we have gé(S, B, —k) > 0 in this domain, which means g[;(S, fﬂ, k) <0. Also it was
[z oz < 1\e | . (% % C (% .
shown that g(ﬁ, f(ﬁ, k), k) <0 forde|O0, (5) . Since g(S, 3, k) =0, we obtain g(8, B, k) < 0 in the men-

tioned domain (coloured in red in fig. 3) that contradicts properties 1 and 2.

1.5
1.0
~ — 5(8,B.k)=0
B ~£( Nk)
82+ pr=1
05} —B=9
0 1
0.5 1.0 1.5

)
Fig. 3. Tllustration to the proof of proposition 9 (k = 4)

Proposition 10. [f property 2 holds, then c=b=1 > a.
Proof. The needed statement follows from proposition 8.
Proposition 11. Property 2 holds if and only if n < -2.

Proof. By proposition 10, we havec=b=1,a< 1. Let k= % Similarly to the proof of proposition 3, we
deduce that property 2 is valid for some #n < 0 if and only if the equation
8+ 4

gh=_0F%
82 +65+5

is solvable for 8 € (1, 0).
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Let us consider the function

log (83 + 4) — log(8” + 63 + 5)

k(o de(l .
( ) 10g8 ’ e( ’OO)
2
We have k(1+0)=0, k(o0)=-1. Since 1<%<8, the value set of the continuous function k(3§),
+

8 (1, ), is the interval (-1, 0).
Proposition 12. For any n <-2 there exists a triangle with sides a, b, ¢ such thatc>1=b>aand l, ,=1

c,nt

Proof. Let us fix an arbitrary n, < -2, we set k, = nz Take ny e (n,, —2). By proposition 11, there exists
1
. o 2
a triangle with sides a, b, ¢ such that ¢y =by=1> a, and g (8, By, ko) =0, k)= — We have g(8,, By, k)>0
0
since the function k — g(8,, By, k) is increasing. Also for any sufficiently small £ >0 we get g(8,, By, k) <

< g(Sl, B, 0) =0, where B, =B, —€;6,= Bi By the intermediate values theorem, one can find the point (82, B, ),

1

which belongs to the segment with endpoints (8, B, ), (8;, B, ) such that g(8,, B,, k) = 0. It remains to check
k ki

that the numbers a; =87 , b =1, ¢, =B; define a triangle. Taking a sufficiently small ¢ € (0, 1), we obtain

ok k ko ko
a=B; <Bl =(1-¢)2 <(1-¢)2 <1+3§; <
ki ki
<1+8; <1+8; =b+a,

as it is required.

Remark 3. By propositions 9 and 12, without loss of generality we may assume that n [—2, —1) while
investigating property 1.

Proposition 13. For any n €[-2, —1) property 1 holds.

Proof. Let us consider an equation L(S, B, k) = 0 with the function L defined after proposition 4. We in-

troduce new variables & = é, ﬁz l, k =—k. Then the equation L(S, B, k) =0 is equivalent to the equation
G(S, [3, l:r) =0, where
8 — Bk 2 2 k
G(5. . k) === (B8 +1)+(B+1)8(5+1)) =B (5+B +25B) + (B+1)(5+1).

It follows from proposition 8 that 83 <1. Moreover, k[, 2).

Let us prove that for any ke [1, 2) the equation G(S, B, ]E) =0 has a solution in the domain 0 << <1
ko ko k
such that there exists a triangle with sides a =82 =82, b =1, ¢ =B? = 2. Clearly, the existence of such triangle
ko k
is defined by the inequality 82 + p2 >1 (fig. 4).

|32

BRI

. k
We fix an arbitrary k€1, 2). Let us consider the function p= f(8)= [1 ~ 32 J and the implicit function

B=F (6, Ig) defined by the equation G(E‘), B, l:t) =0 in a neighbourhood of the point & = 0, f = 1. Indeed, such
implicit function exists in some one-sided neighbourhood of the point 6 =0, B =1, since G(O, 1, IE) =0 and
Gé(O, 1, IE) #0. As f(O) = F(O, l:r) =1, it is enough to show that f'(O) < FS'(O, l:r)

By straightforward computations, we obtain f”(0)=—oo, FS'(O, Ig) = —% for ke (1,2) and Fé'(O, l:r) =-3.5
for k=1.
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1.0
—— G(8.8.k)=0
koK
0.9 —— 32 +p>=1
0.8
p
0.7
0.6
05 1 1 1
0 0.1 0.2 03 0.4 0.5

)
Fig. 4. lllustration to the proof of proposition 13 (k= 1.5)

Remark 4. Applying the same arguments as were used in proposition 7, one can obtain that properties 2
and 3 are equivalent for n < 0. Hence, the validity of theorem 1 for n < 0 follows from propositions 9, 11-13.

Proof of theorem 2

We consider number-theoretic properties of the so called critical triangle, i. e. a unique (up to homothety)
non-equilateral triangle with three equal n-lines /, ,=1/, ,=[. , for minimal possible n > 0. As it was shown
in proposition 3, such triangle is isosceles and has sidesa=b=1 and ¢ = BOZ , where ,=0.1396977... and
ky=0.0686262...,1.¢. c=0.9346926....

Proposition 14. The critical triangle can not be straightedge-and-compass constructed.
Proof. It is sufficient to prove that the number ¢ = [3]60 is transcendental. We assume the contrary, i. e. that
[3’50 is an algebraic number. Since
ko _ 8B, + 4
B+ 6B, +5
the right-hand side is an algebraic number as well. Hence, 3, is also an algebraic number. As it was shown in
proposition 3, the number 3, is a solution of the equation

28(2+B)(1-B) B 8B +4
2B+ (B+DB+35) B sy
The numbers B =,y = 8B, + 4 n= 2B0(2 +Po )(1 _ BO) are algebraic. Moreover, logy =nlogp.

(Bo+1)(Bo+5)" ~ (2Bo +1)(Bo+ 1)(Bo+5)

Hence y =B". By Gelfond — Schneider theorem [8], the number " can not be algebraic if n is an irrational
algebraic number. So the number 1) is rational. Hence, the degree of the number 3 does not exceed 3.
We consider the case in which [ is a rational number. Clearly, the number

1182 1208+ 5

WB= Bn +1_ l3(2[3+1)([3 +1)(B+5)
is also rational. Let B = %, where (m, n) =1, then

1B +20B+5  llm’n+ 20mn® + 5n’°
(2B+1)(B+1)(B+5) 2m* +13m’n + 16mn* + 5n°

We estimate the GCD:
d= (l 1m*n + 20mn* + 5n3, 2m® +13m*n + 16mn* + 5n3)=

:(2m(m2+ mn—2n2)’ n(11m2+ 20mn + Snz))S
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< IO(m2 + mn — 2n2, 11m® + 20mn + 5n2)=
=10(m2 + mn — 2n2, 9mn + 27112)S9O(m2 + mn — 2n2, m + 3n) =

=90(m + 3n, —2mn — 20> ) <180(m + 3n, m + n) =180(2n, m + n) < 360.

11B% +20B+ 5
Let B(zﬁ”)(f’”)('“ 5) %, where (my, n,)=1. Then
|

1m?n +20mn® + 50°  2m® +13m°n + 16mn* + 5n° Lnm®n +20mn” + 50 2m° +13m%n + 16mn® + 5n°
d d d d

Since m, n and m,, n, are coprime, the numbers m, m, have the same prime divisors. The same holds for » and »,.
Consequently, there exist positive integer numbers ¢, 7 such that

2m® +13m*n +16mn® + 5n° 2m® +13mn + 16mn* + 5n°
d d

m=gq ,A=T
Since d < 360, we get n°% > p? > »r, Clearly, n > 1, then > 1. This implies n? 2", Clearly, n < 5, which is

impossible since B < 0.14. Thus, the case deg(B) =1 is impossible.
We consider the case deg(B) =3. Let % =1 + 1. Then the polynomial

13m—-11n , 8m —10n Sm — 5n
+ x°+ X+
2m m 2m
_Sm —5n

is a minimal polynomial of the number 3, and Nm, (B) =———, where K= Q(B) is a cubic field. Since
m

f(x)zx3

n+1

YBeQ(B), we have y,:= B"*' e Q(B). Since B" =y;', we get (NmK (B))m = (NmK(y1 ))n So (NmK(B)) eQ

5m — SnJH

Therefore, there exist 7, seN, (r, s)=1, such that ( =S£. Then (5m —5n)"s"=r"(2m)". Let

m
S - . Sm -5 " .
d= (Sm — 5n, 2m). This implies y =q" for some g eN. Since 5m > % =¢g", we obtain g =1.

Since d <10, we get m —n<dq" <10, which is impossible for n > 100. For n <100 we use brute force and can
make sure that there are no admissible n, m.

It remains to consider the case of deg(pB,)=2. Let 4(x)e Q[x] be a minimal polynomial for . Then the
polynomial /(x) divides the annihilating polynomial f(x) defined above. This means the polynomial f(x) has

a rational root. Denote this root by Sf, where r€Z and s e N, (r, s) =1. We have

2mr + (13m -1 ln)rzs + (16m - 20n)rs2 + (Sm - Sn)s3 =0.

. . . (Sm - Sn)s
Clearly, s |2m. Let K= Q(B) be a quadratic field. According to Vieta’s formulas, we have Nmy (B) = 2—||
mir
Similarly to the previous case, y,:=f" *'e K. Then there exist numbers p, geN, ( D, q) =1, such that
((Sm -~ Sn)s)mq” = p”(2m|r|)m. Letd = ((Sm —5n)s, 2m|r ), then one can find € N suchthatM ="

m

Taking into account 2m > s and »n > %, we obtain 10m? > " > 12, 1. e. 100m* > ¢". If t > 2, then m < 30 (applying

the brute force over m, n, we make sure that the considered case is impossible). Hence =1 and d = (Sm - Sn)s.

2m|r|
d

10m* > t/'. Analogously to previous arguments, we obtain 7, = 1. We have just proved that d = (Sm - Sn)s =

Similarly, we prove that there exists # €N such that =1". Since r|5m — 5n, we have |r| <5m. Thus,

= 2m|r|. Applying Vieta’s formulas one more time for the roots x;, x; of the polynomial f (x), we see that
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‘xi xj‘ =1. Searching numerically for the roots of the polynomial f (x) with enough accuracy, we see that the

condition ‘xi X j‘ =1 can not hold. The obtained contradiction finishes the proof of this proposition.
Corollary 2. The number N,=29.143359... is transcendental. )
Proof. We suppose the opposite is true, i. e. N, is an algebraic number. Then k, = — is also an algebraic num-

2B0(2+Bo)(1_50) . . . ’ ky _ 8By + 4
(2[30 N 1)(B0 N 1)(50 N 5), we obtain that 3, is algebraic number. Hence ) = —(Bo N 1)(30 N 5)

is also algebraic number, which contradicts proposition 14.
Proposition 15. The number B,=0.30455... is irrational.
Proof. We suppose that the number £, is rational. Then the number

ber. Since k, =

3B+ 1B+ 6B, + 1—16B]
2([31 + 1)(2[31 + 1)

ky

is algebraic. Since the number

By — 1+ JB7 + 6B, + 1- 168}
2[31([31+1)

is algebraic as well, by Hilbert’s seventh problem, we obtain that the number &, should be rational. Let 3, = %,

—k
Bl =

where (m, n)=1,and k = g, where (p, ¢) =1. Then the equation

ki _ 2 _ k1(2l31 + 1)

1 i +1 By
can be written as
( n jg_ 2mng — p(2m + n)(m + n)
m) qm(m + n) .

We obtain

np(qm(m + n))q = mp(zmnq -p(2m+n)(m+ n))q.
Since (m, n)=1, (p, g)=1, we get n=r? for some reN. Then we have m=s? for some seN. Substi-
tuting n=r% m=s? into the equation and extracting the root of the degree ¢ from both parts, we get

rp(qsq(sq + 7 )) = sp(qusqq —p(2sq +rd )(sq +rf )) Since (7, s)=1and g > p, we have r”‘p(2sq + rq) %
x (S" + 71 ) Then we obtain 7|2 p. Hence 2 p > r”. We conclude that r=1 or (r, p) e {(2, 1), (2, 2)} Ifr=1,

then B, € N, which is impossible. If » = 2, then s = 1, but the inequality 0.29 < 0.5 < 0.31 does not have solu-
tions in positive integers. The obtained contradiction proves that ; & Q.
Proposition 16. The number N, =24.50613... is transcendental.

o . . 2 . .
Proof. We suppose the opposite, i. e. N, is algebraic. Then &, = A is also algebraic number. As well we

1
suppose that £, is irrational number. The number f, is also algebraic. Then, by the seventh Hilbert problem, the
number Bf‘l is transcendental, that is impossible since

gk B+ BT+ 6B+ 1-165]
: 26,(B, +1) ’

and the right-hand side is an algebraic number. Hence, £ is rational number. Let &, = %, where (m, n) =1.
It follows from the relation

3B, +1— B2+ 6B, + 1—16f;
k=
2(B,+1)(2B, + 1)
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that
(3B, +1)n —2m(B, + 1)(2pB, + 1))2 = ([312 + 6B, +1- 16[313);12.
Then

(887 + 1687 )n* — 4mn (B, + 1)(2B, + 1) (3, + 1) + 4m> (B, +1)° (2B, +1)"=0.
Dividing by 4(1 + 2B, ), we obtain
2m°B2 — mn (B, +1) (3, + 1) + m*(B, + 1)° (2B, + 1) =0.
Finally,
2m*B; + (Sm2 — 3mn + 2n* )Blz + (4m2 - 4mn)[31 +m* —mn=0.
So deg(p, ) <3. By proposition 15, the case of deg(p, ) =1 is not possible.
Let us consider the case deg(, ) =3. Then the polynomial

5m* =3mn +2n* 5, 2m-2n m—n
X"+ X +

2m? m 2m

f(x)=x3+

-7 where K = Q(B, ) is a cubic field. Since
m

is a minimal polynomial of the number B, and Nmy (B, ) =

2 k(2B+1)
= - €
B +1 B

we get v, =B e Q(P, ). Since B} =7/, we have (Nmy(B,))" =(Nmy(y,))". Hence (NmK(BI))k1 € Q. Thus,
there exist 7, s € N, (r, s) =1, such that
n—m % _r
[ 2m j S

Then (n—m)"s"=r"(2m)".Letd = (n — m, 2m). We obtain that

Q(B)),

n—m . n—m
=q" forsome ¢q € N. Since n > 7=

=¢q", there holds ¢ =1. Since d <2, we obtain that n — m < dg" <2, which is impossible for positive inte-
ger n, m since k; < 0.1.
It remains to consider the case deg ([31 ) =2.Leth (x) eQ [x] be a minimal polynomial for ;. Then the poly-

nomial 4 (x) divides the annihilating polynomial f ( x) defined above. That means the polynomial f (x) has a ra-

tional root. Denote this root by SK, where r€Z and s e N, (r, s) =1. We have
2m*r + (Sm2 —3mn + 2n2)r2s + (4m2 - 4mn)r32 + (m2 - mn)s3 =0.

Clearly, s

2m* Let K = Q(Bl ) be a quadratic field. According to Vieta’s formulas, Nm ([31 ) = (nz——m)s Similarly

mlr]
. . k . L] n
to the previous case, v, := B)" € K. Then there exist p, g €N, (p, ¢) =1, such that ((n — m)s) q9"=p (2m|r|)

m

(n - m)s " . 2 2
Letd = ((n — m)s, 2m|r|), then one can find ¢ € N such that T =¢". Taking into account 2n~ > 2m" > s,
we get 2n° > 1" If £ > 2, then n < 11 (checking by brute force all remaining m, n, we see that this case is not pos-
2m|r|
d
we get [r|<n’. So 2’ > 1. That is why ¢, = 1. We have proved that d =(n — m)s =2m|r|. Applying Vieta’s

sible). Hence t=1 and d = (n - m)s. Analogously, there exists # € N such that =1". Since r|m2 — mn,

formulas, we see that for some roots x;, x; of the polynomial f (x) there exists ‘x,. xj‘ =1. Finding numerically

the roots of the polynomial f (x) with sufficient accuracy, we can see that the condition ‘xi xj‘ =1 can not hold.
The obtained contradiction finishes the proof.
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Corollary 3. The number B,=0.304 55... is transcendental.

Proof. Indeed, if the number 3, is algebraic, then the number £, is also algebraic, which contradicts to
proposition 16.

Remark 5. Validity of theorem 2 follows from propositions 14 and 16.

Conclusions

As it is shown in the paper [5], the equality of external n-lines Z;, = I, in terms of variables 8, B, k can be
written as g (3, B, k) =0, where

g(8..k)=8" (-B(d -1+ (B-1)’(3-1)) -
B (-8(B-1)+ (B-1)(3-17) + (B-1)(5-1)(5 - B).

Despite apparent similarity of equations of surfaces z = g(S, B, k) and z= g(S, B, k), these surfaces have
fundamentally different geometry. As it is shown in the work [5], for any & # 0 in any sufficiently small neigh-
bourhood of the point (8, By)=(1,1) there exist points (8, B) such that & = B and g(8, B, k) =0, that is why

for any n # 0 there exist non-isosceles triangles with two equal external n-lines. These different behaviour of

internal and external n-lines can be explained in the following way. In case of external xn-lines the saddle point
> 3 (8, B, k L

(89, By) =(1,1) of the family of surfaces L(3, B, k)= % becomes invariant when the parameter k # 0

changes. For the family of surfaces z = L(S, B, k), which describes the equality of internal n-lines the saddle
point (8,, By) =(1,1) moves toward the limit point (B, p,)=(0.30455..., 0.304 55...) when k > 0 increases

2 S, B, k
up to the critical value k = F; as soon as k achieves this critical value, the function L(S, B, k) = g(fS—BB)
1 —
becomes strictly positive in the domain & > 0, B > 0. For negative values of £ situation is different: for any
k < 0 in a neighbourhood of the point § =1, § = oo there exist solutions of the equation L(S, B, k) =0, but for
koK
ke [—2, O) these solutions do not define a triangle, since the needed triangle inequality B2 + §2 >1 fails.

Partially, for n =1 we get a new proof of the Steiner — Lehmus theorem, as well as the known counter-
example of Bottema that the Steiner — Lehmus theorem fails for external bisectors (Bottema’s triangle has
angles 12°, 36°, 132° and two equal external bisectors [5]).

In the article [5], it is proved that for any real n the equalities /, , =1, ,, [ [, _, imply that a triangle is

a,-n "~ ‘c,-n

isosceles (a = ¢), the same property holds for pairs of external #- and (—n)-lines. Results of this paper show that
both the equalities /, ,=1. .,/ [, _, are substantial for a triangle to be isosceles in case of internal n-lines.

c,n> ‘a,—n c,—n
Indeed, one can find a non-isosceles triangle, which has two equal antisymmedians /, ,=1. ,. Clearly, such
triangle can not have two equal symmedians /, ,, /. ,, otherwise it would be isosceles. In other words, the
equality of symmedians /, , =1, , implies that a = ¢ and, consequently, it implies the equality of antisymme-
dians /, ,=1. _,. The opposite is not true: the equality of two antisymmedians does not imply the equality of
two symmedians. Nevertheless, the equality of two antibisectors /, _; =/, _; implies the equality of two bisec-
tors [, ; =1, ;. But the equality of three antisymmedians /, , =1/, ,=1. _, implies that a triangle is equilateral.
Also it is interesting to consider the same generalisation of the Steiner — Lehmus theorem in other geomet-
ries, such as a weak geometry that does not depend on the fifth Euclid’s postulate.
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TEOPI/IH BEPOSITHOCTEN

N MATEMATHUYECKAA CTATUCTHUKA

PROBABILITY THEORY
AND MATHEMATICAL STATISTICS

VIK 519.237.4

ACUMIITOTUYECKUN AHAAN3 CTATUCTUYECKUX OIIEHOK
QHTPOIINU MIEHHOHA ABONYHbLIX s-I'PAMM

B. 10. ITAJTIYXA"?, I0. C. XAPHH"-?

1 o

) Hayuno-ucciedosamensckuii uncmumym npukiaousix npotiem mamemamuxu u ungopmamuxu BI'Y,
) np. Hesasucumocmu, 4, 220030, 2. Munck, Benapyco

)Eeﬂopyccwﬁ eocyoapemeennblil yHusepcumem, np. Hezasucumocmu, 4, 220030, . Munck, Berapyce

Annomayun. HalineHsl aCHMITOTHYECKOE paclpe/ielieHue BepOATHOCTEH CTaTUCTUYECKOH orfeHKkH 3HTpornuu Lllen-
HOHA S-rpamm 1 (s) U ACUMITOTUYECKOE COBMECTHOE PACIIPENEIIEHUE BEPOATHOCTEN CTATUCTUYECKHUX OLIEHOK SHTPOIIUU

[lTenHoHa s- u (s + 1)-rpaMM H (s), H (s + l) JUIS PAaBHOMEPHO PacCIpeIeICHHON CilydalfHO! ABOMYHON MOCIIEe10BATENb-

HOCTH IIPY €€ pacTylue uae. Jloka3aHo, 4To ¢ POCTOM 3HAUCHUS S KO3 (PHUIMEHT KOPPENSALHMU CTATUCTHYECKUX OLCHOK
sHTponuu lllennona s- u (S + 1)—rpaMM H (s), H (s + 1) CTPEMHUTCS K HYJII0. TeopeThuyeckue pe3ysbTarTbl IPOUIUIIOCTPU-

POBAaHbI KOMIIBIOTEPHBIMU SKCIICPUMECHTAMMU.
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TIEPUMEHTOB.

ASYMPTOTIC ANALYSIS OF THE STATISTICAL ESTIMATORS
OF SHANNON ENTROPY OF BINARY s-TUPLES
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Abstract. The asymptotic probability distribution of the statistical estimate of Shannon entropy of s-tuples H (s) and
the asymptotic joint probability distribution of the statistical estimates of Shannon entropy of s- and (s + 1)-tuples H (s),
H (s + 1) for a uniformly distributed random binary sequence with increasing length are found. It is proved that as the
value of s increase, the correlation coefficient of the statistical estimates of Shannon entropy of's- and (s + 1)-tuples H (s),
H (s + 1) tends to zero. The theoretical results are illustrated by computer experiments.

Keywords: Shannon entropy; binary sequence; statistical estimator; covariance; correlation coefficient.
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BBenenue

T'eneparopsl ciayyallHBIX U MCEBAOCTYyYaUHBIX MOCIEAOBATEILHOCTEH SBISIOTCS HEOTHEMIEMON UYaCThIO
CHUCTEM 3allIUThI HH(bOpMaHI/IH. HGOGXOILI/IMI)IM YCII0BUEM JJId JAaHHBIX TECHEPATOPOB BBICTYIIACT COOTBETCTBUC
MOCIIE0BATEIbHOCTEN, MTOPOKIAEMBIX UMH, MOJIENIM PABHOMEPHO PACIPEEIEHHON CllydyailHOW mociie/loBa-
TenmpHOCTH' . OJJHIM M3 METOZIOB OLIHKH KAaueCTBA T€HEPATOPOB SIBISETCS SHTPOITMHAHBIN aHATH3 MX BHIXOTHBIX
rocnenopatenbHOCTe! [ 1]. Habnmromaemas TBondHast IOCIIEA0BATEILHOCTh Pa30UBACTCs Ha HETIePECEKaroIHecs

(DparMeHTBI JUIMHBI § (S-rPAMMBI), TI0 HUM BBIYMCIISETCS CTATHCTHYECKAs OLeHKa suTpornuy 1lennona H (s).
B paboTe HaXOAATCSA ACUMIITOTHYECKOE (IPU YBETHUIEHNH JUTHHBI IBOMYHO# MOCIIEI0BATENLHOCTH) pacipe;ie-
JIeHHe BEPOSTHOCTEH H () M aCHMIITOTHYECKOE COBMECTHOE pacnipesielenne Bepositiocteil H (), H (s +1).

JlokasbIBaeTCs, 4TO ¢ POCTOM 3HAUCHUS S KOIPPHUIUECHT KOPPEISIUU CTAaTUCTHYECKHUX OLIEHOK sHTpornu LeH-
HOHA CTpeMHUTCH K Hymo. TeopeTnueckne pe3yabTaThl WLTIOCTPUPYIOTCS KOMITBIOTEPHBIME AKCTIEPUMEHTaMH.

MarepuaJibl 1 MeTOAbI HCCJIETOBAHUS
HYCTB HUMECTCA ABONYHAA MMOCICI0OBATCIIbHOCTD AJIMHBI T =Ms (S + 1) Tor;[a €€ MOXXHO paS6I/ITI> Ha M(S + 1)

HeIlepeceKaroIuXes s-rpaMM 1 Ms Henepecekaromuxcs (s + 1)-rpamm. UacTOTHbIE OLEHKH BEPOSTHOCTEH
’
S-TpaMM <X j> u (s +1)-rpamm (X;) ONpeAesioTCs COOTHOCHHSIMM

Sy 1 ' = = -
Bi(s)=—r Z (%) =1} M(s+1) Ol (1)

1 & v o4
p(s+1=—sg {(X])=k}= ﬁks,l\:o,...,z -1

'Kpunronorns : yae6uux / 10. C. Xapuu [i ap.]. Musck : BI'Y, 2013. 511 ¢. (KnaccHyeckoe YHHBEPCHTETCKOE H3IAHKE).
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CratucTi4ecKue OIeHKH S- 1 (s + 1)-MepH0P“I sHTponuu llleHHOHa HA OCHOBE YaCTOTHBIX OIIEHOK BEPOATHOC-

tei (1) umeroT BUTT
-1

Zpl lnpl ) [0,sln2],
2

2c+1 1

H(s+1)= Z Pe(s+)np, (s+1)e[0,(s+1)In2].

UTOOBI BEIYUCITUTH KOBAPHAITHIO CTATUCTHICCKHUX OIeHOK »HTpornuH Lllerrona (2) covO{H (s), H (s + 1)}

IIpY UICTUHHOM runorese [, 0 ToM, 4To HaOIoaeMast I10CJIeI0BaTe/IbHOCTD SIBIIETCS. PABHOMEPHO PaCIpe/iesIeH-
HOM CITy9aifHO# IOCIIeI0BaTeIbHOCTHIO, HEOOXOMMMO CHadajIa HalTH 2%+l KOBapHaIfii 4aCTOTHBIX OIIEHOK Be-

POSITHOCTEH COV,, {ﬁi(s), Pe(s+ 1)} quist Beex nap s- u (s +1)-rpamm (i, k), i=0, ..., 2° =1, k=0, ..., PR |

Bsenem 0603HaueHUs

iy = EO{ﬁi(S)° ﬁk(s + 1)}’ by =E, {ﬁi(s)}EO{ﬁk (S + 1)}

Torna A/ HCKOMBIX KOBApHUAIMii YACTOTHBIX OLIEHOK BEPOSTHOCTEH CIIPaBe/IMBO BhIPAKEHUE
dik:COVo{ﬁi(S)’ IA?k(Hl)} =y — by. &)
[Mockonbky E|, {ﬁl(s)} =27 i=0,...,2° -1, Eo{f)k (s + 1)} =27 k=0,...,2°" " — 1, umeem by = 2721

i=0,...,2°-1, k=0, ..., 25+, Jus a;, cpaBeIMBO BBIPA)KEHHE

3HaueHHe BeTHUNHBI

i =B {(X;) =1 (X) =k},
BXOJISIIEH B BHIPAKEHHE JUIS @, 33BUCHT OT B3aUMHOTO PACTIONOKEHHS! S-IPAMMBI <X /.> u (s +1)-rpammsl
(X]). Ecnu s-rpamma <X j> u (s+1)-rpamma (X]) He IIEPECEKAIOTCA, T. €. HE COJEPXKAT OOLIMX HICMEHTOB
psina {x, ..., Xp }, TO B CHJly UX HE3aBUCHMMOCTH [PU NCTHHHOI runotese H, umeeM

c =R {(X ) =i} B{(X]) =k} =272 =2 im0, ., 2 - 1 k=0, ., 2 -1 4)

J
3adukcupyem (s + 1)—rpaMMy <X | > OHa MOKeT IIepeceKaThest TOJIBKO ¢ IBYMsI s-rpammamu. [Tycts j;u j; +1—
ux HoMepa. Torza a;, npencTaBuMo B BUJE
1 Ms

1
A =77 M(s+1) Z Z Cijir + mﬁSZ(Cij;kl TG+ ) (5)

l—l;#;,,]1+1 =1
4] BBIPpAKCHUA (4) JUI IEPBOTO CJ1ara€Moro B BbIpAXKCHUU (5) CJIIEAYECT, 4TO

1 M(s+1)-2

Z 2 = Z 2 mTm (6)
M(s+1) Msim ! M(s+1) Ms = L 27! S IM(s+1)
[Tepen paccmoTpeHueM nepeceueHui s- u (s + 1)-rpaMM BBEJIEM 0003HaUCHUE
, |/mods, ecrm /mods >0, |
I'= I'e{l, 2,..., s}. (7)
s, ecat /mods =0

[TycTth nninHa nepecedeHus (s + 1)—FpaMMLI (X f > U S-TPaMMBbI <X i > paBHa m;, a NIMHA TIepEeCEUeHUs (s + 1)—

rpaMMbl <X,’> 1 S-TPpaMMBbI <Xj[r > paBHa s +1—m,.
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Jlemma 1. Cnpaseonuso coomnowenue m;=1"
JlokazarenbcTBO. B3ammuoe pacmonokenue s- U (s+1)-rpaMM IOBTOpsieTCs dYepe3 Kakuble s

(s +1)-rpamm. B cBsi3u ¢ 5TM pacemotpum cHauana nepseie s (s +1)-rpamm (X)) (1=1, ..., ).
C nepBoit (s + 1)-rpaMM0171 <X 1’> MIEPECEKAOTCS S-TPAMMBIL (X 1> 1 (X, ). OT™MeTHM, 9TO s-rpaMma <X | > MOKPBbI-
Baetcs (s + 1)-rpammoii (X|) MOTHOCTBIO, T. €. s +1— my =, a JumHa nepeceucHus s-rpammbl (X, ) u (s +1)-

rpaMMBl <X1'> paBHam, =1, T e.pu /=1 umeem m, = /. llockonbky n1s1 / =2, ..., s S-rpaMMBbl <Xﬂ > " <ij'_1 +1>

!

COBIIAJIAIOT, [UIMHBI TIEPECEUCHUI (s + 1)—FpaMMLI <X | _1> C S-rpaMMOH <X i +1> u (s + 1)-rpaMMLI <X ,> C s-

rpaMMOi <Xj/, > =<Xj[/71 +1> B CyMMe JIaIOT S, T. €. m; _; + S + 1 — m; =5, oTKyna m; = m, _, + 1. Takum o6paszom,

MIMEEM PEKypPEHTHOE COOTHOIICHHE ¢ Ha4alIbHBIM 3Ha4eHueM m, = 1. CnenoBarensHo, st [ =1, ..., s cnpasen-
JUBO m, = [, 9TO TIPU yKa3aHHBIX 3HAYCHUSIX [ PABHOCHIBHO m, = [
B orHOIIEHNH (s + 1)—rpaMM <X / >, I=s+1,2s+1,..., ts + 1, ..., ClIpaBeIUBBI T€ )KE PACCYKJICHUSI, YTO U B OT-

HOILIEHUU (s + 1)—rpaMM <X ! > OTmune COCTOWT JIUIIB B TOM, 4TO m, = | =/'. JlanbHeiinme paccyKaeHus 0 CyM-
M€ JUIMH IIepeCceueHUi (s + 1)—FpaMMLI <X ; _1> C s-rpaMMoi <X i +1> u (s + 1)—FpaMMBI <X / > C s-rpaMMoi
<Xj, > = <Xj[,71 +1> TaKKe CIPABEIJINBEL, T. €. A [ =15 + 2, ..., (l + l)s, teN, m;=m,_, + 1. CnegosarenbHo,

m; =1" nnst mo6Goro /. JleMma JToka3aHa.
Ha puc. | npogeMOHCTPHPOBAaHbI BO3MOXKHBIC THIIBI IEPECEYCHHIT TIPH § = 3.

Puc. 1. BOo3MOXXHBIE THITBI TIEpECEUCHUH 3- 1 4-rpamMm
Fig. 1. Possible types of 3- and 4-tuples intersections

(93 !
ITonyyeHHsbIH IpU NEepeceucHun (s + 1)—FpaMMBI <X ,> U S-TpaMMBbI <X I > BEKTOp UMeEeT JUIUHY s + 1+ 5 —

- (s +1-m ) =5+ I' COOTBETCTBYIOILIMII MEPECEUCHHI0 MHACKC i 0003HAUYMM MYIBTHUHICKCOM [, a WH-
s+1-=1" o '

JeKC k — MynbTUMHIIEKCOM K . Ilomy4yeHHBIN pH EpeceUeHnn (s + 1)—1"paMMLI <X ,) U S-TPaMMBI <X el >

BEKTOp UMeeT MHY s + 1 + 5 — m; = 25 + 1 — /. CoOTBETCTBYIONIHNI ePeCEeISHUIO HHACKC § 0003HAYNM MYJIBTH-

HHIEKCOM [ 11 , @ MH7EKC k — MynsTUrHIEKCOM K -] I

s+2-
Teopema 1. [Ipu ucmunnoii cunomese H,, 015 kosapuayuii (3) cnpagednuso ciedyioujee ulpadiceHue:
1 111 _ 1 1
dy=———| N | ==k —— Il =K*}] j——. 8
ik M(S-l—l)zs S[ZI(Z] { ! 1 } 2S+1_1 { 1 ‘s+2—1} s ( )

I[ OKa3aTCIabCTBO. HpI/I pacueTe cij,’kl u ci(j;' n l)kl H€O6XOI[I/IMO YYCCTh KaK UIMHY JABOWYHBIX BEKTOPOB,
NOJIYYCHHBIX MPU IMEPECCUYCHUH, TaK U COBIIAICHUC COOTBETCTBYIOMINUX NCPECCUCHUIO 3JICMCHTOB ink. Torz[a

e =Ry y=1 ()4}~ S

o =BG ) =0 <X/>:k}=ﬁf{lf’=l<iiir}-

©)
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3aMeTuM, YTO MHAUKATOPHI B BRIpakeHUsX (9) mpeacTaBUMBI B BUIE

) s+1-=1 I
Hrp=k "= I1 (i @k @1), {1l =K1 )= H(z‘j@ ki oorr @1).

j=1 j=1
[loncraBum BeIpaxkenus (6) u (9) B BeIpaxkeHnue (5) v mOdyInM
M(s+1)-2 1 1 &7 1 5 sel1' 1 s
= 2+(1 )2, o [ S =K e e =K ;}]
22 M(s+1)  M(s+1) Ms i\ 2° 22

rjie 3aBUCUMOCTh [’ oT [ onpenensiercst popmysioii (7). Toraa

_ M(s+1)-2 1 L& s _ prs+l=l 1 I'_ s+l
ik_22‘”1M(s+1)+M(s+1)ﬁs (2”11{1 =K" }+225+171'1{] =K1 /} -
1 11L& s | P L
- 22S+1 M(s+1) Ms, 1(2“1 I{I’ K }JrWI{]l _KS:2—I’} —m—
1 (1801 (o oy 1 P 1
(s+1)2s(Ms,Z:1(2’ I{I =K }"'Wl{l =K1 /} v (10)

[TockonbKy 4yepe3 Kaxable § (s + 1)—rpaMM cllaraeMble B CyMMe MOBTOPSIIOTCA, U3 BblpaskeHus (10) BbITeKkaeT

BeIpaxkeHue (8). Teopema jpokazaHa.
CaencrBue 1. Cnpasednusa crnedyowas mounas 08YCmopoHHsis oyenka kosapuayuii (3):

1 s+2
B p.(s), D i< 1- . 11
27 M(s+1) COV"{p’(S) Biuls+ )} 2S_1s(s+1)M[ 2“1] (

HoxaszarenbcTBO. B ciayyae eciiu MHIEKC | COCTOUT U3 OJIHUX HYJICH, a UHICKC k — U3 OJIHUX CMHHII,
1 Ha000pOT, Bce MHIUKATOPHI B BhIpakeHHsIX (9) OymyT paBHBI HyIt0. Torna
M(s+1)-2 do=a, - b 1 1 1 1
_— = ik = — — = — .
22 M(s+1) Tt 2¥M(s+1) 22t 2P M(s+1)

B cny4ae ecnu HHIEKCHI § ¥ k COCTOSIT U3 OJJHUX HYJICH MU €IMHHMII, BCE MHIIUKATOPHI B BhIpakeHUsX (9) OyayT

paBHbI enunuie. Torna
B M(s+1)—2 1 1< 1 1
az‘k—zzsnM(SJrl) + M(S+1)S]Z_:1[2s+l + 223+llj'

[Mockombky s + 1 — /, kax u /, mpoOeraeT Bce BO3MOKHBIE 3HaYEHUS OT 1 110 s, 10 (hopMyiie CyMMBI T€OMETPH-
YECKOU MPOTPECCUU UMEEM

1(1_1)

Z(Lﬁ%j:iz 2 11(1—Lj-

ol 2S+ 2S+ - 2S 1_1 2S— 25
2

i =

OKOHYATEIbHO nojxy4acm

_ M(s+1)-2 PR N O (1_ 1}_ M(s+1)-2 1( )(1—i),
s+1

ik = —|= +
i 22 M (s+1) M(s+1)s207' 0 2°) 22t M (s+1) 27 hsM 2°

1 1 N 1 (1—ij— 1
22 2P M(s+1) 227 'sM(s+1) 2% ) 2l

dy=ay —by =

:;(I_Lj_ L ! - (sz:
27 sM(s+1)0 2°) 2¥M(s+1) 277 's(s+)M 2PM(s+1)\ S

_ 1 (1_s+2)
2S_1s(s+1)M 25+l )

CrnencrBre J0Ka3aHo.
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CaencrBue 2. Koagpuyuenm xoppensyuu uacmomHuix OYeHOK 6eposimHocmei

covo{p,( ), pe(s+1)}

12
corro{p, } \/D P, pk(s+1)} (12)

y0ognemaopsen 08yCmMopOHHEMY HEPABEHCMBY

el <corryd pi(s), Pr(s+1); < 2254 .
_2\/(“1)(?_1)(2”1_1)— {Bi(5), Buls+1)} \/s(s+1)(2s—1)(2”‘—1) (13)

HoxazarensbcTso. st qucnepcuy 4aCTOTHBIX OLIEHOK BEPOSITHOCTEH CIIPaBeAINBO

R 1 M(s+1) . 1 M(s+1) .
Do{pi(s)}zDo{m ,Zzl 1{<Xj>=z}}=m ,zzl D0{1{<Xj>:l}}:
_ 1 ZM(erl)i‘(l_L‘]:';(l_i‘j,l':O,.'.’zs_l. (14)
Mz(s+1) i 2 2° 2“M(s+1) 2°
AHanornyHo
Do{pk(s+1)}_2”llMs(1_2sl+1j’k_07 25t
Torma

Do{ﬁ,-(s)}Do{ﬁk(s+1)}:;(1—L] ! (1_ lj: (-1 -1)

2S+1 22S‘22S+2M2S(S+1)’

\/D {5i(s)} Dyl (s +1)) = AT
TozcTaBHM anHoe Bhipaskerie B opmyiy (12) u momydum
2277 M s (s +1) covy { p,(s), pe(s +1)}
Y1) ) |

Torma Ha ocHOBe nBycTOpOoHHEH oreHKH (11) moryunm nBycTopoHHIOI0 oneHKy (13). Cinencrue moka3aHo.
Bgenem o6o03naueHns

cort{ 7y (s), By(s+1)} =

N 1 K s+1-1 1 1 s+1 f 1
fik=2(—ll{11:Kl+ }+ stlo 1[{] Ks:2 1} ik = Tk__s- (15)
o1\ 2 2 2
Torna u3 BeIpaskeHus (8) ciemxyer, 4To
R T (16)
M (s +1)
Jlemma 2. Cnpaseonugo @vipadiceHue
2°-12°%1
Z Z ](i‘k=2S+lS'
i=0 k=0
JdoxkaszarenbcTBo. U3MEHUM NOPSAAOK CYMMUPOBAHMUSL:
12s+1 1 123+1 1 s o 1 , X
s+1— _ s+ _
ZZO kz fk_lz;) kZO IZ:[ { Kl }+ 2S+17!1{[1 _KS+2_[}j_

s _123‘+

333 (ke =k ) a)

67



Kypnaa Besopycckoro rocyiapcTBeHHOro yuupepcurera. Maremaruka. Uadopmaruka. 2025;2:62-74
Journal of the Belarusian State University. Mathematics and Informatics. 2025;2:62-74

Crosiiye BHYTPH CyMM HHJIMKaTOpHbIE (DYHKIIUH, KaK CIeAyeT U3 BhIpakeHHH (9), COOTBETCTBYIOT Iepecede-
HUSIM S- U (s +1)-rpamMm, IPH TOM TIEPECEYCHHIO JUTHHEI | COOTBETCTBYET MHOKHTENIb 27571 (mockomnbKy 3
CYMMBI JIIMH §- U (S + 1)—rpaMM ObLTa BBIUTEHA JUTMHA TIEPECEUCHNUS, & TAKXKE ObUT BBIHECEH 38 CKOOKH MHOXKH-
Tens 2 B onpezaenenud d,; ). [pu CYMMI/IpOBaHI/II/I 10 BCEM BO3MOXHBIM S- U (s + 1)-rpaMMaM HMHJUKaTOpHAas

q)yHKum Gyzer paBHa eauHuIe poBHO 22° 1~/ pas, 4To COOTBETCTBYET YHCITy BOSMOKHBIX BAPHAHTOB 3HAUE-
1305071 6I/IT OKa3aBIIMXCS BHE IepeceueHus JuHbI /. Eciu paccyx1aTh aHaIOTHYHO (100 Tiepeo003HavuTh /),
10 27! GyIeT YMHOXKATBCS HA MHAMKATOPHYIO (DYHKIIHIO, KOTOPAsi COOTBETCTBYET MEPECEUeHHIO UTHHBL S + 1 — /.

[Ipu cymmupoBaHur IO BCEM BO3MOYKHBIM S- U (s + 1)—rpaMMaM WHIUKaTOpHAast GyHKLMS OyAeT paBHA eIUHULC
posro 2°*/ pas. Torma B Beipaseruu (17) momyunm
23 ]25+1 1 s 2s 12s+1 1

PADIN/EDIDI Z[ iy K”"}+#l{[’ K;:;I})z

i=0 k=0 1=1i=0 k=0
s 2s+l 22s+1—l
=1

7 +2”11J Z::( +2S):2”1s.

Jlemma mokazasa.
Jlemma 3. Cnpageonuso gvipadiceHue

25 _ 23+1 1

Z D fi=2 2 s -2, (18)

i=0 k=0
I[O Ka3aTC€JIbCTBO. HepeHI/I]_HeM /fik B CJICAYIOLICM BUAC!

5 1 N N - N - N
ﬁkzzy(xz‘(lf)_"yz(kl))a z(k)_l{l =K l}a yz(li)zl{llﬂ lzKl:ll}'
I=1

Torga nms ﬁkz CIIPaBCAJIMBO BBIPAKCHUEC
2

1/ @ i 51 / ! 1 /
B S| S (0T 2SS (0

i-12 i-12 Is1i27+12
V3MeHMM NOPSI0K CyMMHPOBAHUS:

25 _ 23+1 1 25 _ 123+1 1

SE RSB S 55 S )
S 5 0, 0
121221 :ZO kZ ( Xik +yzk ) +2]Z][;—121+t IZO kzo ( Xik +y )(xik + Vi ) (19)

CHp aBCJIMBBI CJICAYIOIINE COOTHOUICHHNA:

1 25 _ 1254—1 1 (1) ([) By 1
FZ;) kzo (xik + Vik ) =2'+1L/=1..,s
o (20)
1 2S712S+
I+1 2 ( (l)+y,(k))(x,(1?+y,~;j))=2,l=1,...,s—1,t=l+1,...,s
273 i
IToacraBum BoipaxkeHus (20) B Beipaxenue (19) u nomyduum
25 _ 12v+1 1 -1 s 2(2S_1)
> 2 fk_Z( +1)+2Z > 2= 22’+s+2(s ~s)= +25% 5=
i=0 k=0 =1 I=lr=1+1 I=1 2-1
=224+ 257 — 5.
Jlemma nokasana.
CuaencrBue 3. Cnpaseonuso évipasicenue
2A712A+171 s+1
227 —s5-2
gi=" 1)
i=0 k=0 s
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HoxazartensctBo. U3 Beipaxennii (15), (18) u (21) cnenyer, uro

25125+ , - -1 f 1 20 2128t " 1 12“—12”‘—1 )
>y i-y z(k——j I e DI

2s
i=0 k=0 i=0 i=0 k=0 2 S i=0 k=0
2 12 -1 225’+1 2§'+1+2s2_s—2 2S+1S 2S+1_S_2
s—1g z Z 2 -t 2= 2 :
2 —0 ho s 2° 78 s

CrnencTBue 10Ka3aHo.
BepHemcs k craTucTHYecKuM oleHKam (2).

Teopema 2. [Tycms 0< p; < 2175 i=0,...,2°-1,0< D £27% k=0,..., 21— 1. Toz0a npu UCMUHHOU
eunomese H,, 015 kosapuayuu u kosgguyuenma Koppersyuy Cmamucmuieckux oyeHox sumponuu [llennona
S-u (s + 1)—2paMM H (s), H (s + 1) CNpasedussl Credyiouie 8biPaNCeHUsL:

~ ~ 2S+1_S_2 ( 1 )

covgi1H(s), H(s+1)j=——— + 0| — |,
o{A(s), A5 +1) M (s+1)7 M’

2(2S+1_S_2) (22)

+ 0(1).
s(s+1)y(2-1)(2 - 1)

HokazaTenbcTBo. O603HAYMM CIydaliHyl0 BelIM4uHY & = f)i(s) -p;,i=0,...,2"—1. Torna [:[(S) =
2-1
== (p;+&)In(p; + &;). Bocnonssyemes npesicTapienuem norapudma psom Teiinopa’:

i=0
2
In(p; + ii)zln(pi(l+ E—inzlnpi + %’l - %i—’? + 0(|§i|3).

COI‘I‘O{[:[(S), FAI(S +1)t =

Hns cxogumoctu psina Teinopa HEoOXOIUMO MOTPEOOBaTh, YTOOBI ée(—l; 1], YTO MPU UCTHUHHOM THIIO-
i

Te3e H, paBHOCHIIBHO YCIIOBHIO & (—%; i?} IIpoBepuM BBITIOJIHEHHUE YCIIOBUS % pzp Pi :% -1=
=2'p,~1e(-L1]: > 2 ’ ’ ’
2°p-1>-12p, >0 p, >0, 2°p, -1<12'p, <2 < p, S%. (23)

Yenorue (23) BBIMOIHEHO COITACHO (OPMYJIUPOBKE TeopeMbl. Tora Jijisi CTaTUCTUUECKOM OICHKH SHTPOIHUU
[ITenHOHA TIOTYYNUM

2°—1 2°-1

f[(s):—Z(pi+ &i)(lnpi +%é’;i _%&iz_’_ 0(|§i|3)J:_Zpilnpi _
: 2p; i=0

i=0

-1 | 21 | 3
_ ; (Pi?i?;i +§& lnpi] - Z (Eé? _Pigﬁf] + O(mlax|§i| ):

- 1220
Z (l+np)e -2y Le2s O(max|§i|3).
- 2P i
1 21 21 21
[lpu uctuanoi runorese Hy p;=p=-—,i=0, ..., 2% — 1. Kpome toro, Z & = Z D — Z p;=1-1=0.Cne-
JIOBaTEeJbHO, 2 i=0 i=0 i=0
21 21

A)=H(s) = (+ip) - Za + 0 max[e [ |-

281

s)-271 Y gl O(max|§i|3).
i=0 !

’Boones B. T, Haymosuu A. @., Haymosuu H. @. OcHoBHBIE MaTeMarHdeckre GopMyist : cpaBounrk / of pex. FO. C. bornanosa.
2-e u31., nepepad. u gon. Munck : B mk., 1988. 272 c.
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O0603HaYMM CIy4aiiHyO BEJIMUUHY 1), = f)k(s + 1) - P k=0,...,2° *1 1. Inst cxomumocTn psina Teiino-
pa HEoOXOIUMO TTOTPeOOBATh, YTOOBI 2—" c (_ 1: ] JlaaHOE yCIoBHE, IPOBEPSIEMOE aHAJIOTHIHO YCIOBHIO (23),
k
BBIIOJIHAETCS CONIACHO (DOPMYIMPOBKE TeopeMbl. Toraa mpu UCTHHHOM runorese [, nmeem H (s + 1)
28 +1 -1
— N 2
—H(s +1) -2 Z g + O(ml?x|nk| )
k=0
251 25 +1 -1
2 2 . 2
BBenem oOo3naveHus u; = z &, uy= z 1. Torna npu ucrunnoi runorese /, H (s) =au,+b+v,

i=0 k=0
ﬁ(s +1)=ayu, + b, +v,, e @ =21 p =H(s)=smn2; v1:0(ml_ax|§l.|3); a,=-2"; by=H(s+1)=
=(s+1)n2; v,= O(mfx|nk|3 )
CdopmupyeM COCTaBHOM CIIyYaiHbIii BEKTOP C IMHBI 3 - 2° KOHKaTeHANe! ClydailHbIX BEKTOPOB & U M:
= (§||n) eR¥xR?" Torna mpu M — oo BekTop { OyzeT nMeTh aCHMITOTHYECKH HOPMAaJIbHOE pacrperie-
nenwe. [TpuBeaem GOPMyYITY TS CMEIIAHHOTO [EHTPAIEHOIO MOMEHTA 4-T0 ITOPSKA TayCCOBCKOTO BEKTOPA’
Gjiiy = O;; O + Oy Ojy + O} Oy (24)
W13 dhopmynsr (14) aust Becex i =0, ..., 2° — 1 cnenyer, uTo

0= B2} = 5 |(2.(5) - .(5)) |- Dy {5 (5)] =;[l - i). ()

ZSM(s+1) 2°
Amnanoruuno s Beex i, j =0, ..., 2° — 1, i # j, umeem
EO{E.'iéj} = EO{(ﬁi(S) - pi(s))(ﬁj(s) - pj(s))} = COVO{ﬁi(S)’ f’j(s)} =
v, v COVO{V,,VJ} _M(s+1)pp; 1
= cov, , = = . (26)
M(s+1) M(s+1)]  M>(s+1)° M*(s+1) 2°-2°M (s +1)

C yuerom CBOICTB aucmepcuu, Gpopmyssl (24) u paBeHCTBa BCeX G, i =0, ..., 2° — 1, IpU UCTUHHOW THITO-

i
Te3e H, momy4aeM

2
251 251

=Dy} 28 =Eoy| & | (B 2 & (=
i=0 i=0 i

251 251 251 251251 25-1
2 2 2 2
PRI RATA DW= ZZE{&&} > E{E}| =
i=0 j=0 i=0 i=0,=0 i=0
2 2
251 - -1 251
= Z Gijjj — ZG = Z (GIIGJJ+2G ) Zcii =
i,j=0 i=0 i,j=0 i=0
2
251 251 251 )
= (Gﬁ+2(5§)— Zcﬁ =2 Z G§+22565—(2S0ii) =
i,j=0 i=0 i,j=0
— - 251 5
Z Z + 2,20 | @7
i,j= i=0 i=0j#i

3XapuH 10. C., 3yes H. M., Ky« E. E. Teopust BeposITHOCTEHi, MaTeMaTHIeCKas ¥ TIPUKJIAHAS CTAaTUCTHKA : yueOHUK. MuHck : BI'Y,
2011. 464 c. (Knaccuueckoe yHUBEPCUTETCKOE U3JAHNUE).
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[ToncraBum Gopmynsl (25) u (26) B BelpakeHue (27) 1 MOIyquM

2
2_2S 1—2_S —2S‘ 25
Dy{u}=2|2° ( 2) +2°(2 -1 22 = |= 1 - x
M?*(s+1) M (s+1)" | 227 'M*(s+1)
2 1 25 -1
x| (1=27) +(2°=1 22S)=— 1-27°5" 14275 = ) (28)
(( ) ( ) 2S_1M2(s+1)2( ) 223_1M2(s+1)2
2S+1_1

Amnanorununo D, {Ll } =
0172 .

225 * l1\425'2

Bocnonp3oBaBmmch (1)0pMy.IIOI71 (24) JUJISI BBIYUCJICHUA EO {uluz }, TMoJIy4Yum

25125+ 2-128t11 ) 5 2-128% ]
E{u} =B Y 3 &mi (=2 ¥ E&mi}=2 Y owe (29)
i=0 k=0 i=0 k=0 i=0 k=0

Ipu j=i,I=k dopmyna (24) mpuHUMaeT BUA O,y = O; Oy + 2(5;, e GiizDo{éi}, GkkzDO{nk} U Gy =
= covy{&;, Ny} i=0,...,2°=1,k=0,...,2° "' —1. TTockomsky

E{&}=E{n,}=0,i=0,...,2° -1, k=0,...,2° "' -1, (30)

umeem Dy{&,} =EO{§1.2}, Dy{n; } =E0{ni}, i=0,..,2°=1, k=0, ..., 2°"' — 1. Ucnons30BaB popmyusl (24)

1 (29) nns BeIMUCIEHUS cov{ul, uz}, MOJIyYUM

cov {uy, u, } = Eg{uguy } — Eg{uy } Eg{u, } =

25128+ 25128t

Z_“Zi( ckk+2c5§{)—z Z Giickk:ZZ Z G,i.

i=0 k=0 i=0 k=0

U3 Beipaxenns (30) wis i =0, ..., 2° =1, k=0, ..., 27" =1 cnemyer, uto
oV &, i f = Eo{&my } = Eo{(ﬁi(s) - pi(s))(f’k(s +1) = pi(s + 1))} =

= covo{f)i(s), Pi(s+ 1)} =d,.
Taxum obpazom,
2°-127 1]

22S7100V0{u1, uy | 2252 Z d; >0. (31)
i=0 k=0

[ToncraBum BeIpaxkenus (16) u (21) B Beipaxenue (31) u nomyunm

2512971
Tos-2

2 Z Z == " = (32)

25 -1
2% eovy{uy, uy | = — = -
22 M = 7" M (s +1)
HaiiieM ops10k v, 0THOCHTENBHO M. CHpaBe,Z[HI/IBO OrpaHHYCHUE CBEPXY
2o

m?x|§i|3 < Z |§i|3-
i=0

2°-1
o —_ 3
I/Iccnez[yeM CBOMCTBA BCIIMYHMHBI = = z |<§l| . HOCKOJ'ILKy, Kak ObLIIO CKa3aHO BBIIIC, BEJIMYHMHBI éi HUMCIOT O~
i=0
HAKOBOC aCUMIITOTUYCCKN HOPMAJIbHOC paclnpCACICHUC, MOMCHTBI BCCX MOPAIKOB M HYJICBOC MaTeMaTH4c-
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CKOC OKHJaHHEC, TO CaMa BCIMYHNHA = 6YIIGT HUMCTHb TOT K€ IMOPAJIOK, YTO U €€ MATEMATHYCCKOC OXMUAAaHUC.

O003HaYMM CTaHAAPTHOE OTKJIOHEHHE BEJIMYMH & yepe3 G = 1/D{éi} =,/0;. U3 Beipaxenust (27) ciemyer,

1
YTO G ~ 0(— . Ilpumenum Gopmyny aist aOCOTIOTHOTO LEHTPAIBHOTO MOMEHTa 4-r0 MOopsiika HOpMalib-

Ni;

HOM CITy9aifHO# BETHYMHEI' C yUETOM TOTO, YTO BETHUHHBI &, pacipeeneHbl aCUMIITOTUUECKH HOPMaJIbHO

uk {&i} =0,i=0,...,2° - 1. Tlonyuum E {c";;‘} = 363 =3c". Torna u3 HepaBencTBa JIAmyHOBa® CleIyeT, 4TO
1 1 11
(<)) < e ()=o)t =%
OTKyZa
30003 1
3 4\ \4 1.3
Ellef} < (£{g!)) =3 0*~ 0] = |
MZ
— 1
¥ Py PUKCHPOBAHHOM 3HAYEHUH § CTIpaBeunBo = ~ O| — |, oTkyma v ~ O — |
M? M?
1 1 1
W3 Belpaxxenus (28) cnenyer, uro u; ~ O vl Amnanoruydto u, ~ O 7l v, ~O| —5 |- 3HauuT, IpH BbI-
M?2

YHMCJICHUU KOBapUallMy OCTaTOYHBIMU WIEHAMH V;, V, MOXKHO IIpeHeOpedb. YUHUThIBas CBOMCTBO KOBapHaluu
Y TIpuMeHss BeIpakeHue (32), momydaem

covo{ﬁ(s), H(s+ 1)} = aja,covy {uy, u, } + ajcovyfuy, v, | + aycovy{wy, uy } +

1 27t 5 -2 1
+ covy v, vy b =2% "teovy {uy, u,t + O = +0(—j.
o{ 1 2} 0{ 1 2} M% Mzsz(s+l)2 M2
JUis Toro 4to6Gbl HalTH KOI(POUIMEHT KOPPEISMU CTATHCTUYECKUX OLEHOK sHTporuu IllenHona
~ ~ covo ! A (s s H(s+1 R .
corrO{H(s), H(s+ 1)} = 0{ (s). H( )} , HEOOXOMMO BBIYUCIHTHL D), {H(s)} u D, {H(s + 1)}

oo (A () DA (s + 1)

AHAJIOr'MYHO ITOCIe HpCHC6pe)KCHI/I$1 OCTAaTOYHBIMHU YJICHAMU IOJyYacM

N . 1
DO{H(S)} =a12D0{u1} +D0{v1} + a,cov, {”p vl} = 2™ 1)Do{ul} +0| —5 |=

M2

22(s-1)(zs—1)2 +0[ 1 jzzs——l)ZM[ 1 j=%(1+ol(l))’

:225*‘M2(s+1) M 2M*(s+1 M

A s 1
DO{H(erl)}:afDo{uz}+D0{v2} +azcovo{uz,v2}=22‘D0{u2}+O —|=

223 2s+1_1 1 2s+1_1 1 b
=— ( )_’_0( j=—+0(ﬁj:V22(1+02(1))’

2254122 M) 2Ms?

4XapuH 10. C., 3yes H. M., 2Kyx E. E. Teopus BeposiTHoCcTell... 464 c.
Tam xe.

72



Teopust BeposiTHOCTel M MaTeMaTHYecKasi CTATHCTHKA
Probability Theory and Mathematical Statistics

e b = 5 (ZS Y+_11)2 i by = 22;; L [punvenuB pasioxkenne B psia Teitzopa’ ﬁ =1- S5+ o(x), momyuum
1 = =
\/Do {ﬁ(s)}Do{H(S + 1)} \/(AZ;Z(I + 010)))[;[22(1 + 02(1))j
M 1 M [1—lmax{ol(1), 02(1)}j= M (1+0(1))=
Vhib, \/(1 +o,(1))(1+0y(1)) Vib, 2 Jhib,
_ 2Ms(s+1) v o(?)
J@=1)E-1)
CitesioBaTeIbHO,

s+1
corry{1(s), (s + 1)} =| 2252 0(1

_ 2(2" -5 -2) o)
sz -nr-)

3aM6TI/IM, YTO IJIsA ITIAaBHOI'O YJI€Ha K03(1)(1)I/I]_II/ICHTa KOppeiaiun CTaTUCTUYCCKUX OLCHOK SHTPOIIUN [llennona
CIIpaBCIJIMBO

3 s+ 2

2(2s+1_s—2) 22 _2s+1 :O(i}
)

S(S+1)\/(25_1)(2s+1_1) _s(s+1) \/(1_2—5)(1_2_S_1

Teopema nokaszana.
CaenctBue 4. 13 chopwyn (22) cnedyem, umo ¢ pocmom 3Havenuss s Kodhuyuenm Koppeisyuu cmamuc-
muyeckux oyenok snmponuu Llennona s- u (s +1)-epamm cmpenumes k wyio.

Pe3y.]'[bTaTbI U UX 06cyme1me

Jis meMoHCTpanuu cripaBeiinBOCTH GopMyit (22) u ciencTsus 4 ObLTa MpoBeieHa Cepusi KOMIBIOTEPHBIX
SKCIIEPHUMEHTOB. PaccMaTpiBaiach MceB0CydaifHas oCue[0BaTeIbHOCTD, MOMyYeHHas anropurMom BelT’
B peskuMe cuetdnka. st s =2, ..., 10 u3 Habmromaemoit mocnempoBatenbHOCTH Opamuck K = 1000 ¢pparmenToB

qmnel T = Ms(s + 1) ¢ ¢pukcupoBanubiM 3HaueHrueM M =10 000. [To monyyennsiM K pparmMeHTam Ais Kax-

JIOTO 3HAYEHUS § BBIYUCIISUIMCH CTATUCTUYECKHUE OIICHKHU 3HTporuu [IIeHHOHA, TI0 KOTOPBIM 3aTeM PAaCCUUThI-
BaJIMCh BHIOOPOUHBIC 3HAYCHHUS KOBapHALIUU U KO3 PHUIMEHTa Koppessiun. Takke 11 yKa3aHHbIX 3HaYCHUH
rapaMeTpoB OBLIN OMPE/IeNIEHbI TEOPETUYESCKUE 3HAYCHHU ST KOBAPHUAIIUU U KOAPPUITHEHTA KOPPEIAIUN CTATHC-
TUYECKUX OIICHOK dHTporuu [1leHHOHA 1o m1aBHBIM wieHaM B (hopmyrax (22). [IpoBeneHo cpaBHEHHE BIOOPOU-
HBIX ¥ TEOPETUUICCKHUX 3HAUCHUH KoBapHamuu (puc. 2) 1 KodhHUIHEHTA KOPPEAnr (pHUC. 3) CTATUCTUYIECKIX

OLICHOK SHTPOITNKN IHCHHOHa, BBIYMCIICHHBIX I10 S- U (S + 1)-FpaMMaM, B 3aBHCHMOCTH OT 3HaueHus 5. Kak BHUIHO

U3 pucC. 2 U 3, SKCIIEPUMEHTAIBHO MOJTy4YeHHbIE 3HAYCHUS KOBAPHALIUK U KOXPPHUIIMEHTA KOPPEISIHN OIH3KH
K TEOPETHYECKUM 3HAYEHUSM, KOA(PPULUEHT KOPPEISIIUH CTPEMHUTCS K HYJIIO C POCTOM 3HAYEHHUS S.

CrencrBue 4 000CHOBBIBAET MPUMEHEHHE SHTPOITUHHOTO MpoduJtst [ 1] [uIst cTaTUCTHYECKOTO TECTUPOBAHUS
KpHUNTOrpapUUeCKUX TeHepaTopoB: Ul MPUHATHS PEIISHHUS O CIPaBe/IMBOCTH TUIIOTE3bl O PABHOMEPHOI! pac-
IpeIeTIEHHOCTH Ha0MI0aeMOH 1T0CIIe10BaTeIbHOCTH HEOOXOIMMO BBIYMCIICHHE OLICHKH SHTPOITHHI IPH PA3INYHbIX
3HAYCHUSX UIMHBI (hparMenTa s.

Boones B. T, Haymosuu A. @., Haymosuu H. @. OcHOBHBIC MaTeMaTHYecKie GopMyIbl... 272 c.

"MH(popMaHOHHbIE TEXHOTOTHE H 0e30MacHOCTh. KpHnTorpaduueckue anropuTMbl FeHEPAIHH [CEBIOCTYIARHBIX THCE :
CTb 34.101.47-2017. Been. 09.01.2017. Munck : I'occrangapr, 2017. 111, 21 c.
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—e— BriGopouHas koBapHarus
o —e— Teopernueckast KoBapHarLys
5-10
£
g 4
=
g
S
2 3
2.
1 1 1 1 1 1 1 1 1
2 3 4 5 6 7 8 9 10
3HaueHHe §
Puc. 2. CpaBHeHNE BEIOOPOYHBIX M TEOPETHIECKUX 3HAUYCHUH
KOBapHaIM{ CTATHCTHIECKUX OIeHOK dHTpornuu [[IeHHoHa,
BBIYMCJICHHBIX 110 S- U (S + 1)—l"paMMaM, B 3aBUCUMOCTH OT 3HAYCHUA §
Fig. 2. Comparison of sample and theoretical values
of covariance of the statistical estimates of Shannon entropy,
calculated from s- and (s + 1)—tup1es, depending on the value of s
0,30 F
—e— Bri6opouHas Koppessus
025 —o— TeopeTnueckast Koppemsuus
S 0,20
=
=
5
g 0,15
=
2
0,10 |-
0,05 -
|

3HaueHue §

Puc. 3. CpaBHeHNE BBIOOPOYHBIX M TEOPETHIESCKUX 3HAYCHUH
KO3(PUIHEHTA KOPPEISAINK CTATUCTHYECKUX OL[EHOK dHTpornuu [1leHHOHa,
BBIYHCICHHBIX 110 5- 1 (5 + 1)-rpaMMam, B 3aBUCHMOCTH OT 3HAYCHHS

Fig. 3. Comparison of sample and theoretical values
of correlation coefficient of the statistical estimates of Shannon entropy,
calculated from s- and (s + 1)-tup1es, depending on the value of s

3aKiaoueHune

Haiinens! acumnroTnueckoe (TIpu yBETUYEHUH ITTMHBI TBOMYHOM MTOCIIEI0BATEILHOCTH) COBMECTHOE pacIipe-
JICJICHUE BEPOSITHOCTEN YACTOTHBIX OLICHOK BEPOSITHOCTEM S- U (s + 1)-rpaMM, ACHMIITOTHUYECKOE PACIIPEICIICHHE
BEPOSITHOCTEN CTaTUCTUYECKOW OLEHKH 3HTponuu IlIeHHOHa s-rpaMm H (S) U ACUMITOTUYECKOE COBMECTHOE
pacnpeeieHue BEpOATHOCTEN CTATUCTUYECKUX OLIEHOK AHTponuu LIeHHoHa s- 1 (s + 1)-rpaMM H (s), H (s + 1).
JlokazaHo, 4TO C POCTOM 3HAYCHUH § KOIDPHUIMEHT KOPPEILSIIUN CTATUCTUIECKUX OIeHOK 3HTporuu IllenHo-
Ha §- U (s + 1)—rpaMM H (s), H (s + l) CTpEeMHUTCS K Hymo. TeopeTuueckne pe3ynbTaThl MOATBEPKACHBI KOM-
MBIOTEPHBIMU SKCTIepuMeHTaMu. OO0CHOBaHO IPUMEHEHHE SHTPONUHOTO npod s [ 1] A CTaTUCTHYECKOTO
TECTHUPOBAHUSI KPUNTOTPaUIECKUX T€HEPATOPOB.
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HI/ICKPETHA}I MATEMATHUKA
N MATEMATHUYECKAA KUBEPHETUKA

DISCRETE MATHEMATICS
AND MATHEMATICAL CYBERNETICS

VIK 519.157.2

YCAOBUA 3(I)(I)ELKTI/IBHOI71 PASPEIINMOCTHA
KBAAPATUYHOMUN 3AAAYU BBIBOPA. YACTD 2

B. M. JEMH/EHKO"

1)Eefzopyccmtit 20CY0apCmEenHblll IKOHOMUYEeCKULL YHUgepcumen,
np. Hapmusanckuu, 26, 220070, 2. Munck, berapyce

Annomayus. B coBpeMeHHON TEPMIHOIIOTHH YCIIOBHS KIIACCHYECKOM Teopembl Xapau, JIntnsyna u [Tonma o mepecra-
HOBKE TPEX CUCTEM TapaHTHUPYIOT CTPOTYIO Pa3pelINMOCTb 3aJa41 ONTHMHU3ANNH OMITHHEHHON (POPMBI ¢ CHMMETPHYECKOM
marpuned Témmua crenuanbHoro Buaa. bununeitnas popma ¢ ykazaHHOW MaTpHLei IPUHUMAET SKCTPEMalbHbIE 3Ha4Ye-
HUS Ha MOJICTAaHOBKAX JBYX BHJOB B 3aBUCHMOCTH OT TOTO, OAMHAKOBBIE WM IPOTUBOIOIOKHBIE YIIOPAI0UYEHUS UMEIOT
KOMIIOHEHTBHI JIByX BEKTOPOB, ONPEICIISIONINX 3HAUCHHS TIEpeMEHHbBIX. B mpeapyiyieil yacTu cTatbi ObUIN ONHMCAHBI
YCIIOBUSI IOCTH)KEHHSI MUHUMYMa (DyHKIHMOHAJIA KBAIPAaTHYHON 3a/1a4M BHIOOpa Ha MEpBON M3 3aJaHHBIX ITOJCTAHOBOK,
00o0mIaronye psiz pe3yabTaToB aHAIOTHYHOTO TUIaHA IS 3a71a91 MUHUMHU3AaINH KBaIPAaTHIHON ()OPMBI M KBaJpaTHIHON
3aj1auy O Ha3HAYEeHUsIX. B 3T0i yacTy paboThl paccMaTpUBAIOTCS YCIIOBUS, HAKJIA/IbIBAHNUE KOTOPBIX HA DJIEMEHTHI YEThIPEX-
MHJIEKCHOW MaTpUIIbl TapaHTHUPYET JOCTHKEHHE MUHUMYMa (DYHKIMOHAJIa KBaApaTHIHOM 3a/1a41 BEIOOpa Ha BTOPOU MOJI-
CTaHOBKE, IPUBEJICHHON B TeopeMe 0 MepeCcTaHOBKE TpeX CHUCTeM. Pe3ynbraThl, MpeCTaBICHHbIE B IBYX YacTAX CTaTbH,
Ha CETOHSIIHUI ICHb OMUCHIBAIOT HAHOOJIee MIMPOKHE KJIACCHI YETHIPEXUH/ICKCHBIX MaTPHIL, JUTSI KOTOPBIX (DyHKIIMOHAII
KBaJpaTUYHOH 3a]a4n BHIOOpA IIPUHUMAET 3KCTPEMaIbHbIC 3HAYCHHS Ha (PMKCUPOBAHHBIX ITOJICTAHOBKAX.

Kniouegvie cnosa: xomOuHaTOpHAS ONTUMM3ALNS; KBaJpaTHYHAS 3a/lada O Ha3HAYCHUAX; ONTUMH3ALNSA Ha MOACTA-
HOBKax; 3(()eKTUBHO pa3peliuMble CITyyaH.
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CONDITIONS FOR THE EFFECTIVE SOLVABILITY
OF THE QUADRATIC CHOICE PROBLEM. PART 2

V. M. DEMIDENKO®

*Belarus State Economic University, 26 Partyzanski Avenue, Minsk 220070, Belarus

Abstract. In modern terminology, the conditions of the classical Hardy, Littlewood and Polya theorem on the permu-
tation of three systems guarantee the strict solvability of the optimisation problem for a bilinear form with a symmetric
Toeplitz matrix of a special type. The bilinear form with the specified matrix takes extreme values on substitutions of two
types, depending on whether the components of two vectors have the same or opposite orderings. Here the vectors deter-
mine the values of the variables of the bilinear form. The previous part of the article describes the conditions for achie-
ving the minimum of the functional of the quadratic choice problem on the first of these substitutions. These conditions
generalise all previously obtained results of a similar plan for the quadratic form minimisation problem and the quadratic
assignment problem. This section of the paper considers conditions, imposing of which on the elements of a four-index
matrix, guarantee the achievement of the minimum of the quadratic choice problem functional on the second substi-
tution given in the three-system permutation theorem. The results presented in the two sections of the article describe by
far the widest classes of four-index matrices for which the quadratic choice problem functional takes extreme values on
fixed substitutions.

Keywords: combinatorial optimisation; quadratic assignment problem; substitutions optimisation; strict solvability of
problems.
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BBenenue

OnHuM U3 HaNpaBiICHUM B UCCIEIOBAHUU KBaJAPATUUHOM 3a/1a4uM O Ha3HaYeHUsX [1] siBIsieTcsl BIIACICHHE
YCIIOBUM, CYXKAIOIIMX MHOXXECTBO JIOMYCTUMBIX PEIIEHUN 0 OJJHOM MJIM HECKOJIbKHUX MOJCTaHOBOK. M3BecCT-
HBIMU 3apyOekHbiMu MareMarukamu [ Xapau, k. JIutneynom u I. ITonua B 1926 . ObUIH MOTYYEHBI yCIIO-
BUs [2], KOTOpbIE B COBPEMEHHON TEPMUHOJIOTHH TapaHTUPYIOT CTPOTYIO Pa3pEeIIMMOCTh 33Ja4l MAaKCUMH3aIUN
OounuueitHoit hopmbl ¢ MaTpunel Témumna cnennanbHOrO BUJa Ha AEKapTOBOM KBaJpare CUMMETPHYECKOH
IpyIIBI TOACTaHOBOK. 1o3xke 3TOT pesynbTar Obl c(hOpMYIMPOBAH B BHJIE TEOPEMBI O MEPECTAHOBKE TPEX
cucreM B MoHOTpadui [3], mepeBenenHoi B 1948 1. Ha pycckuii 361K [4]. VI3 9T0i T€OpEeMbI HETIOCPEICTBEHHO
CJIElyeT CTpOrasl pa3pelIMMOCTb YaCTHOTO CITydasi KBaJIPATUYHOM 337a41 O Ha3HAUYEHHAX, 2 IMEHHO JTOCTHKCHUE
IKCTPEMyMOB OMITMHEWHOH (pOpMBI Ha Mape MOJCTaHOBOK CHeNMaNbHOr0 Buaa. Eciu yrnopsaoueHre KOMIOHEHT
OJTHOTO M3 BEKTOPOB MEPEMECHHBIX OMJIMHEHHON (OPMBI IO HEBO3PACTAHHUIO BIICUET YIOPSIOUCHUE KOMIIO-
HEHT JIPyTroro BEeKTOpa MepeMEHHBIX 110 HeYOBIBAHUIO, TO MIPH IEPEHYMEPALUU UX KOMIIOHEHT B COOTBETCTBUHU
C YIOPSI0YEHHEM U3 TEOPEMBI O IEPECTAHOBKE TPEX CUCTEM CIIELYEeT, YTO MUHUMYM OMJIMHEHHOM (hOpPMBI 10C-
THTAeTCs Ha Mape MOACTaHOBOK BHA

00=<1, 3,5,...,6, 4, 2>, 61=<2, 4,6,...,5,3, 1>.
B niepBoii wactu crareu [5] npuBeneHsr Hauboee o0IIre yCIOBHS JOCTHIKEHUSI MUHUMAIIBHOTO 3HAYEHUS
(hyHKIIMOHAIA KBAAPATUIHON 3a/1a9r BBIOOpa (B TEPMUHOJIOTHH 3apyOeKHBIX UCCIIeIoBaTeNiel OMKBaIpaTuy-
HOM 3a]ja4y O Ha3HAYEHMSX ) HA IIOJICTAHOBKE G, = (1, 3,5, ...,6,4, 2>, KOTOpBIE 00OOIIIAFOT BCE PE3YIILTAThI aHa-

JIOTUYHOTO IUTaHa, noiay4yeHHble B 1969—1998 rr. [6—11] u navane XXI B. [12; 13], BKIIto4ast yCiaoBUsL CTPOTOM
pa3permMoCTy KBaIPaTUYHON 3a/1aud O Ha3HAYEHUSIX C MATPHUIIAMH, BBIXOIAIIMMHU 32 PAMKHU KJIACCA MAaTPHII
Térmmmra [14—16]. Pe3ynbrarsl HccieqoBaHus KBAAPATHIHOHN 3a/1a41 O Ha3HAYCHUAX U e¢ 0000ICHHUS — OMKBaI-
paTuyHOM 3a7a4y O HA3HAYECHUSAX — U3JIOKEHBI B KHUTax [17; 18].

B 3710i1 yacTH cTaTbu paccMaTpUBAIOTCS YCIOBHS CTPOTON pa3peluMOoCTH KBaIpaTHYHOM 3a1a4u BIOOpa

Ha [OJICTAHOBKE O = (2, 4,6,...,5,3, 1> n3 Teopembl Xapaw, JInmisyna u [lonma o mepecTaHOBKE TPEX CHCTEM,
KOTOPBIC PACIIUPSIOT YCIOBHS YKa3aHHOH TEOpEeMbI Ha Clydall MUHUMU3AIUH (YHKIIMOHATIA, ONPEICIISIEMOTO
MIPOU3BOJIBHOM YETHIPEXUHIEKCHOW MaTpuIie 4 = (ai ikt ) [IpennoxkeHHbIe ycaoBus 0000MIAIOT aHATIOTHY-

HBIE PE3yNbTATHI, OJyYSHHBIE JIJIsl YACTHOTO CIyYasl pacCMaTpUBAcMOM 3a7a4i, a UMECHHO MUHUMU3AIHK Ou-
TUHEHHOH Gopmbl ¢ Marpueld TEmmna cnenuanbHOro BUIAa Ha CAMMETPUYECKON TPYTINe MOICTaHOBOK.
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IIpeanBapurtesibHbIe CBeleHUS U 0003HAYEHMSI

B nanHOI1 pabote nCnosb3yroTcs T xKe 0003HAUCHUS, UTO U paHee. B ¢BA3M ¢ 3TMM HAalIOMHUM, YTO CUMMET-
pudecKasi rpyImna, IeiCTByoIas Ha MHOXeCTBe N, |, = { L2,.., n}, obo3HavaeTcs dyepes S,. JIrobas noxcra-
HOBKA G € S, SBJAETCS B3aMMHO OJIHO3HAYHBIM (OMEKTHBHBIM) 0TOOpa)eHueM G: Ny , — N, ,, IepeBoasImIM
aleMeHT i € N| , B c(i) € N, ,. llpu aTom G(i) Ha3bIBaeTCA 00pa3oM dIIEMEHTA i, & AJIEMEHT i — MPooOpazoM
o(i). IoxcranoBKa, Kak U paHee, 3a1aeTCs CTPOKOii 06pasoB & =<G(1), o(2),...,0(i), ..., G(}’Z)> BCEX dJIe-
MEHTOB MHOXeCTBa N, . Jlist 00bIX 9I€MEHTOB I < j MHOXeCTBA N, TIOAMHOKECTBO {i, i+ .., j-1Lj }
oGosnauaercst yepes N; ;. IlponssesieHne ynopsiio4eHHOMN 1apbl MOICTAaHOBOK G, P — 9TO TOJCTAHOBKA G o P
TakKas, 4To G(p(i )), i€ Ny ,, [ie CUMBOJIOM o 0003HaY€Ha ONepalust yMHOKEHHS TIO/ICTAHOBOK.

HaHOMHI/IM, YTO KBaJApaTh4iHasd 3aaa4a BLI60pa COCTOHUT B HAXO0XJICHUU IMTOJCTAaHOBKH G € Sn’ MHWHUMMHN3U-
pyIoILeH onpesiesieH bl Ha S, QyHKIIMOHAT

n n
Ji(o)= Z Z . j, o(i), o(j)?
i=lj=1
e A= (a,-, Jik, 0 ) — IIPOU3BOJIbHasA BEIICCTBCHHAA YETBIPEXUHICKCHAA MaTpUlia pasMepa n X n X n X n.
Brigenum B MHOKECTBE Nl,n BOCEMb TOJIMHOXKECTB, MTOPOKIAEMbIX JTFOOOH IMOICTAHOBKOM G € Sn:

n

Jo=4ieN
: L
E

J|c(i)<(s(n+1—i) , Jffz:{n+1—ieNl’n‘ilel},
(1)

. (o)
l€J1,3},

n

Jr3=N
1,{2

J\ijl, Ci={n+i1-ieN,

jeJ(il},

IS\ = jevalJ|G(j)>G(n—j) 5a={n-jen,
L2

2

. jeJ&}.

Jos=N
1{ .

J\J{,’,l, Joa={n-jen,

OnpenenuM JBe MOICTAaHOBKH, OPOKAaeMble MOIMHOKeCTBaMu J,” | u J |:

Co=[] Gon+1-i), &= ] (s n—)). (3)
ieJ) Jjedon

Casi3aHHBIE C IOICTAHOBKOM G € S, MPOMU3BE/ICHHs] HE3aBUCUMBIX TPAHCIIO3UIMH BUA (3) ONPEEINSIOT 1Be
TOJICTAHOBKU: G, =G 0 (U G, =G o & . B ciyuae eciu NoaMHOKeCTBO J;'| HIIU OJMHOXKECTBO Jg | ABISETCS
IyCTBIM, TIOJICTaHOBKA C JIN0O MOACTAHOBKA & 110IaraeTCsi PABHOW TOXXIECTBEHHOM MOICTaHOBKE.

ITpu onucaHuu CBOWCTB BBEACHHBIX MOAMHOXeCTB (1) 1 (2) UCTonb3yeTcsl MOHATHE Pa30HEeHUST KOHEUHOTO
MHOXECTBA. B CBSI3U C 3TUM HAIIOMHHM, YTO CEMEMCTBO MOJMHOKECTB HEKOTOPOTO KOHEUHOTO MHOXKECTBA 00-
pasyer ero pa3OueHHe, €CIIH MOIMHOKECTBA JAHHOTO CEMENCTBA IMOTIAPHO HE MEPECEeKAIOTCS U UX O0bEIMHEHHUE
COBIIAJIaET CO BCEM MHOXKECTBOM.

W3 ompenenenus nogmHoxkectB Buaa (1), (2) u moacTaHoBok Buja (3) HEMOCPEICTBEHHO BBITEKAET CIIpa-
BEJIUBOCTh CJIEYFOIIEH JIEMMBI.

Jlemma 1. /[na noboti noocmanosku G € S, nopodicoaemvix e noomHodlcecme 6uoa (1), (2) u noocmaro-
80K 6U0A (3) cnpaseoaussbl Credyiouue YmeepicoeHus.:

1) cemeticmeo noomnosicecms Jy\, Jy o, J3, Jy 4 © Ny, aenaemcs pasouenuem muodicecmea N, npu uem-

n
2
-~ (¢} (¢} (e} (e}
2) cemeticmeo noomnoocecms Jy 1, Jg 5, Jg 3, Jo 4 © Ny, A615€mes pasouenuem mrodxcecmea N,y npu

HOM n U MHO>cecmea Nl n\’V -‘ npu HevyemHom n,

n
HewemHom n u muodcecmea Ny, |\ [5—‘ npu YemHom n;

3) onst noocmanosku & © G = G 6LINOIHAIOMCS PAGEHCMGA
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Gc(i) = G(}’l - i), GC(I’Z - i) =0(i) ons 6cex i € Jfl,

“4)
o.(j)=0(j) oc(n—j)=o(n—j)onecex jeJ's,
4) 0ns noocmanosku G © & = Gy 6bINONHAIOMCS PABEHCMEA
cé(i)zcs(n - i), cé(n - l'):cs(i) 015 8cex ieJ(il, n— ieJoc’z,
(6))

o:(j)=0(j), oc(n—j)=c(n—j)onaecex jeJs s, n—jelg,

W3 mpuBeneHHBIX B JeMMe | CBOWCTB TOAMHOKECTB J. 1“ b J 5’ | Y TIOAAICTAHOBOK C, & HENOCPECTBEHHO BbI-
TEKaeT CJIeAYIOoNIas JeMMa.
Jlemma 2. /[na no6oii noocmanosku G € S, cyujecmsyem nocied08amensbHOCmsy NoOCHaHO080K

O =MNo> My> M5 -+ Ny ni+1,...,1”|m=($’ (6)

maxas, umo ¢’ =G, M, :ni_lo(;m_] ubo M, :ni_logm_l,zde Cn,-_l u Fmi_l,izo, 1,...,m—1, — ceazannvie

¢ NOOCMAHOBKOU 1|, _; NOOCMAHOBKU 6U0a (3).
Jloka3aTenabcTBO. YOeguMcs B TOM, UTO IJIs 1000 OICTaHOBKYU G € S, CyLIECTBYET M0CIEA0BATEb-

n
HOCTB TTOJICTAHOBOK B (6) Takas, 9To s Kaxkmoro 1 </ < [EJ

6'=(2,4,6,..,20-2,20,6(¢+1), ..,n,...,c(n—0),20-1,20-3,...,5,3,1).
s CIIPaBCJIMBOCTU MPUBCACHHOI'O YTBCPIKACHUSA OYCBUAHO CIICAYCT CIIPABCAJIMBOCTDL JICMMbI 2, TaK KakK IMpu

n Ny
0= LEJ MOJICTAHOBKA G’ COBIIA/IAET C MOJCTAHOBKOH .

n—1 n+l1
[lycTh u1st ONIPENEeNICHHOCTH /1 SIBIISIETCSI HEYETHBIM. Torna {gJ = T (%—‘ = S JlokaxkeM cyIecTBoBa-

HIE II0CIIE/I0BATEIBHOCTH I0ICTAHOBOK B (6) mpy £ =1 JU1sl N0ACTAaHOBKY G Takoif, uto o(n)# 11 o(1) = 2.
n n
B03MOXHBI [IBa CITydast: B 3alMCH MOICTAHOBKH G €JMHUIA CTOUT MPABEe GQ—D 60 NeBee GUE—D

B nepBom ciiyuae G(f) =l,toe (= IV%-‘, [%-l +1,..., n —1, Tak kak npu £ = n UMeeM c(n) =1.Ilonaras, uro

{=n—k, nonysaem o(n—k)=1,ne 1<k < LgJ no(n—k)<o(k)#1. Crenosarensto, k € Jg , TpaHciosu-

s (k, n-— k) BXOZMT B 3alIMCh IIOJICTAHOBKU & M B CHJTy PaBEHCTB (5) Ul HOACTAHOBKHU 1), = G o cripaBei-

muebl cootHowenns M, (k)=co & (k)=o(n—k)=1. Tak xax n, (k) <(n +1- k), T0 k € J{,, Tpancnosnuus
(k, n+1— k) BXOZUT B 3aMHCh MIOACTAHOBKH (, W B CHJTy PABEHCTB (4) 11l IOICTAHOBKH 1), =1, © §, HMEIOT
MECTO COOTHOIICHHUS

nz(n +1—k)=111 oCm(n +1—k)=nl(k)=1.
Takum 00pa3om, B 3aITUCH TTOJICTAHOBKH 1|, €MHHUIIA CIBHHYTA BIIPABO Ha OAHY MO3HUIIMIO, T. €. UMEEM I10-
CIIE/I0BATEIIBHOCTB MIOACTAHOBOK G =1, T);, M, =6’ Bua (6), B kotopoii ¢'(n) =1.

n
Ecimm 2£kS{EJ, TO, TPOIOJIKUB IO AHAIOTHH TOCTPOCHHE IMOACTAHOBOK My, _y, My, TAC My, ;=

=1, 2 Eny, 2o a1y =My, ° Coy, 1o ) = 2,3, ..., k, HONy4HuM MOCJIE0BaTeIbHOCTh TOZICTAOBOK, B KOTO-
pOii It OCIIeHeli OICTAHOBKH 1) ,, =G GYIyT BBIIONHATECS PABEHCTBA 1, (n)=0o'(n)=1. Takum o6pa-
30M, B IEPBOM CJIydae JJis JII000ii MOICTAHOBKU G CYIIECTBYET MOC/IE0BATENLHOCTh HOACTAHOBOK Bua (6),
B KOTOPOH 151 TIOC/CAHEH MOACTAHOBKHU G’ BBINOIHSETCS PaBeHCTBO o (n)=1.

Bo Bropom ciyuae o(k)=1, rae 1<k < [%J Crenosarensho, (k)<o(n+1-k)#1, ke J7,, Tpancmo-

3ULUSL (k, n+1- k) BXOJIUT B 3aIMCh MOJCTAHOBKU C M B CHITy paBeHCTB (4) 17 MOACTaHOBKH 1, =G o
CHPaBEJIUBBI COOTHOIICHUS
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nl(n +1—k)=cso§0(n +1—k)=6(k)=1.
Taxum 06pasom, pu k = 1 st I0CTAHOBKY &' = 1), BBINONHsOTCs paBencTsa ¢’ (n)=n,(n)=1.Tlpu 2 <k <

< [gJ JUIsl IOJICTAHOBKH 1); MMEET MECTO TepBBIil CTyuaid, MocKombKy 1, (n +1— k)= nl(n — (k- 1)) =1, e

23ks{ﬁJ—1.
2

TTokaxxem, 4To 111 JTIFOOOM ITOACTAHOBKHU G TaKOM, 4TO G(n) =1, cymIecTByeT MoCiIe10BaTeIbHOCTh MOACTAa-
HOBOK BHaa (6), B KOTOPOW 0’(1) = 2. Bo3MOXHBI 1Ba CiTyJasi: B 3aIIMCH MTOICTAHOBKH G JBOWKA CTOUT CIJIeBa

or GQ%D 160 crpaBa ot GﬂgD B nepBom ciyuae o (k) =2 npu 2<k < [gJ, TaK kak (1) =2 mpu k =1.

Jiist yka3aHHBIX & BBINOJHSIETCS HEPABEHCTBO G(k) < G(n +1- k) #1,2, cnenoarensHo, k € Jy |, TpaHcmo-
3ULUS (k, n+l- k) BXOJIUT B 3aIICh MOJICTAHOBKY (. M B CHIIy PABEHCTB (4) I MOJACTAHOBKU M =G o {
CIIPaBEINBbI COOTHOLIEHUS nl(n +1- k) =0o Qc(n +1- k) = cr(k) =2.

Tak kak n,(n+1-k)= nl(n — (k- 1)) <ny(k—1), 10 k—1€J§ , Tpancnosuuus (k, n—(k- 1)) BXOJIUT

B 3aIIUCh IMOACTAHOBKHA = U B CUJI aBeHCTB (5 JJIA ITIOACTAaHOBKHU = o NMCHOT MECTO COOTHO-
1 Ul 2 17 =5y
ICHUs

My (k=1)=ny0&, (k=1)=m,(n-(k-1))=2. (7)

W3 cootHomeHuit (7) ciemyer, 4To B 3aIMCH ITOJCTaHOBKH 1), ABOMKA CMECTHIIACH BJIEBO Ha OJIHY MO3UIIHIO.
I1pu 3TOM ecnu k = 2, TO UIMeeM MOCIe0BAaTeNbHOCTh TIOACTAHOBOK G =1, M;, N, =0 BHUIa (6), B KOTOPOii

. n
JUIS TIOCJIETHEH TIOICTAHOBKU G’ BBIMOJIHAIOTCS PABEHCTBA c’(l) =2, 0’(11) =1.Ecom 3<k < LEJ, TO IIO aHa-
JIOTHH CTPOUTCS TIOCTIEIOBATEIIBHOCTH ITOICTAHOBOK

/
O =MNo> N> N2> -5 Maj—2o Moj—15 M2js -5 Mok 1> M2k = O

!
TaKasi, 4T0 My; =M, _; ° énzjfl’ Myjo1=Maj-2° anj,z’ IPHU 3TOM JUISl OACTAHOBKH G BBIOJIHSIOTCS PABEH-

crBac’(1)=2, ¢'(n)=1.
. . N n
[Iyctb mMeeT MecTo BTOpOH ciyy4aii, T. €. B 3al1CcH MTOJICTAHOBKM G JIBOMKA pacroyiaraercs npasee G&ED
n
Torna G(ﬂ ) =2, 1Ie L—J < (¢ <n —1. onaras, uto ¢ = n — k, npeoOpazyeM NprUBEICHHbIC COOTHOLLICHHUS K PABHO-

CHUJIBHOMY COOTHOLIEHUIO G(n - k) =2,rme 1<k < L%J Tak kak G(k) #1, To G(n — k) < G(k) # 2, crneaoBa-

TenbHo, k € J§ |, Tpancniosuumst (k, n — k) BXOZUT B 3a1ACh IIOCTAHOBKY & U B CHIIy PABEHCTB (5) UIsl 110J1-
CTAHOBKH 1), = G o & J10JDKHBI BBIOIHSTHCS paBeHcTBa (k) =co & (k)=o(n—k)=2.

o n
O‘ICBI/II[HO, 4TO B 3alIUCH IIOACTAHOBKHU T; ABOMKA CTOUT CJICBA OT GOVE—D , T. €. JUIsI HOACTAHOBKU Ty UMECT

MECTO TepBbIN cirydait. Takum 00pazom, 1s JI000# TTOICTaHOBKH G JI0Ka3aHO CYIIECTBOBAHUE TIOCIIEIOBATEIb-
HOCTH TIOICTAHOBOK BH1a (6) TaKoi, UTO ISt OCTEIHEN TIOACTAHOBKU G’ CIIpaBeUINBI PABEHCTBA 0’(1) =2,
o'(n)=1.

JJ1st OKOHYATETHPHOTO TOKA3aTeIbCTBA JIEMMBI 2 IOCTATOYHO YOSAUTHCS B TOM, UTO JJIS TFOOOM ITOICTAHOBKH

6=(2,4,6,...,20-2,20,6(L+1), ..., 5(L + i), ..., G(ED GU§D

o(n—t—i),...,o(n=10),20-1,20-3,..,5,3,1) (8)
TaKoH, 4To G(( + 1) 20+ 2, G(n — () #20+1, tne 25/ < [gJ —1, cymecTByeT mocienoBaTebHOCTh MOI-

CTaHOBOK BHa (6), IS TOCIEAHEH TOACTAHOBKH G' KOTOPOW BBITIONHSIOTCS PaBEHCTBA cs'(( + 1) =20+2,
G'(n —€)=2€ +1.
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I[lycTh B 3alUCH MOACTAHOBKH G 31eMEHT 2/ + 1 PacronokeH MexKIy GQ%B no(n—"r), e 20+1=

:G(n —E—i), e 1<i< gJ — (. Tak Kak 2k+1=c5(n —(€+ i))<0(€+ i), 10 £ +i€Jg |, TPAHCTIOZHUIUS

(( +i,n— (ﬁ + z)) BXOJIUT B 3allUCh IOJCTAHOBKU & U B CUIIy PaBEHCTB (5) A MOACTAHOBKU M, =G o &
CIpaBeUINBbl COOTHOLIECHHUS

n(t+i)=cob (t+i)=c(n—(L+i))=2k+1.
Tak kax 1, (¢ + i)<n](n +1-(0+ i)), 10 £ +i€J", TpaHcro3nIys (f +i,n+1- (K + 1)) BXOJWT B 3a-

IIHCH [OJCTAHOBKH &, U B CHILy PABCHCTB (4) JUIsl TIOACTAHOBKH 1), =1, © {,, MMEIOT MECTO COOTHOILICHUS

m(n+1-(L+i))=moC, (n+1—-(L+i))=m (L +i)=2k+1.

Taxum 06pa3om, B 3anucu NOACTAaHOBKU 1), 91IEMEHT 2k + 1 cMemaeTcs BIpaBo Ha oAHy nosunuto. [loctpous
aHAJIOTMYHBIM 00pa3oM i — 1 map MoiCTaHOBOK

Maj-1=M2;-2° &y, 5o M2y =Moj-1° Gy s
e j =2, 3, ..., i, IOJTy4UM TOCIIE0BATEILHOCTh MOJACTAHOBOK
’
G =Mp> N> N2> -5 Maj—25 M2j—1> N2jo> -5 M2i—2> N2i =0
B KOTOPO#i IS MOCTIEAHEH MOJCTAHOBKY G’ OY/IET BBIMOIHATHCS PABCHCTBO G’(n -0 ) =2/ +1.

[TycTp mMeeT MecTo BTOpPOI Cilydai, T. €. B 3allMCH TIOACTAaHOBKU G Brja (&) amemeHT 2/ + 1 pacnoioxeH
mexay 6(¢)=20u G&zD Torna 20 +1=c(¢ +i), rae 1<i < EJ — (. Tak kax 6(n +1— (0 +i))220+2,

TO G(I’l +1- (K + 1)) > c(( + i), CIIETIOBATEIIBHO, / + i € J;j |, TPAHCTIO3UIINS (( +i,n+1- (E + z)) BXOJIMT B 3a-
IIMCh MOJCTAHOBKU G, U B CHIly PaBCHCTB (4) JUIs OACTAHOBKH M; =G © §,  CNPABSUTHBBI COOTHOLICHHS
(o} {e3

n(n+1-(0+i))=m(n—(C+i-1))=20+1,
re 1<i < [gJ — /. V3 momy4eHHBIX COOTHOLIEHUH CIIEAYET, UTO MpH i = | nMeeM nl(n -/ ) =2/+1, T e. Tpe-
Oyemasi TOCIIeI0BAaTENbHOCTE COCTOHT U3 IBYX ITOACTAHOBOK: G =1, H M, =M, ° {, =0
Ecmu 2<i < L%A‘ — {, TO B 3aIIUCHU TOACTAHOBKHU G AJIEMEHT 2/ + 1 pacmonoKeH MExIy GU%—D u G(n _

- ([ + 1)), T. €. Ul IOACTAHOBKHU T, UMEET MECTO MEPBbI ciyyaidl. Takum o0pa3zoM, 10Ka3aHo, YTO VIS MOJ-

CTaHOBKH G Bufa (8) CymiecTBYeT MOCIeI0BATEIbHOCTh MOACTAaHOBOK BHA (6), B KOTOPOl 1Sl TOcenHei
MOJICTAHOBKU G’ BBINOJIHSIOTCS PAaBEHCTBA

G’(i)=2i, G’(n+1—i)=2i—1, G'(n—€)=2£+1, 9)
rmei=1,2,..., 1.
HYCTB Tenepb JUTS TIOJICTAHOBKH G CTIPaBEJIMBBI paBeHCTBA (9), G f + 1) f + 1)
=<z,4, 6, ..., 202,20, 5(0+1), ..., (L +1), . ,c{ ’21 J ( U
o(n=(C+]))...o(n=(0+1)),20+1,20-1,...,5,3,1). (10)

J1s 3aBepiieHus T0Ka3aTeahCTBa JIEMMBI 2 OCTAIOCh YOSTUTHCS B TOM, YTO JIJIs MOJICTaHOBKH G BHza (10)
MOKHO MOCTPOMUTSH TIOCIIEN0BATEILHOCTD MOACTAHOBOK BHA (6) TaKyro, YTO st MOCIETHEN MOJACTaAHOBKH G
BBITIOJIHAIOTCS] PABEHCTBA

o'(i)=2i,0'(n+1-i)=2i-1,
rnei=1,2,..., ¢, /+ 1. Bo3MoxHbI JBa Cilydas: B 3allKCH MMOJCTAaHOBKHU G Bujaa (10) anemMeHT 2(€ + 1) CTOUT
MEXIy G(f + 1) u GUg—D 100 MEXIY GQZD " 2(€ + 1) B nepBom ciyuae 2(£ + 1) = c(ﬁ + i), re 2<i<
< {gJ — {, cienoBaTenbHo, £ + 1€ Jf 1> TPAHCIIO3ULUSI (f +i,n+1- (6 +i )) BXOJIUT B 3aIIMCh IIOJICTAHOBKH C

" B CUJIY PaBCHCTB (4) JJI IOACTAHOBKM Ny =G © CG HAOJIZKHBI BBIITOJIHATHCSA PaBCHCTBA
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n(n+1-(L+i))=cols(n+1-(C+i))=c(L+i)=2(C+1).
Tak xak nl(n+1—(€+i))=n1(n—(€+i—1))=2(€+1),T0
n(C+i=1)>2(0+1)=n(n-(L+i-1)), (+i-1eJ,

TpaHCHO3ULUA (f +i-1,n- (( +i- 1)) BXOJIUT B 3alMUCh MOJICTAHOBKU 2’;“1 Y B CHIIy paBeHCTB (5) mis moa-
CTaHOBKU 1, =T, © Ev'm MMEIOT MECTO COOTHOIICHHS

M (C+i-1)=no&, ((+i-1)=n(n—(r+i-1))=2(¢+1). (11)
W3 cootHOMIeHNt (11) ciiemyeT, 4To B 3aITUCH IOACTAHOBKU M, DIEMEHT 2(( + 1) CMECTHIICS BJIEBO HA OJHY

nosuuto. Ipu i = 2, nonaras, 4yto 6'="n,, NOJIy4aeM MCKOMYIO [10C/I€/I0BATEIbHOCTD MOJCTAHOBOK BH/IA

4

G ="Mg, nlznoogno’ nzznloCm:G.

. n .
Ecin 3<i< {EJ — {, TO, TOCTPOUB IO aHAJOTHH i — | Map MOJACTaHOBOK

MN2j—1=MN2j-2 C o M2y = n2,-71°§n2‘,,],

e j =3, ..., j— 1, momy4nm mociaenoBaTenbHOCTh MOICTAHOBOK

!

G =Mo> Mi> N2> -5 Maj—15 Majs oo M2i=35 Mai-1) T 9>

P 3TOM JUTS TIOACTAHOBKU G’ Oy/yT cripaBeinBbl cooTHOMeHust (11).
Ecnm nMeet MecTo BTOpOi ciaydaid, T. €. B 3amucH MoAcTaHOBKH G Buna (10) smeMeHT 2(6 + 1) pacrmoJo-

JKEH MEXKTY Gﬂzﬂu 2(+1)=0c(n—1), 10 2(€+1)=c(n—(f+j)), melSiS[gJ — (. CrieioBaTensHo,

o((+j)>o(n—(L+j)), asnaunt, (+ jeJg |, Tpancnosuuns (£ + j, n— (£ + j)) BXOmMT B 3amuck noACTA-

HOBKH E_,G " B CUJIY PaBCHCTB (5) JJIsL TIOACTAHOBKH M (= O © é & AOJDKHBI BBIITOJTHATHCS COOTHOLICHUS

nl(€+j)=cso§G(€+j)=c(n—(€+j))=2(f+1),
T. €. JJIs1 TIOJICTAHOBKH 1); IMEET MECTO PAaCCMOTPEHHBIN BbIIIE MEpBbIi ciaydail. Takum oOpa3om, cripaBein-

BOCTb JIEMMBI 2 JOKa3aHa.
Jlemma 3. Ecau ons 110601 noocmanoeku G € S, 6bINOIHAIOMCA HePAGEHCEA

Afy(o,608,)<0, Afy(c,00E,)<0, (12)
20e L u & — noocmanosku euoa (6), mo ynkyuonan fA(G) docmuzaem MUHUMYMAd Ha NOOCMAHOBKe G .
Hoxa3zatenbcTBo. M3 1emMel 2 ciieyeT cyliecTBOBaHUE JIs J1000M MOACTaHOBKH G € S, TOCIen0Ba-
TENBHOCTH HO,I[CTaHOBOK(Y:T]O, N> M +vos My—ps Nis ++o5 M,y = O TAKOW, 9TO M; =7, 10 ©, , THe ©, =G,
mbo o, =&, ..., m. IIpoBepKa MokasbIBaeT, YTo JUIsl NpHpameHus QyHKIHOHana f, (c) Ha rape moj-

CTaHOBOK no, nm CIpaBe/yIMBa [IEN0YKa PABEHCTB

Afi(Mos ) = £i(M) = £ (Mo) Z( D= (i) =2 Ak(nn )
= i=1
Takkakm; =n;_ 0 ©, ,TIC O, = G, , mboo, = &ni_l, TO B cruTy HepaBeHCTB (12) msiBcexi=1, ..., m
BBITIOJIHAETCS HEPABEHCTBO A f, (nl M ) Af (nl M ; ) < 0, ClIeZICTBUEM KOTOPOTO SIBJISIETCS Hepa-

sencteo f;(n,,) — f1(no) = fi(o,) — f1(c) <0. Takum 06pa30M, CIIPaBEIMBOCTD JIEMMBI 3 JI0Ka3aHa.

ATMTHBHBbIE Pa3JI0:KeHHUs NPUpaleHnii pyHKIMoHAIA
KBaAPATUYHOM 3a1a4H BbIOOpa

W3 nemmebl 3 ciietyeT, 4To IpH BBITIOJIHEHUH JUIS JTI000H IOJCTaHOBKH G € S, HepaBeHCTB (12) pyHKumonan
fA(G) JOCTUTaeT MUHUMYMa Ha MOJCTaHOBKe G,. Clle0BaTeabHO, JOCTATOUHO BBISIBUTH YCIIOBHS, ITPH HAJIO-
JKEHUU KOTOPBIX HA 3JIEMEHTBI MaTpUllbl 4 = (ai ik () OyZeT rapaHTUPOBAHO BHINOIHEHNE HEepaBeHCTB (12)
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JUIsE (PyHKIIMOHAJIA ]g(c). J1yis 3TOr0 TIOCTaTOYHO 3alKcaTh B SIBHOM BHJIE TIPUPAICHUS 3TOr0 (DYHKIIMOHAIIA
Ha rapax IOACTaHOBOK G, G o C U G, G o & .

Jls momMHuOoXkecTB (1) ¥ TTOACTaHOBOK G, =00 &, Buza (3) B cuiry geMMBI | cripaBeUIUBBI CIIETYIOIIUE YT-
BEPXKJICHUS:

(1) st MEHOXKECTBA N; |, IMEET MECTO PA3IIOKEHHE

(e} (e} (e} (e}
Ji VI, U3 UJ), TIpU YE€THOM 7,
N, , =

,n

n
UARON A ON ANUN AN, [5—‘ TIPU HEYETHOM 7

(ii) s mroGoro snementa k € J;, CyIIeCTBYeT SAMHCTBEHHBIN dIeMeHT i € J;| Takoi, uto k=n+1—1,

G&(k) = Gé(l’l +1- i) = 0(1’) u Gé(i) = G(n +1- i);

(iii) aust mo6oro snementa £ € Ji, CymeCTBYeT €MHCTBEHHbIH MEMEHT j € J); Takol, uto £ =n+1— j,
o:(l)=0.(n+1-j)=c(n+1-j)uoc.(j)=0(/)

JI5I IOIIMHOXKECTB (2) M TIOJICTAaHOBOK G, = G o &_ BHJA (3) CIpaBeIMBEI CIICTYIOIINE YTBEPKICHUS:
3 o p y yTBED
(J) nus MHOXKECTBA N; |, IMEET MECTO PA3JIOKEHUE
o1V Jg,Uds U s, U{n} npn HedeTHOM n,
Nl n—

>

n
Jo1 Vg, Vg3 Vg, U (5—‘, n} IIPU YETHOM 71;

(Jj) mnst moGoro snementa k € Jg , CyIIECTBYET €AMHCTBEHHbIH dieMenT i € Jg | Takoll, uto k=n — i, G, (k) =
=o(n—i)=o(i)no.(i)=oc(n—i)

(jjj) st moGoro anementa £ € Jg 4 CyIECTBYET eIMHCTBEHHbIN YIeMeHT j € Jg 3 Takoit, uto £ = n — j, Gi(ﬂ) =
=o(n—j)=o(n-j)noe(j)=0(j)

W3 yrBepxkaenwmii (i) — (iii) ciemyer, 9To 3HaYeHWE (PYHKIIMOHANA KBAaIPaTUIHOHN 3a]a4 BbIOOpa Ha TIOJ-
CTaHOBKE G, JOIyCKAET aIIMTHBHOE PA3JIOKEHNE B BUE CyMM

]Z(Gz;) 2 2 a i, jooe(i). o ()~

IENln]ENln

Z Z ( lj,G n+lfi),(5(n+lfj)+ ai,l’l+l*j,6(n+1*l'),6(j)+

lEJl,l jeJu

+ an+17i,j,c$(i),cs(n+lfj) + an+lfi,n+lfj,c(i),cs(j)) +

+ Z Z ( i, j,o(n+1-1i), 0(1)+ai,n+1—j,cs(n+1—i),c(n+1—j)+

zeleljeJm
+ an+1—i,j,6(i),6(j) + an+1—i,n+1—j,5(i),6(n+1—j)) +

+ z Z ( ],ZO' c(n+1—i)+aj,n+1—i,6(j),5(i)+

jEJL}lEJLl

+ an+lfj,i,c(n+lfj),c(n+lfi) + a}’lJrl*j,n+1*i,6(n+l*j),0'(l')) +

" Z Z ( % j.o(i).o(j) * ins1-jio(i) o(n+1-j) T

leJm]eJm
+ an+lfi,j,0(n+17i),6(j) + an+]7i,n+17j,c(n+lfi),6(n+]7j))' (13)

IIpU 4€THOM 71 1 JOTMIOJIHUTCIIbHBIX CYMM
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2| bz osfzeod]z) " Pahcfzonera eheoriefzlon )
B R o A T R e R

HIpU HCUCTHOM 7.
3anucaB aHAJIOTUYHOE AAAUTUBHOC PA3JIOKCHUC q)YHK]_[I/IOHaJ'Ia f;‘l (G ) Ha MMOACTAHOBKEC G, ITYTCM HCIIOCPC/-

CTBEHHOW MPOBEPKHU C y4eToM yTBep:kiaeHui (ii) u (iii) HETPYAHO YOEAWUTHCS B TOM, YTO YETBEpTas JBOWHAs
CyMMa C UHJIEKCAMH CyMMHpOBanus i € J, 5, j € J7'; B popmyie (13) u Bropast cymMma ¢ HHIEKCOM CyMMHPOBa-

Hust i € J) 3 B hopmyrte (14) B pasmokeHnsx fA(GC) u f; (G) coBrnagaror. Ciie10BaTesIbHO, BEIYMCIUB PA3HOCTD

ﬁi(cq) - j;(cs) M CTPYHITMPOBAB ClIaraeMble CYMM C MHJIEKCAMH CyMMHPOBaHus i, j€ J|, i€ Ji u jeJ's,

MOTYYUM aJTUTUBHOE PA3JIOKeHHe MpuparieHus A £, (G, o, ) dyHKIHOHANA [ (G) Ha Iape MOJCTaHOBOK G, G,
BUJA

A]il(G, GC): Z Z (ai,j,c(nJr]fi),G(nJrlfj) + ai,i’l+1*j,6(}’l+]*l‘),0(j) +

iediyjedr

+a +a

n+l—i, jyo(iyo(n+1-7) T Fnsi—in+1-j o(i)o(j) ~ % j.o(i)o(j) ~ Fin+1-j,o(i)o(n+1-j)

-a -a +

n+l-i, j,o(n+1-i),0(j) n+17i,n+17j,G(n+lfi),cs(n+]—j))

+ Z z (ai,j,c(n+l—i),c(j) + ai,n+1—j,cr(n+1—i),cy(n+l—j) +

ieJP jelis

+ an+1—i,j,cs(i),0(j) + an+1—i,n+1—j,G(i),cs(n+1—j) _ai,j,c(i),cs(j) - ai,n+1—j,cr(i),c(n+1—j) +

+ an+1—i,j,(s(n+1—i),6(j) + an+1—i,n+1—j,c(n+1—i),c(n+1—j)) +

+ Z Z (aj,i,c(j),c(n+lfi)+aj,n+l—i,cy(j),o(i)+

jeJdisiedr
+a . .. . ata = -
n+l-j,i,o(n+1-j),o(n+1-i) n+l-j,n+1-io(n+1-j),o(i) jon+1—i,o(j),o(n+1-i)
_aj,n+17i,cs(j),0(n+17i)_an+]7j,i,6(n+lfj),6(i)_an+17j,n+lfi,6(n+lfj),c(n+l—i)) (15)

IIPU YETHOM 71 C AOMIOJIHUTEIBHOU CyMMOU

Z | ) e A R | ) P 4 AR e EA PR 1

B ) e R OV P 4 PRSI WAV

npu HedeTHOM 7, e o (i), o(n +1-1i), o(j), o(n +1— j) — nonapro pazmudHELe MeMeHTsl MEOKeCTBA N ),
nipu 5ToM B dopmysie (15) ans mobwix i € J7, j € J7; u B popmyre (16) nns mro6w1x i J{'| CIIpaBe/IuBbI He-
pasencrsa 6(i)<o(n+1-1i),06(j)>o(n+1-j) B cry onpexenenus noamMuoxkects Jy, Js.

W3 yrBepxkaenuii (j) — (jjj) ciemyer, uto 3HaYeHUe QPyHKIMOHATA KBaApaTHYHOW 3a/1a4i BHIOOpA Ha TOJ-
CTaHOBKE G JIOMYCKAET aJIMTUBHOE PA3IIOKEHUE B BUE CyMM
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ICAEIDYEDY %, joe(i)oc (/) T

ieN ,jeN,,

IS}

i, j,o(n—i),o(n-j) + ai,n—j, o(n—-i),o(j) + an—i,j, o(i), o(n—Jj) + an—i,n—j, o(i), o(/)

ai,j o(n-i), c(j) ai,n—j, o(n—i),o(n-j) + an—i,j, o(i), () + an—i,n—j, o(i), o(n-j)

ai,nfj, o(i),cs(j) + anfi,j, (S(l’l*i),(i(}’l*j) + an—i,nfj, G(n*i),G(j)

+
: =
<. ~
a
A
=
a
=~
3
~
=

+A Z (ai, n,o(n—i),o(n) + an—i,n, o(i), o(n) + an, i,o(n), o(n—1i) + an,n—i, o(n), G(i))+

+ Z (ai,n, o(i), o(n) + an—i, n,o(n—i),o(n) + an, i,o(n), o(i) + an,n—i, o(n), (S(n—i))

i€y,

IIpU HECYCTHOM 71 ¥ TOIIOJIHUTECIIbHBIX CYMM

D S e R P PR S FLRR 2
R e L 1 O O EIEE F

IIpU YC€THOM 71.

(a7

(18)

HeHOCpCZ{CTBeHHaH MPOBCPKaA MOKA3bIBACT, YTO B PA3JIOKCHHUAX 3HAYCHUN fA(G&) n ];1( ) q)YHKLII/IOHaJ'Ia

KBaJpaTHYHOM 3aJa9K BBIOOpA HA IOJICTAHOBKAX G M G YCTBEPTas ABOMHAs CyMMa C MHICKCAMH CyMMHPO-
BaHus i, j € Jg ; U IIECTas OMHApHAs CyMMa C MHIEKCOM CyMMHpOBaHus i € Jg ;3 B hopmyre (17) n Bropas
CyMMa ¢ TeM e HHIeKcoOM cyMMupoBaHus B opmyrie (18) coBmamator. CriejoBaTeIbHO, BEIYHCITHB Pa3HOCTh

/i (Gé) -/ (c) U IIPOBEJISl AHAJIOTUYHYHO IPYIIIIMPOBKY CIIAraeéMbIX PA3HOCTH, MTOJIyUUM AIUTUBHOE pa3JIoikKe-

HUE MpUpateHus A fA(G, G&) BUJA

ACTAEDINDY ( i, joo(n=i).o(n=j) * Y n-jo(n-i)o() *

’GJO,I jEJO’l

+a N Gin-jo(i)yo(i) T %, jooli) o) T Fnji (i) o(n—j) ~

n—i, j,o(i), o(n-
_anfi,j,c(nfi),c(j)_ n—i,n— j,G(n*l)O' ) Z Z ( lj,G nfi),c(j)+ai,nfj,cr(nfi),c(nfj)-i_
16J0,116J0,3

i jo(iLo() T4

_anfi,j,c(nfi),c(j)_anfl n— j,G(n*l) ) Z Z ( j,lGj)G l)+aj,l’l*l',0(j),6(l')+

jEJ0'3lEJO’1

)T QG jon—iio(n-j).o(i) = Yi (i) oli) = Fin—j.oli)o(n-j) "

n—i,n—j,o(i)o(n-7) = %, j,o(i)o(j) " Di,n-j o(i)o(n-j) "

+ anfj, i, (S(l’l*j),(i(ﬂ*i

- anfi,j, G(n*i),G(j) - anfi,nfj, c(nfi),cs(nfj)) + Z (ai, n,cs(nfi), G(n) + anfi,n, G(i),cs(n) +

iels,

n,i, G(l’l), G(n - i) + an, n—i, G(n), G(i) - ai, n, G(i), G(n)

+ a

T iino(n—i),o(n) T 9n,i,o(n),o(i) T Dn,n—i, o(n), o(n— i))

MPY HEYETHOM /1 C JIOMIOJIHUTEIIbHOU CyMMOM
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L R N R FL R P
IR L S R L T HER 1 ) B

TIPY YETHOM 71, THE G(i ), 0'(}’1 — i), G( j ), c(n -Jj ) — IONIAPHO Pa3INYHBIE HJIEMEHTHI MHOKECTBA N ,, TIPH OTOM
JUTSL MHIEKCOB CYMMUpOBaHus i € Jg , j € J(; 3 BTOPOH U TpeTheil ABOWHBIX CyMM B (hopmyie (19) cripaBeuuBbl
nepaserctsa 1< o(n—i)<o(i)<n,1<o(j)<o(n—j)<n B cuny onpenencuns nogmMuokects Jg |, Jg 5.

[lonmyuennspie agputuBHbIEe paznoxerns (15), (16) u (19), (20) npupamenuii GyHKIIFOHATA fA(G) Ha TIa-
pax IMOACTAaHOBOK G, G, M G, G¢ [I03BOJISAIOT [OJIYIUTh YCIOBHS MX HEMOIOKHUTEIBHOCTH, YTO B CUITY JICMMBI 3
JaeT BO3MOXKHOCTh C(HOPMYIUPOBATH YCIOBHUS CTPOrOH pa3pelIMMOCTH KBaIpaTUYHOH 3a7a4n BbIOOpa C o1l-
TUMAaJIBHOM IOJICTAHOBKOU G.

Cnaraembie cymm B opmynax (15), (16) u (19), (20), crosimue B ckoOKax, jajiee Ha3bIBAIOTCS OOIIUMU
YJICHAMU.

VYci10BHA CTPOroi pa3peminMoCTH KBaJPaTHUYHOI 3a1a4M BbIOOpa
[Ipeanaraemple JOCTATOUHBIC YCIOBUS HEMOIOKHUTEIBHOCTH MPUpAlIeHUs] QyHKIHOHAIA f/;(G) Ha mapax
TIOJICTAHOBOK G, G, M G, G COCTOSAT B TOM, 4TO MaTpuIla A= (al.’ ik, [) JIOJDKHA SIBISITHCS PEILIEHUEM OJTHOM U3
OAHOPOAHBIX CUCTCM JIMHEHHBIX HEPABCHCTB, OIMMCAHNUEC KOTOPBIX NPUBOAUTCSA B CICAYIOMINUX YTBCPIKACHUMAX.

Hpenaoxenne 1. Eciu snemenmor mampuyvt A = (ai ik e) npu 11060M 3a0aHHOM N YOO81emBOPAIOm He-

paseHcmeam

+a +a

n+l-i,j,ps T4

n+l—i,n+1-j,p,qg

L, <0, 1)

B jors T Ains1-jrq

- ai,j,p,q - ai,n+1—j,p,s - an+1—i,j,r,p_ an+1—i,n+1—j,r

.. _|nm
edel1<i, j< LEJ up<r, q<S—nonapHo pasiuuHvle sNemeHmol MHoxcecmea N, ,,

ai,j,r,q + ai,n+l—j,r,s + an+l—i,j,p,q + an+1—i,n+l—j,p,s -
_ai,j,p,q - ai,n+lfj,p,s - an+17i,j, rq an+lfi,n+lfj, r,s <0, (22)
aj,i,q,r + aj,n+1—i,q,p + an+1—j,i,s,r+ an+1—j,n+1—i,s,p -
T nil-iqp ” Ynrl-iyqr T mwl-jis,p T Gntl-jn+l-isr <0, (23)

., .| n
20e 1<i# j< [EJ up <r,s<g— nonapHo pasiuuHvle sjemenmol MHoxcecmsa N, ,, a npu HewemHom n 0o-

NOIHUMENbHO YOOBIEMBOPAION HEPABCHCHIEY

a +a +a +a -
i 2k 0 n+l—i| 21 ¢ m ik B n+1-i,0,
2 2 2 2

-a -a -a -a <0, (24)
21, n+l—i| 21k, ¢ ik, B n+1-i, 0,k
2 2 2 2

. _|n . .
edel<i< [EJ ul <j <k, { <n—nonapno pasnuunvie snemenmot Mrodicecmeéa N, ,, mo 01 110601 noocma-

HO6KU G € S, 6binonHsemcs Hepasencmeso Af; (G, O ) <0.
HoxaszaTenscTso. [lycTs 171 onpeieeHHOCTH 72 ABISETCS YeTHBIM M 2IEMEHTHI MaTpullbl 4 = (ai Y )

YIOBIETBOPSIOT HepaBeHCTBaM (21)—(23). O4ueBUAHO, YTO HEPABCHCTBO A fA(G, GQ)S 0 BBITIONHSETCS, €CIH

BCE TPH JIBOMHBIC CYMMBbI aJAUTUBHOTO PAa3JIOKCHUS IPUPALLIECHUS A ];(G, GC) (15) HEemonOXXUTENBHBI, YTO
rapaHTUPYeTCs BBITIOJIHEHUEM CIIETYIOIIMX HEPABEHCTB JUIsl OOIIUX YJICHOB YKa3aHHBIX CyMM:

+ ai,n+1—j,c(n+1—i),6(j) + an+1—i,_j,6(i),(s(n+1—j) + an+1—i,n+1—j,c(i),ﬁ(j)

ai, Joo(n+1-i),o(n+1-j)

~a <0 (25)

- ai,j,c(i),c(j) - ai,n+1—j,c5(i),(7(n+l—j) - an+l—i,j,6(n+l—i),c(j) n+l-in+l-j,o(n+1-i),o(n+1-j) =

P o
s Mo0bIX i, j€ Jyy,
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4 j, o(n+1-1i),0(j) + Qin+1-j,0(n+1-i),0(n+1-j) + Ay +1-1, j, (i), o) +

T iinri-j o) o(n+1-7) = % j o) o() T Fn+1-j ofi)o(n+1-7) "

<0 (26)

- an+1—i,j,c5(n+1—i),6(j) - an+1—i,n+1—j,6(n+1—i),6(n+1—j)

. o . o
st modbix i € J7y, jeJy s,

A io(j)o(n+1-1) T Dins1—iio(j).o(i) T Fnr1-jio(n+1-j).o(nr1-i) T
+ an+1—j,n+1—i,c(n+1—j),(s(i) - aj,n+l—i,c(j),6(n+l—i) - aj,n+l—i,c5(j),c(n+1—i) -
- an+]7j,i,6(n+lfj),6(i) - an+lfj,n+17i,G(n+lfj),G(n+]7i) <0 (27)

utst M00bIX j € J 5, i€ JPy.
[Tokaxkem, uro HepaBeHCTBA (21)—(23) obecreunBarOT HEMOJOKUTEIFHOCTh OOIUX YJICHOB B JICBBIX Yac-
TAX HepaBeHCTB (25)—(27). JlelicTBUTENBHO, B CUILY i, j€ J,'| /U UHAEKCOB JIEBOM YacTH HepaBeHCTBa (25)

HUMEIOT MECTO COOTHOIICHHS 1Si,jSLgJ, o(i)<o(n+1-i), o(j)<o(n+1-j), me o(i), o(n+1-i),

o(j), o(n+1-j) - nonapro pasmmuHbie snemMeHTEl MHOXecTBa N, ,. Ecim nomoxuts, uro o(i)= p,
(5( J ) =q, c(n +1- i) =7, c(n +1-j ) =, TO JIeBas 4aCTb HEPABEHCTBA (25) 3alUCHIBAETCS B BUJE

+a +a

ai,j,r,s+ai,n+lfj,r,q n+1-i,j,p,s n+l—-i,n+1-j, p,q

a.

Ty, pq " Yint1-jps T 9

n+l—i,j,r,p_ an+17i,n+lfj,r,s’

. ._|n
rme l<i#j< LEJ, 1<p<r<n;1<qg<s<n Takum oOpa3om, HEPABEHCTBO (25) ABIAETCS CIIEACTBHEM Hepa-
. . .. |n . .
BeHcTBa (21). B cuny i€ JY,, je€J; 5 UMEIOT MeCTO cOOTHOmIEHUs 1 <i# j < [EJ, 1< G(l) <o(n+1-i)<n,

1<o(n+1-j)<o(j)<n, 410 c yueTOM BBEICHHBIX BbILIE 00O3HAYCHHIi PABHOCHIBHO BBINOIHCHUIO HEpa-

BeHCTB | < p <r<n, 1 <5< ¢ < n 3HaUNT, HEPABEHCTBO (26) ABJISIETCS CIIEACTBHEM HepaBeHCTBa (22). AHajo-
THYHBIM 00pa30M JI0Ka3bIBACTCS, YTO HEPAaBEHCTBO (23) rapaHTUpPYyeET BhIMOIHEHUE HepaBeHCTBa (27). Takum
0o0pa3oM, JI0Ka3aHa HEOTPHIIATEIILHOCTh JBOHHBIX cyMM B (hopmyne (15) U, COOTBETCTBEHHO, BBIMOJIHEHUE

HepaBeHCTBa A f (0, o¢ ) <0 npu m060M 7.

[IycTe n sBngercst HedeTHBIM. Toraa, eciu MOJ0KUTh, YTO c(z) =], G(l’l +1- l) =k, o [——l =/, B cuiny

. . _|n . N
i € J{'| JOJDKHBI BBITOJIHATHCS COOTHOLIEHHUS 1 < f < {EJ, 1<j<k<n,1</¢<n,ao0muil 4IeH JONOITHUTEIb-
HOW cyMMEI (16) MOXKHO 3amucaTh B BHJIE

a +a +a +a
i 2k, 0 n+l—i| 21 j ¢ i ek 2\ n+1-i 0, j
2 2 2 2

—-a —-a —-a —a .
i 21,0 n+l—i,| 21k, ¢ i, P\ nl1—i 0k
2 2 2 2

CrnenoBarensHO, €10 HEOTPULIATETFHOCTh TAPAHTUPYETCs BBITIOJTHEHHEM HEPaBEHCTBA (24) 11 2lIeMEHTOB Mat-
puLsl 4= (a,., Y ) Takum o6paszom, npeuioxkeHue 1 1okazaHo.

pennoxenue 2. Ecau onemenmour mampuyvl A = (a[ ik z) 07181 1100BIX 3A0AHHBIX N YOOBIEMBOPAION He-
PaseHcmeam

+ a;

ai,j,p,q i,n—j, p,s ta

+a

n—i,n—j,r,s

<0, (28)

n—i,j,r.q

“inrs T Y-inrg T Yn—ijips T Gn-in-j p g

.. | n-1
20el<i, j< [ J up<r q<S—HNONAPHO pasiudnbvle dnemMeHmol MHodcecmea N, ,,
G jopos T Yn—jipg T U—iijirs T Uniin-jirg
— s Yn-jirg " Dn-ijips " Guoin—j pq <0 (29)
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a + a +a

n—in-j.p.s

a <0, (30)

n—i,n—j,p,q =

iy jorg ¥ Gin—jrs T Ani j pg

Y jors T Qin-jrg T Gn-ijips T

.. | n—-1
20el<i#j< up<rs<qg— NONApHO pa3iuyHbvle d1emMeHmol MHoJtcecmea N, ,,
2 Ln

a , .+ a +a

i,n, p, ! Z+a

n—in,r n,i, l, p n,n—i, 0,r

0T anfi,n,p,f —Quio T an,nfi,é,p SO) (31)

. _|n—-1
20e 1<i< T u p <r, { — nonapHo pasnuynsie nemenmol MHodxcecmsa N, ,,, a npu yemHom n 0ONOIHU-

menbHO YO081emBOPAION HEPABEHCNEY

a + a +a +a
iﬁpt n—i,| 2| rt ﬁitp 2 it r
NP2 I Pl s 51

—da —da —da —da
i, E,r,t n-—i, ﬂ,p,t E,i,t,r ﬁ,nfi,t,pso’
2 2 2 2

J u p <r, t — NONapHo pasnuyHvie semenmol MHodxcecmsa N, ,,, mo 0 11000t hoOCMAaHO6KU

(32)

n—1

20e ISiS{

G €S, svinonnaemcs Hepasencmeo Af, (G, ¢ ) <0.

JHoxkazaTenbcTBo. OueBUIHO, UTO IpHpaIieHue A f; (G, C; ) HEOTPULATEIBHO, €CITH 00IIHE YJICHBI CYMM
B (hopmymax (19), (20) HeoTpuIaTenbHEL, T. €. CIIPABEINBEI HEPABEHCTBA

ai, Jjro(n—i),o(n-j) + ai,nfj, o(n-1i), () + anfi,j, o(i), o(n—j) + anfi,nfj, o(i), o( /) -

- ai, Jj»o(i), o) - ai, n—j,o(i), o(n-Jj) - an—i, Jro(n=1i),0(}) —-a, —i,n—j,o(n-i),o(n-j) <0
1151 MOOBIX i, je Jy |,

+ a + a

% joo(n-i).o(j) T Yin-jio(n-i\o(n-7) T =i j.o(i).o(j) T Dn-in-j.o(i).o(n-))

- ai, Jjro(n—i),0(}) - ai,n—j, o(n-i),o(n-j) - an—i,j, o(i), o( ) - an—i,n—j, o(i), o(n-j) <0,

aj, i, U(j),c(nfi) + aj,nfi, o( /), o(i) + anfj, i, G(nfj),c(nf i) + anfj,nfi, o(n—j),o(i) -
T 9500(j).o(i) T Diin—i,o(j).o(n—i) T Fn—jiio(n-j)o(i) T In—jin—io(n-j)o(n-i)y <0
ans mobsIX i € Jg |, j€Jg 5,

ai, n,o(n—i),o(n) + a,_ i,n,o(i), o(n) + an, i,o(n), o(n—1i) + an, n—i,o(n),o(i)

- ai, n, o(i), o(n) —-4a,_ i,n,o(n—i),o(n) - an, i,o(n), o(i) - an, n—i,o(n),o(n—1i) <0

JUTA JIFOOBIX i € Jg, | TIpH JTFOOOM 71 ¥ TOTIOTHUTENTFHO HEPABEHCTBO
RS I FI S (6 BN FI T RN S ST
IR F S I Y I I A R (H A

JUTsl TEOOBIX I € J(i | TIpYA 9YETHOM 7.
. . . . n .
ITonarasi, ato p = c(n - 1), q= c(n —]), 7= G(l), s = G(j), t=c {E—‘ , ¥ UCTIOJIB3YsI CBOMCTBA ITOIMHO-

JKECTB J, g 1» J, (()5 3, 11O aHAJIOI'MHU MOXHO JI0Ka3aThb, YTO IIPHUBCIACHHBIC HEPABCHCTBA ABJIAXOTCA CICACTBUAMU HEPA-

BeHCTB (28)—(32) COOTBETCTBEHHO.
W3 npennoxxenuit 1 u 2 HanpsiMyto BBITEKAeT ClEAyIolIas TeopeMa.

Teopema 1. Ecru onemenmol mampuywl A = (ai, Iy ) yooesnemeopsawm Hepagencmeam (21)—(23), (28)—(31)

u dononnumenvHo HepaseHcmaey (24) npu neuemmuom n u nHepaseHcmasy (32) npu yemnom n, mo QYHKYuoHau.
]ﬁl(c) oocmueaem MUHUMYMA HA NOOCMAHOBKeE G.
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Teopema 1 siBisieTcs 0000IIEHUEM TIOIYUYCHHBIX paHEee YCIOBUN CTPOTOH pa3perimMOCTH 33724 MUHHUMHU-
3alMM KBaJPaTUYHON M OWIIMHEHHOW (OpM Ha MHOKECTBE TOACTAHOBOK [8], a Takke KBaJIpaTUUHON 3aj1a-
yn HazHadeHu# [19]. [IpeacraBneHHble B JaHHOW paboTe yCIOBUS CTPOTON Pa3pelImMOCTH KBaIpaTHIHON

3aa4u BHIOOPA COBMECTHO C yCIOBHSMH IOCTWKEHHMS MHHHMyMa (yHKuMoHana f;(C) Ha HOACTaHOBKe
co=(L,3,5,...,n, ..., 6,4, 2), NPUBEICHHBIMH B IIEPBOii 4acTh cTaThy [5], SBIIOTCS 060OIEHHEM KIaccu-

YEeCKOro pe3ynbrara, noiydennoro I. Xapau, JIx. Jlutneynom u I. TTonua, a UMEHHO TEOPEMBI O TEPECTAHOBKE
TPEX CUCTEM.

3akiroueHue

Takum o6pa30M, B HaCTOHH.IefI pa60Te MMPOAOJIKEHO UCCIIEJOBAHUC CTPOIO Pa3pCINMBbIX CIy4YacB OIITUMU3A-
IMMOHHBIX 3a/1a4 Ha IMTOACTaHOBKax. B YaCTHOCTH, IJId KBa,Z[paTH‘IHOfI 3aJa4yu BLI60pa B BUJIC CUCTCMbI HCPABCHCTB
OIMMCAaHbI yCJIOBUA, 06eCHe‘lI/IBaIOH_[I/IG AOCTHIKCHHUEC MUHUMYMa €€ q)YHKI_II/IOHaJ'Ia Ha OHHOﬁ 13 IMOJACTAaHOBOK,
MMPUBCACHHBIX B TCOPEME O IIEPECTAHOBKE TPEX CUCTCM.
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PA3HOCTHASI TPAKTOBKA HEAOKAABHOU 3AAAUU
C IMTAPAMETPU30BAHHBIM AUOOEPEHIITMAABHBIM
YPABHEHWEM IIEPBOTIO ITIOPAAKA

JI. M. TOBJIETOB"

1 .
)Heszasucumolii uccneoogamens, 2. Auixabao, Typxmenucman

Annomayusn. VI3yuena HejoKalbHasl HaYalbHas 3a/1a49a C COOTBETCTBYIONIEH KOHEUHO-PA3HOCTHON TPAKTOBKOM JIJISI
JIUHEHHOTO OOBIKHOBEHHOTO AU((HEPEHIIHATLHOTO YPABHCHHS MIEPBOTO MOPSIIKA ¢ MTapaMeTpoOM IpHU MPOu3BoHOM. He-
JIOKJIbHOE HayaJlbHOE YCJIOBHE 3aJ[aHO B TEPMHHAX JIMHEWHOW MHOTrOTOYe4YHOW KoMOMHanmu. Ha paBHOMEpHOI ceTke
MIPEATIOKeHa Pa3HOCTHAS CXeMa C SKCIIOHEHIMAJIbHON ITOJIrOHKOH. BhIsBIIeHbI TpeOOBaHMs HAa PACIIOIOKEHNE HOCHUTEIIeH
HEJIOKaJThHBIX JAHHBIX B MHOTOTOYCYHOM YCIIOBHH, HA 3HAYCHHS COOTBETCTBYIOMIMX KOA(P(GHUIIMCHTOB W HA HHTEPBAI
W3MEHECHHS ITapaMeTpa, MPH KOTOPHIX JOKa3aHBI KaK PABHOMEPHAs 10 MapaMeTpy YCTOHUMBOCTH KIIACCHYECKOTO M Pa3-
HOCTHOTO PEIIeHHH, TaK ¥ PaBHOMEPHAS 110 MMapaMeTpy CXOAUMOCTh Pa3HOCTHOTO PEIICHHUS K KJIACCHIECKOMY PEIICHHUIO.
BblIsiBlIeHHE M JJOKA3aTeNIbCTBO TAKUX YCIOBHUI, KOTOpbIE 00ECIIEYMBAIOT PABHOMEPHYIO IO MapamMeTpy anpoOKCHMAIIHIO
KJIACCHYECKOTO PEIIEHHs HeIOKaIbHON Haya bHOU 3aauu PelIeHHeM 3KCIIOHEHI[MAIbHO-IIOATOHOYHOM Pa3HOCTHOMN CXEMBI,
OIIPEAEIIAIOT HOBU3HY HACTOSIIEH PabOTHI.

Knrouesvie cnosa: nenokanbHas HadaabHas 3aga4da; paBHOMEpHaA yCTOfI‘{I/IBOCTb; PpaBHOMEpHAaA CXOAUMOCTb, MHOT'O-

TOYCYHOC YCJIIOBUE,; OKCIIOHCHIIMAJIbHAA IMMOATOHKA.
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A FINITE-DIFFERENCE INTERPRETATION
OF A NONLOCAL PROBLEM WITH A PARAMETERISED
FIRST-ORDER DIFFERENTIAL EQUATION

D. M. DOVLETOV?

*Independent researcher, Ashgabat, Turkmenistan

Abstract. In this work the nonlocal initial value problem and corresponding finite-difference interpretation for the
first-order linear ordinary differential equation with a parameter at the derivative is studied. The nonlocal initial value
condition is given by terms of multipoint linear combination. The difference scheme with exponential fit is proposed on
a uniform mesh. The article identifies the requirements on the location of nonlocal data carriers in the multipoint condi-
tion, on the values of corresponding coefficients and on the parameter variation interval, under which a uniform on para-
meter stability of classical and difference solutions, as well as a uniform on parameter convergence of difference solution
to classical solution are proved. The identification and proof of such conditions, which provide a uniform on parameter
approximation of the nonlocal initial value problem classical solution by the solution of exponentially fitted difference
scheme, define the novelty of the current work.

Keywords: nonlocal initial value problem; uniform stability; uniform convergence; multipoint condition; exponential-
ly fitted parameter.

BBenenue

B AaHHOM KpaTKOM 0630p€ HE 3aTparuBarOTCsA pa6OTBI, MMCIOIME OTHOIICHUE K HCJIOKAJIBbHBIM 3aJJa4daM
C HEJIMHEWHBIMU ,Z[I/I(b(l)epeHI_II/IaJ'ILHLIMI/I YpaBHCHUSAMHU U C YPABHCHHUAMMU B YaCTHBIX IPOU3BOAHBIX.
B HaCTOHHIeﬁ CTaTbC U3YyYarOTCsA ,I[I/I(i)q)epeHI_II/IaJ'IBHaH " pa3dHOCTHAA TPAKTOBKHU HEJIOKAJIbHOM Hadallb-

Hoii 3azaun uist ypasHennst eu'(x) + a(x)u(x)=f(x), x>0, ¢ mapamerpom & > 0 P HEJTOKATLHOM YCIIO-
m

B 1(0) — Y o,u(C, )= Pemenne auddepeHumanbHoii 3a5aun paccMaTpuBaeTCs U3 Kiacca (yHKImit
k=1

CI(O, +oo) NC [0, +oo). KoneuHo-pa3HocTHasI cxema BBIIMUCHIBACTCS HA PaBHOMEPHOM ceTke ¢ 1marom /1 > 0
1 COZIEPIKUT IapaMeTp 3KCHOHEHLIUAIBbHON OArOHKH. OnpenensoTcs 1 JOKa3bIBalOTCs yCIOBUS PABHOMEPHOI
0 MapaMeTpy € YCTOMYMBOCTH KaK KJIACCHYECKOTO PEIICHHUS U (x) muddepeHnnanbHOR 3a1a4u, TaK U pelie-
HHS U4; COOTBETCTBYIOIIEH Pa3HOCTHOI 3a1auu, HA OCHOBAaHUH KOTOPBIX JOKa3bIBAETCS PaBHOMEpPHAs MO Mapa-
METPY € CXOMMOCTb Pa3HOCTHOTO PEIICHUsI K KIIACCHYECKOMY PELICHHIO.

HccnenoBanus pa3muuHbIX TOCTAHOBOK HEJIOKAJBHBIX TPaHUYHBIX 33134 JUIsl JIMHEHHBIX OOBIKHOBEHHBIX
mddepeHmansHpIX ypaBHeHU B paborax [1-6] HaBOJST Ha BOIPOCHI O TOM, Kakue (GpakTopbl OyIyT BIUATH
Ha OJTHO3HAYHYIO pa3pelInMOCTh HEJIOKAIBHOW 3a/1a4u MPH HAJIMYWY [TapaMeTpa B YpaBHEHHUH, IPH KaKuX yc-
JIOBUSIX pelieHne Oyaet o0iafaTh CBOWCTBOM PaBHOMEPHOI 10 MapaMeTpy YCTOHYMBOCTH, KaKasi pa3HOCTHAs
cxema 00ecreynT paBHOMEPHOE 10 apaMeTpy JUCKPETHO-YCTOWYHBOE PELICHUE U OYAET JIK UMETh MECTO CO-
OTBETCTBYIOIIAs paBHOMEPHAS 110 apaMeTPy CXOAUMOCTh Pa3HOCTHOTO PElIeHUs K TU(PPepeHIInaILHOMY pe-
HIeHUI0. B 3TOM acriekTe, B 4aCTHOCTH, HEKOTOPBIE TIOCTAHOBKM HEJOKAJIbHBIX TPAHUYHBIX 3a/1a4 JIJIs THHEH-
HBIX YPaBHEHH BTOPOTO MOpPSKa C TapaMeTPOM MPU CTapiIei MpON3BOJHON U3y4yanch B paboTax [4; 7-11],
a HeJlOKallbHasl HauaJlbHAs 3a/]a4a JUIsl JIMHEHHOTO YPaBHEHHSI IIEPBOTO TIOPSIIKA C TApaMeTPOM ITPH MPOU3BO/I-
HOM paccMarpuBaiach B crarhbe [12]. B myOnukanusx [11; 12] uMeeTcsi COOTBETCTBYIOLINI TeMaTnke Onbno-
rpaduueckuii 0630p. YMecTHO OyneT 100aBHUTh, YTO B KHUTE [ 13] comepKuTcst mepedeHb paboT, KacaroInuXcst
Pa3IUYHBIX YHCIEHHBIX METO/IOB, BKIIFOYAsl HCTIONb3YEMBbIH B HACTOSIIIEH CTAaThe METOJT SKCIIOHEHIIUATIBHON MO~
roHk# [ 13, ¢. 20]. B 3aBepiiieHue TaHHOTO KPaTKOro 0030pa CTOMT OTMETUTh, YTO pe3yabTaThl pador [1] u [5],
[IOJTyYEHHBIE IPU U3YUECHUHN HEJIOKAJIbHOW KpaeBoOH 3a/1auu epBOro pona uist ypasHenus IlItypma — JInyBuis,
AKTyaJIbHO HCIIOJIB30BANIUCH B CTaThsX [14] 11 [15] COOTBETCTBEHHO IpU N3yUE€HUN OHO3ZHAYHON pa3peruMoc-
TH HEJIOKAJIBHOM KpaeBoil 3a7auu i ypaBHeHUs [lyacCoHa B IPSIMOYTOJIBHUKE.

Bce ynoMsiHyThIe UCCTieTOBaHNSI TaK WIIM WHAYE HAIICIHMIIN HAC HAa M3yYSHHUE ONMCAHHOW BhIIe GOPMYIH-
POBKH HEJIOKaJIbHOW HavyaibHOH 3amaun. [lis Takoi 3a1auu B paMKax HacTosIIel paboThl OyayT BBISICHATHCS
TpeOoBaHMs Ha PACHOIOKEHNE HOCUTENeH HeJIOKaIbHBIX JaHHBIX C, B 33JaBaeMOM MHOTOTOYE€YHOM Ha4aJIbHOM
YCJIOBUH, HA 3HAYE€HHSI COOTBETCTBYIOIIUX UM KO3 (PUIMEHTOB O, ¥ Ha MHTEPBAJ U3MEHEHUS ITapaMeTpa €, pu
KOTOPBIX ¥ Oy/IEeT JOKa3bIBaThCS PaBHOMEpHAs IO MapamMeTpy YCTOMYHBOCTH KJIACCHYECKOTO U Pa3HOCTHOTO
pelLIeHNH, a TaK)Ke paBHOMEPHAs I10 MapaMeTpy CXOAMMOCTb PEIICHHUsS] PA3HOCTHOM CXEMbI K PEeIIeHUI0 -
(depeHnanbHON 3a/1a4u.
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IMocTaHoBKa 32724 M 001IME Pe3YJIbTAThI

PaccmoTpum 3anauy

Lu(x) = su'(x) + a(x)u(x) =f(x), x>0,
- Yau()=e

B KOTOpou &> 0, a(x) € C[O, +oo), f(x) € C[O, +oo), a(x) >a>0, xe [0, +oo), meN, o, €R, (,eR,
0<<...<€,<X, k=1, ...,m, XeRu ¢ e R. Pemenue 3agauu (1) noapasymeBaeTcs KIaCCHYECKUM, T. €.

(1)

u(x)eC'(0, +0) N C[0, +). Ha paBHOMepHOii ceTke ¢ warom />0 3anaua (1) HHTepIpeTHPYyeTCs Pas-
HOCTHOM cxeMou

L'u;=¢0;(p)D,u; + au; = f;, i 20,

o [ui]zuo _kz_:lak |:eui§k +(1—9)uick+1}:(p, ?
B KOTOpOH D,u;= % i=a(x;), fi=f(x), x;=ih, nogronounsiii napamerp [13, c.20] o;(p)=
= pa; [1 — exp(—pg; )T], i>0, p= ﬁ 0<0<1, a Kax/bIll HOMEp i, 3amaeTcs HepaBeHCTBOM iy h<(, <
< (ick + l)h, k=1, ..., m, Ipu OTOM IHar A yIOBIECTBOPSET YCIOBHIO
h<A A=2"min{¢, ¢ =G . k=2,...m X=C,}. 3)
Berozty nasee OyaeM HCIIONB30BaTh 0003HaueH e o (X ) 11 GyHKIMK
w(x):exp[—s_lfa(t)dt], 0<x<+oo, 4)
0

C yuerom ¢opmyiisl (4) U COOTBETCTBYIOIIEr0 0003HaueHUs B 3a1aue (1) umeem
[o]=0(0) = 3 oyo(E;) (5)
k=1

Jlemma 1. Ilycms npu nexomopom & > 0 vinonnsemcs yciosue |€ [03]| >0 onsecex e€ E, ede E= {8, €> 0}
unu E= {8, O<e< é} npu uxcuposannom snavenuu €>0. Tozoa ona xkraccuyeckoeo pewtenus: 3adaqu (1)
CNpaseouea pasHoOMepHas N0 Napamempy € OYeHKd yCmouuueocmu

| ( )|<C |(p|+ max |f | 0<x<JX (6)
0<r<X
6 komopot koucmanma C He 3a6ucum om X u €.

HoxkazarensctBo. Mcxons u3 padotsl [12, p. 86], perienne u (x) 3amauu (1) cyliecTByeT, IpuyeM u (x) =

= v(x) + w(x), rae v(x) u w(x) SBIISIFOTCSL PELICHUSIMU 3a/1a4

Lv(x)zf(x), x>0, v(O)zO, (7)
Lw(x)=0,x>0, ([w]=9—(]v], (8)
COOTBETCTBEHHO. 7151 v(x) u w(x) AMEIOT MECTO CJICTYIOITHe OleHKH 1 (hopmyisl [12, p. 88]:
|v( |<alor<nta<xx|f | 0<x<X, 9)
-1

|€[v]|£a [;|ak|j0£na<xx| , (10)

w(0)=1[u] (o~ []) (an

w(x):w(O)(D(x), 0<x<X. (12)
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Torma, ncronb3yst hopmyist (9)—(12), ¢ yaeToM MOHOTOHHOTO YOBIBAaHHUS (DYHKITHH w(x) TTOJTy9aeM OIICHKY

w(x)| <87 o] +a” kz_:l|ak| 0r<na<xX|f(t) ,0<x< X (13)
[Tpumensist ouenku (9) u (13) B HepaBeHCTBE TPEYTOJIbHUKA |u (x)| < |v( | |w | yOexxaaeMcst B CripaBeiiu-

BOCTH OIICHKH YCTOMYIMBOCTH (6) ¢ HE 3aBHCSIIEH OT x 1 € kKoHcTaHToi C. Jlemma 1 mokazaHa.
Bcrony nmanee nox o; mogpasymeBaeTcst ceToqHasi QyHKIHS, onpeersieMast GopMyion

i—1

®; = exp —pz a(xj) ,i>0, 0p=1. (14)
j=0

C yuetom dopmyiel (14) 1 0003HaYECHUS JIJIsl pA3HOCTHOTO aHAJIOTa OIepaTopa HEJOKAIBLHOTO YCIOBHS B 3a-
nade (2) umeem

o ]=mp =D ay [Omigk+(1—9)coi€k+l}. (15)
k=1

Jlemma 2. Ilycmo npu nexomopwix & > 0 u h >0 gvinonnsemes yeaosue ‘Eh [mi]‘ >8 onsecex h<hueek,

20e E= {8, €> 0} uw E= {8, O<e< é} npu guxcuposannom suavenuu € > 0. Toeoa 0nst pewienust pazHocmuou
3a0auu (2) cnpasednusa pasHOMepHAs No Napamempy € OyeHKa OUCKPEMHOU YCMOouYU80Cmu

lu; |<C(|(p|+ max ‘f(x

0<jh<X

)),Oﬁihﬁ)(, (16)
¢ ne zasucsueii om i, h u € koncmanmoti C.
HoxazaTenbcTBo. PaccMoTpuM iBe pa3HOCTHBIC 33/1a9U:
L'vi=f(x;),i20,v,=0, (17)
h . h h
L'w,;=0,i>0, "[w]=9—"[v]. (18)
Pemenne 3agaun (17) ecTh He 4TO MHOE, KaK pelIeHne anreOpandeckor CUCTEMbI YpaBHEHUH

Vvo=0,vi=F,, v, +sv,=F,i=1..,n-1

rae s;= exp(—pai), F = [1 — exp(—pg; )]fia;l, i=0,....,n-1,n= [%J, OIIPEZIENIAEMOE M3 DTOM CHCTEMBI

€IMHCTBEHHBIM 00pa3oM. OIHO3HAYHO pa3peinMoi sBisieTcs U 3anada (18). B camom nerne, HCTIONB3yA METOL,
MAaTEMATHYECKOH HH/IYKITHH, HECIIOKHO YOGIUTHCS B TOM, UTO PEIICHHE PA3HOCTHOTO ypaBHeHws L w;=0,i20,
HUMEeT BUJT

w;=wyo;, i 20. (19)

[Tockonbky o [wi] # 0, To n3 3agaun (18) ¢ yuerom popmysl (19) monygaem Gopmyiy

wy =" [o; ]7l ((p — "y, ]), (20)

€IMHCTBEHHBIM 00pa30M OINPEACIAIOUIYIO W, & 3HAYUT, U pelieHue w; 3a1a4u (18). YuuTsiBas BbILIENIPUBE-
JEHHBIC PACCYKACHHS U TOT (DaKT, YTO ceTOUHast PyHKIMA u; =V, + W;, i = 0, ABIAETCS PEIICHUEeM Pa3HOCTHON
3agauu (2), IPUXOAUM K BBIBOJY, YTO U pa3HOCTHAs 3a/a4a (2) OyJaeT 0HO3HAYHO Pa3peIinMOn.

s perienns 3apauu (17) cripaBeiiviBa paBHOMEpHas 1o mapaMeTpy € > 0 olleHKa yCTOHYUBOCTH (CM., Ha-
npumep, [13, c. 26])

v|<a” max |f(x ), 0<ih<x, @1)
0<jh< X
U3 KOTOPOU CIEAYET, UTO
" v ]| <a Z ot | o?}?’fx‘ ()} (22)

Tak kax npu i > 0 quckpeTHas GyHKLIUS ©; ABISIETCS HOJIOKUTEIBHON U K TOMY K€ MOHOTOHHO yOBIBAOIIEH,
TO, Mconb3ys popmyisl (19)—(22), monyyaeM OLEHKY
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m

|wl.|£6_1 |(p|+a_1 Z|ak| max ‘f(xj)
k=1

0< jh<X

,0<ih< X, (23)

, 120, c yauerom orieHOK (21) u (23)

HE 3aBHCALIYIO OT 3HaUeHuH € € E. Hakonen, n3 HepaBeHCTBa |ul| < |vl.| + |wi

CJeIyeT paBHOMEpPHAs OIEHKA TUCKPETHOM ycToWuuBOCTH (16) ¢ He 3aBucsIIeH oOT i, # u € koHcTauToit C.
Jlemma 2 moxazaHa.

Bcerony nanee npu Jj0ka3areibCTBe HUKECIISAYIOIICH TEOPEMbI ¢ IPUMEHECHHEM METO/Ia JIBYX CETOK OyIyT
UCIIOJIB30BATHCS 0003HAYCHHUS CETOUHBIX (DYHKIIUH:

° uih, vih , wl.h — pemenus 3ana4 (2), (17), (18) Ha pa3sHOCTHOH CETKe ¢ IIaroM / (M 3HAYE€HUE B CETOUHOM y37Ie

C HOMEPOM i) COOTBETCTBEHHO;
h o h o h

h . h
® u},, v, wi, — petuenus 3aa4 (2), (17), (18) Ha pa3HOCTHOII CeTKe ¢ marom 5 (v 3HaYEHUE B CETOYHOM

y3JIe C HOMEPOM 2i) COOTBETCTBEHHO.
Teopema 1. [lycmo a(x) € Cl[O, +oo), f(x) € CI[O, +oo) unpu 8> 0u h>0 evinonnaomes odba HepaseH-

cmea |€[c0]| 20 u ‘Kh [031.]‘ >8 o ecex h<hu eeE, 20e E= {8, €> O} um E= {8, O<e< §} npu guxcuposar-

Hom 3uauenuu € > 0. Toeda pewenue ul.h 3a0auu (2) pagnomepHo no napamempy € CXOOUMCsL K peueHuro u (x)
saoayu (1) max, umo npu h — 0 cnpasedrusa oyenxa

[u(in) - uf|<Ch, 0<in< X, (24)

¢ He 3asucsueil om i, h u € koncmanmoti C.
JlokasaTtenbcTBo. 3anumenm peurenne 3axaun (1) B uae u(x)=v(x) + w(x), rue v(x) — pemenue 3a-

nmaan (7), a w(x) — pemenne 3ama4u (8). B cBoI0 ouepenp, pelieHne pasHOCTHOM 3amaun (2) 3amuineM B BHJIC

ul.h = v,.h + wl.h , Te v,.h — pemenue 3agaqn (17), a w,.h — pemenue 3amaun (18). U3BectHo [13, ¢. 22], 9T0 pa3HOCT-

HoOe pemieHue 3ana4du (17) paBHOMEPHO 10 mapaMeTpy € € E cxomautes K pemenunto 3aaaqn Komm (7) Tak, 9to
npu h — 0 nMeeT MecTo OIleHKa

‘v(xl.h)—vih‘SCh, 0<ih< X, (25)
C He 3aBHcAIIEH OT i, & 1 € koHcTaHTON C. Tak Kak B CHITy HEpaBEHCTBA TPEYTOJIHHHUKA

‘u(xh) —uh‘s‘v(x-h)—vih‘ + ‘w(xl.h)—wh

1 1 1 1

>

TO C YYETOM OIICHKH (25) /TS MTOKa3aTeIbCTBa OLEHKH (24) mocTarodHo OylaeT YCTaHOBUTH PABHOMEPHYIO 110
napaMeTpy € CXOJUMOCThb wih K w(x). Ji1st 5TOTO TIpeKIe BCETO JOKAKEM OIEHKY

‘w(xih ) - wlh‘ <C,h, (26)

B KOTOpO# KkoHcTaHTa C, HE 3aBUCHUT OT I U h. JI1s 1OKa3aTenbCTBa OUEHKH (26) BOCIONIB3yeMCs OLIEHKOM
[13,c.29]

|v’(x)|SC 1+ s_lexp(—%j ,0<x<X,

U3 KOTOPOM IpH J1000M (PUKCUPOBAHHOM 3HAYEHHH X € (0, X ), B TOM YHCJIE IIPH X, = E(;], BBITEKAET OLICHKA

|v’(x)|SC, Xo<x<X, (27)

. . 1
C He 3aBuUcsLIe OT x U € KoHcTaHTOi C. Bibupas x, = ECI, a 3aTeM YUUTBIBas OLCHKY (27) mpu pa3ioKeHHH

B psag Teinopa GyHKIMN v(x), MOJTy4aeM COOTHOILLCHHMS

v(Qk) - vl.}ék = v(igkh) -+ O(h), V(Ck) - v,zkﬂ ZV((iCk + l)h) — vzkﬂ + O(h),

(e
MCTIOJIH30BaHNE KOTOPHIX B COBOKYITHOCTH C OIIEHKOH (25) MPUBOANT K OIIEHKE
()= "V ]=0(h). (28)
W3 sBHOTO MpeAcTaBICHNS PEIICHIS HeTOKaIhHOM 3a1a4m (8) ¢ MpuMEHEHHEM HEpaBEHCTBA
texp(—1) < C(0)exp(—61), 1[0, +), 8 (0,1),
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[0JIy4aeM, 4To
X

0
|w'(x)| < C(e)a(x)x|w(—)|exp(—s_16ja(t)dt], 0<x<X. (29)
[a(t)ar 0
0
Ortcrona, yuntsiBast popmyasl (4) u (8)—(10), B ciry nemMmsbl | mmoydaem OIeHKY
w(0) < c(|<p| v may | f(x)|j,

B KOTOpOi koHcTaHTa C He 3aBUCHT OT x U €. [Ipu mobom QukcupoBaHHOM X, € (0, X ) 9Ta OLIEHKAa BMECTe
C HEpaBEHCTBOM (29) NPUBOJUT K OIIEHKE

|w'(x)|SC, Xo<x< X (30)
Bribupas x, = lgl 1 UCTIONB3Ys oneHKy (30) mpu pasnokeHuu B psix Teitropa GpyHKImm w(x), ITOJTy9aeM CO-
OTHOIIICHHE
o] = ¢ [w(f ) [ o(n), 31)
B KOTOPOM O(h) HE 3aBHUCHT OT €. [loCcKOIbKY

Lol ) =l ] = ol )] = (o= [ J) ==( ] = £ () ]) = (eDv1 - o2 )

TO ¢ yuetoM (opmyn (28) u (31) mosmyyaem COOTHOIICHUE

Kh[w(xih) —wih}:O(h). (32)
[puHUMas BO BHUMAHKE TIOTPEIIHOCTH anmpoKcHMartun s L', uveem
L (w(xl.h)—wih)=08(h), o [w(xih)—wf’}=0(h). (33)

WuTepnperupyst ceTouHyIo (QyHKIHIO W;h = w(xih ) — W' Kkax peuienre pa3HocTHOH 3a1a4un (33) U mpuMeHsist

i
JIOKa3aHHYIO OTICHKY (16), momy4yaeM jkelaeMyto OmeHKy (26).
Tenepb NpUMEHUM METOJI JIBYX CETOK, YTOOBI JI0Ka3aTh PABHOMEPHYIO 110 IApaMETPy € OLICHKY

‘w(xih) - wf" <Ch. (34)

Lh(w —Wih}

CrpaBeJyIMBa MPH HE 3aBUCSIICH OT i, # 1 € kKoHCTaHTe C. UTOOBI yOeAUThCS B CIIPABEITMBOCTH OLileHKH (34),
JOCTaTOYHO JI0Ka3aTh OLICHKY
h
h 2 h
l {Wz,- -W, }

B KOTOpO# koHCTaHTa C He 3aBUCHT OT I, & 1 €. B camomM zene, eciiu MMeeT MecTo oreHka (36), To, yauTsIBas
h

otieHKY (35) u npumeHsist orieHKy (16) k ceTouHO# (hyHKITUH Wih = WZ - wih , TIOJTy4aeM KeJIaeMYI0 OIICHKY (34).
Jiis nokasarenbeTBa OleHKH (36), HCIIONb3Ys PAaBEHCTBO

h nloh wloh [ n n[oh Wl h
4 W22i =2 W22i —| £ W22i — 0 W22i =¢—(? V22i —| W22i — 0 Waoi | |»

11oJIy4a€M COOTHOIIEHHUE

h h[ h] hl h h
o {wzzl - wlh} = —[62 {vfl — ¢ [vﬂ] - [fz {wzzljl — " {WZZID (37)

W3BectHo [13, ¢. 23], uTo o1eHKA

ISR

<Ch (35)

I

< Ch, (36)

N

Tak kax
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TO C YIETOM OIICHKH (25) UMeeM COOTHOIIICHUE

h
v3 —vfzo(h)+0(§]. (38)
Taxum ke 00pa3oM yCTaHaBIMBAETCA U TOT (DaKT, 4To [uIst MO0 Touku § € {Cl, s Cm}
h
> h
V22i€+1 - Vilz =O0(h)+ O(Ej’ (39)
. h
v =0(h) + o@. (40)

Taxk, Hanpumep, cooTHomeHue (39) nomydaercs NpU UCIONb30BAHUU OLEHOK (25) u (27) ¢ BEIOOpOM X, = —(;1
TpH pasToKeHnH QyHKImH v(x ) B psan Teiinopa:
h h
5 h h .
\}221.g+l ZC_V(’Ch) +v21 +1—v(21C 2) O(h)+0( j CEZQ.
AHanmornyHo ycTaHaBiauBaeTcs U cooTHomeHue (40). Hanee ¢ yaerom cootHomennii (38)—(40) umeem
w[ n

v = = o(h). (41)

C npyroi CTOpOHBI, HOCKOJIBbKY
Rl h LA
2\ wh | =" |:Wlh:| =—| ([w]- 02| w3 ||+ (f[w] A [w,h}),
TO, yuuThIBast cootHomrenus (31) u (32), momydaem

h h
21w | =" [wl |=0(h). (42)

Torma ¢ yaetom opmyn (41) u (42) onienka (36) BbITekaeT U3 cooTHoeHus (37). YcranosiaeHHbIe OLEeHKH (35)
h

1 (36) TIO3BOJISIFOT IPUMEHUTH OlIeHKY (16) K ceTouHOl (yHKIUN Wih =wj — wl.h , THTEPIPETUPYEMOH KaK pe-

IICHHUE Pa3HOCTHOM 3a1a4n

2w =o(n), ' [ W' |=o(n),

1 B UTOI'C NMMOJTYYUTH OLICHKY

N>

—w'|<Ch, (43)

S

B KOTOpO# KoHcTaHTa C HE 3aBUCHUT OT i, & U €. B cBOIO ouepens, u3 o1eHku (26) caemyeT, 4To

lim [w(ih) - w]|=0. (44)
h—0
Hakoner, orenka (43) u nipeelibHOE PaBeHCTBO (44) MO3BONSIFOT YTBEPKIaTh (CM. Teopemy 5.1, mpuBescH-
Hylo B pabote [13, c. 21]), uTo paBHOMEepHas 1Mo nmapameTpy € oneHka (34) ycranosneHa. OKOHYATENBHO U3
oreHOK (25) u (34) crenyer olleHKa paBHOMepHOM cxoaumocTu (24). Teopema 1 moka3zana.

OTmeTHnM, 4TO B TeopeMe |, Kak u B ieMMax | 1 2, HUKaKue OrpaHuYeHUs Ha 3HAK MU BEINYUHBI KO3 du-
IIUEHTOB O, k=1, ..., m, He HAKJIaIbIBAIOTCSL.

HesoxaiabHoe yciaoBue ¢ KO3(p(PUUHEHTAMH 0OAHOI0 3HAKA

Paccmotpum ciyvaid, koraa 3aga4a (1) u ee pazHocTHast mHTepnpeTanus (2) IMEIOT B HEJIOKaJIbHOM Hayallb-
HOM YCJIOBHH Bce KOdhPULUEHTHI o, k=1, ..., m, ogHoro 3Haka. B pabore [12, p. 85-86] naHo onpenenenue
KPUTHYECKOTO 3HAYEHUs IapameTpa, KOTopoe OyAeT MCIOIb30BaThesl U B HacTosIel ctarse. s ynobcTBa
IPUBEJEM 3TO OIPECICHUE.

Onpenenenne. 3HaueHue £* napamerpa g, € > 0, OyaeM Ha3bIBaTh KPUTHUECKUM, €CIIH TIPH € = £* HEJTOKaJIb-
Has HauanbHas 3a1a4a (1) He UMeeT eAMHCTBEHHOE KIIaCCHUECKOe pellieHHe.
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UzectHO [12, p. 86—87], uTo ecin 3anada (1) nMeeT B HEMOKaIbHOM HAaYaJlbHOM YCIOBUH K03 duImeH-
m

TBI TOJIBKO OJHOTO 3HAKa U IPHU dTOM Z o <1, To KpUTHIECKOTO 3HAYEHHUS ITapaMeTpa HET M IPU KaKIOM
k=1 m
g€ (O, +oo) 3ajmada (1) umeeT eMMHCTBEHHOE KJIACCHYECKOe pellIeHHe, eClU ke Z o, >1, To KpuTHYECKOE

3HA4YCHUC MapaMeTpa HCIPEMCHHO €CTh U IPUTOM B €JMHCTBECHHOM YUCJIC. k=1

Teopema 2. [Iycmb umeromca kosghgpuyuenmor o, k=1, ..., m, 00Ho20 3Haxa u vinonnsemcs 00HO U3
CNeOYIOWUX YCIOBUIL.

m
1. —o< Zock<1,a>0.
k=1 -1

2. iak21,0<gsa§=agl-2f‘ In iak ~In(1-3)| ,0<d<L
k=1 k=1

Toeoa pewienus 3a0au (1) u (2) aenaromesn pasnomepHo ycmouuusviMu no napamempy €. Ecau k momy orce
a(x) € CI[O, +oo) u f(x) € CI[O, +oo), Mo pasHoCmHoe peuieHue 3a0adu (2) pagHoMepHo no napamempy €
CXO0UMCsL K KAACCUYeckomy pewenuto 3aoaquu (1).
Jloka3aTenbcTso. Beenem o603HaueHme o = z oy

k=1
1. I[TycTs BEMoHEHO yenmoBue 1. Tak kak —oo < o < 1, To, yuutsiBas Gopmyitsl (4) u (5), umeeM

1>0mpu —o<a <0 Ve>0,
E[O)]Z 45)
l—-a>0mpu O0<a<1Ve>0.

C yueroMm cooTHoureHus (45) B cuty aeMMmsl | uist permenus 3agaqn (1) Oyaer cnpaBeyiiBa paBHOMEpHast 1O
napametpy € > 0 oueHka ycroiuuocTd (60). [lanee B CHITy HOpPsIIKA PACIIONIOKEHUSI HOCUTENEH HETOKATbHBIX
NMaHHBIX U yciaoBus (3) morydaeM

0<ig <ig +1<...<ip <ip +1<X.

Ucxons u3 aToii ynopsimoueHHOCTH B (popmyrsl (15), Oyner MMeTh MECTO COOTHOIIEHNE

" 1>0mpu —o<a<0 Ve>0,
l [0)1.] > (46)
l-a>0mpu O<a<1Ve>0,
MIOCKOJIbKY B cuity (hopmyiiel (14) cerounas GpyHKUus o, IBISETCS MOJIOKUTEIBHON U CTPOTO YOBIBAIOLIEH, T. €.
Wy >...>0,>0;,,>...>0,i>0. (47)

Teneps, npumeHss 1eMMbI | 1 2 COOTBETCTBEHHO, MOJy4yaeM pPaBHOMEPHBIE 110 MapaMeTpy € OIIEHKH yCTOMN-
yuBocTH (6) 1 (16), ¢ yueTOM KOTOPBIX, HCIONB3YS TeopeMy 1, yCTaHaBIMBaEM PaBHOMEPHYIO [0 apaMeTpy €
CXOAMMOCTh PA3HOCTHOTO pelIeHus 3a7a4u (2) K KJjaccuueckoMy perieHuto 3aaaqu (1).

2. Ilycts BeInosHEHO ycnoBue 2. Toraa ¢ yueToM NoaoKuTeabHOCTH Kodddunuentos o, k=1, ..., m, Mo-
HOTOHHOTO YOBIBAaHHSI ¥ MTOJIOKUTEILHOCTH (DYHKITUH m(x), a TaKk)Ke OrPAaHMYCHHOCTH CHU3Y TIOJOKUTEIBHOM
GbyHKIMH a(x) I10JIyYMM HEPABEHCTBA

ag,
E[(D]Z(D(O) - aw(Cl)Zl—anp(—T). (48)
Hecnoxno yoeauTthest B TOM, uTo Aiist oL > 1 ipu & Takom, uto 0 < & < 1, HepaBeHCTBO

1- aexp(—%gl)ZS

OyZieT BBIIIOJIHEHO AJIsl BCEX 3HAUCHUH €, ynoBiIeTBOpsAomuX TpeboBanuio 0 < € < g, r1e

g = aCl[lna —In(1- 6)]71,

a 3Ha4UT, B CWJIy HepaBeHCTB (48) juis 3HadeHui napamerpa 0 < € < g, OyZieT BBIIOIHEHO 1 HEPABEHCTBO ¢ [0)] > 9.

C npyroii CTOpOHBI, yUUTbIBast yCioBHe (47), OI0KUTENbHOCTh BCeX KOAGPHULUNEHTOB O, k =1, ..., m, ynops-
JOYEHHOCTh HOCUTEJICH HEeJIOKaJIbHBIX JaHHBIX C;, i =1, ..., m, OTPaHUYEHHOCTh CHU3Y ITOJOXHUTEIbHOH (QyHK-
1017071 a(x), a TaKoke UcTob3ys Gopmyny (14), moiaydyaem COOTHOIICHUE
ai, h
h G
1>1-aw, >1- -
"o ]21 aw; 21-aexp| ——2—|,
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U3 KOTOPOTO C Y4eTOM yciioBHs (3) BEITEKaeT HEPABEHCTBO
oh [CO[]ZI—OLGXp[—C;—CI). (49)
€

HecnoxHo yoeautscest B TOM, 4To 17ist oL > | ipu & Takom, 4To 0 < § < 1, HepaBeHCTBO

1- ocexp(—az_CIJZS

€
6yZ[CT BBITIOJIHEHO JIJISI BCEX 3HAYCHUU €, YAOBJICTBOPAIOIINX Tpe60BaHI/IIO 0<e< €y, IIC

_ -1 -1

g,=al- 27 Ino—In(1-38)]"",
a 3HAuuT, B CWIy HepaBeHcTBa (49) g 3HaueHuil mapamerpa 0<e<g, OyneT BBIIOJIHEHO U HEPABEH-
ctBo (" [coi] > 0. B urore u3 ycraHoBieHHBIX (DaKTOB CieAyeT, 4To AJisi 3HadeHUi mapameTpa 0<g < g, rae

E= min{sl, 82}, T. €. IIpU € = €,, OyAyT BBIIOJIHEHBI 002 HEPABEHCTBA / [(;)] >8u " [(;)i] > 8. Haxonen, mpume-

Hsis1 IeMMBI | 1 2 COOTBETCTBEHHO, YOKIaeMcs B CIIPaBeTMBOCTH O1IeHOK (6) 1 (16), 03Ha4aromux paBHOMED-
HYIO I10 [TapaMeTpy € yCTOMYUBOCTD petneHwmii 3a1a4 (1) u (2), a 3areM, UCIob3ys TeopeMy 1, ycraHaBIHBaeM
PaBHOMEpHYIO 10 napamerpy €, 0 <€ < g, cXOOUMOCTh Pa3HOCTHOTO pPelIeHHs 3aa4n (2) K KIaCCHUYECKOMY
pemenwro 3amadn (1). Teopema 2 mokasana.

OTMeTHM, YTO BBINIEUCTIONH30BaHHBINA OAXO/ K JOKa3aTEIbCTBY TEOPEMBI 2 33/1aeT OrpaHUIHBAIOIIEe T1a-
pameTp 3HaueHHe € MCHBIINM, YeM KPUTUYECKOE 3HAYCHHE TapaMeTpa.

HeJsiokanbHoe yciaoBue ¢ KO3 PUIUEeHTAMU Pa3HOro 3HAKa

PaccmoTprM oCcTaHOBKY HEOKAIbHOW HauaIbHOM 3a/1a9M U €€ Pa3HOCTHYIO TPAKTOBKY MTPH HATHYMH KO (]-
(bMIIMEHTOB pa3HOTO 3HAKA B HEJIOKAIHHOM HadaJbHOM YCIOBUHU. He Tepsis o0IHOCTH, OyJIeM H3y4aTh 33139y

Lu(x) = su'(x) + a(x)u(x) = f(x), x>0,
()= ()~ T (&) + X pyu(n,)=o

e £>0, a(x)eC[0, +0), f(x)eC[0, +©), a(x)2a>0, xe[0, +o),n e N,n>1,m e N,m=>1, o, >0,

Cke(O, X), k=1, ..., n, Bp >0, npe(O, X),pz 1,...,m, X€R u @€ R, npu 5TOM OyJIeM CUNUTATh, YTO BCE
HOCHTEJIM HEJIOKAIbHBIX JTAHHBIX PA3IMYHbI MEXy COOOM.
Pa3nHocCTHYIO TPaKTOBKY 3a/1aun Ha paBHOMEPHOM ceTKe ¢ marom / > () 3armuiieM B BUJIE

(50)

L'u; =ec,(p) Dy + au; = f, i 20,

1

Plu]=uy =Y a bu, +(1-0)u, ., [+ 3 Bp[euinp+ (1—e)u,.np+l}:(p,
k=1 =
(“i+1_”i)

h
i>0, ng,ogeg.

HaKOHeI_I, B IMTOCTAHOBKC 3aaa4Hn (50), HE Tepss O6I_I_IHOCTI/I, CUHUTACM, YTO HOCHUTCIIN HCJIIOKAJIBbHBIX TaHHBIX
YHOopsiaA04uCHbI B BUJC

(1)

e D, u, = ,a;=a(x;), f:=f(x;), x,=ih, a noaronouHsIii napamertp o; (p) = pa; I:l - exp(—pa; ):l_l,

0<{<...<(,<X,0<n, <...<n, <X, Ckinp,k=1,...,n,p=1,...,m, (52)

a B pa3HOCTHOMU 3aa4c (5 1) COOTBETCTBYIOIINEC TOUYKAM Ck " T]p HOMEpa le n lnp 3a1acM HCPaBCHCTBAMU

i h<Go< (i, +1)h k=1, m, iy h<m, <

np+1)h,p=1,...,m,

ITPpHU 3TOM Ha HIar CETKHU HaKJIaJAbIBAEM CJIICAYIOLICC Tpe6OBaHI/Ie (z[anee — yCJIOBUC Ha h) mar 2 CTPOIro MCHLBIIIC
TOJIOBUHBI JJIMHBI HAUMCHBIICTO PAaCCTOAHUA MCKAY IMapaMu, COCTABJICHHBIMU U3 PA3JIMYHbIX TOYECK MHOKECTBA

{0, 81y oy G My e My X
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B nanpreiitem ¢ yuetom dhopmyn (4) u (14) Oynem ucnonb3oBarh GOPMYITbI

fo]=0(0) - Y a,0(,) + iﬁpw(np), (53)
k=1 p=1
ﬂh[w»]zwo—iak[ew- +(1-0)o, , |+ ZB [603 +(1-8)o 1} (54)
l k=1 ks lc i ’n oy

KOTOpBIC BHIMIMCAHBI B COOTBETCTBUH ¢ 0003HaYeHUIMH B 3a1a4ax (50) u (51).
Cnepsa paccmotpuM 3aaa4u (50) u (51) npu ycnoBuu, 4to

N <Gy (55)
TeopeMa 3. Hycm:; umMeemcs YnopsaooueHHocms (35) u blnoaAHAEMCs OOHO U3 CLeOVIOWUX YCA0GULL.

1. —0< Zock ZB <1,&>0.

k=1 p=1 -
Z.Z(Xk ZB 21, 0<e<g g=amn,|n ZGk—ZBp —111(1—8) ,0<d8<1.
k=1 k=1 p=1
Tozoa kraccuueckoe peutenue 3adauu (50) u pazsnocmuoe peutenue 3adauu (5 1) A61810mcs pagHoOMepHO YCmOoti-
uugbLIMU no napamempy €. Ecau k momy dice a(x) eC' [O, +oo) u f(x) € CI[O, +oo), mo pewterue 3a0ayu (51)

PABHOMEPHO NO napamempy € cxooumcsi Kk peuteruro 3aoaqu (50). ”

HoxaszarenscTBo. byreM ucnonp3oBaTh 0003HAYCHUS O = Z o, B= Z B,-
k=1 p=1
1. ITycTs BeImOHEEHO yemoBue 1. Tak kak —oo <o — B <1, To u3 Gopmynsl (53), yanuteiBas yciaoBus (52)

u (55) u cBoiicTBa PyHKIMU m(x), M0JIy4aeM HEPaBEHCTBO
(o]21-0() Y o+ () D B, 21— (a—B)o(),

k=1 p=1

13 KOTOPOTO CIIEYET CIIPABEATUBOCTh COOTHOIICHHS
1>0npu —o<a— B0 Ve>0,
o]z

1-(o—PB)>0mpu 0<o—P<1Ve>0.

Haiee B cuuty hopmyssl (53), yenosuii (52) u (55), a Takxke yclIoBUs Ha I UMeeM
0<i, <iy +1<...<iy <iy +1<i, <i +1<...<i <ip +1<X. (56)

Torna u3 popmyasl (54) ¢ yuerom yciosuii (47) u (56) moiryyaem HepaBEeHCTBO

]>1— Zak+m ZB >1-(a-B)o

U3 KOTOPOTO CJEAYeT CIIPaBeUIMBOCTh COOTHOIICHHUS
fh[(x) ]> 1>0mpu —o<a—P<0Ve>0,
“|1-(a-PB)>0mpu 0<o—P<1Ve>0.
IMpumensist teMMbl 1 1 2 COOTBETCTBEHHO, MOJIYYaeM PaBHOMEPHBIE I10 TTAPAMETPY € OLIEHKH YCTOWYHBOCTH (6)

u (16) perrennii 3aga4 (50) u (51) COOTBETCTBEHHO, a 3aTeM, HCIIOJb3ys TeopeMy 1, yCTaHaBIMBaeM paBHOMEP-
HYO T10 TIapaMeTpy € CXOIUMOCTh Pa3HOCTHOTO perieHus 3a1a4u (51) K kiaccudeckoMy perieHuto 3auadu (50).

2. Ilyctp BbImonHeHo ycioBue 2. C yuyeToM CBOMCTB (PyHKITUU co(x), OTPaHWYEHHOCTH (YHKIUU a(x),
a Taroke ycaosui (52) u (55) u3 dpopmyist (53) caenyer, 4ro

(o] 21 (a - B)o(n,) 21 - (a- B)exp( ”mj 57

Hecnoxuo yoenutbes B ToM, 9To A1t o — 3 > 1 ipu 6 Takom, uto 0 < & <1, HepaBeHCTBO

1—(a- B)exp( ”'"] 8
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OyzeT BBIIIOJIHEHO JUISl BCEX 3Ha4Y€eHUl €, yoBIeTBopstolux TpedoBanuio 0 < e < g, rue

g =an, [ln(oc —B)—In(1- 8)]_1,

a 3HAuMT, B CUIy HepaBeHCTB (57) s 3HaueHuii napamerpa 0<g<g, OyleT BBIIOIHEHO M HEPABEHCTBO
[®]=8. C apyroii cropomsl, ¢ yaetom ycnoeuii (47), (52) n (55), orpannuennoctn Gynkimn a(x) u dopmy-
1wt (14) u3 hopmynsl (54) nmeem

alglh

"e;]21- (o — B)exp| —
Ortciona, mpuHUMas BO BHUMaHue ycinoBus (55) u (56), a Takxke yclioBHE Ha /4, IOJTy4aeM HEPaBEHCTBO

" ]21-(a- B)exp[ ”MJ

Hecnoxxuao yoenutbest B TOM, 9T0 st oL — 3> 1 mpu 6 Takom, uto 0 < d < 1, HEepaBEeHCTBO

1-(a— B)exp( j 5

OyZleT BBIIOJIHEHO AJIsl BCEX 3HAUCHUi €, ynopaeTBopstomux TpedoBanuto 0 < e <g,, rae

-1

gy=an,,[In(o—B)-In(1-3)],

a 3Ha4uT, IpH 0 < € < g, OyIeT BBINOIHEHO U HEPABEHCTBO o [(Di] > 5. B utore u3 BBIIEU3I0KEHHOTO CIIEIYET,
aro i €€ (0, €], tae E=min{e;, €,§, T. e. pu & =g, =¢,, OyAyT BhIONHEHB! 062 HepaBencTsa ([®]> 3
ul" [mi] > 8. Hakonen, npuMeHsist IeMMBbI | 1 2 COOTBETCTBEHHO, ycTaHaBIMBaeM oueHku (6) u (16), o3navaro-
II1e PAaBHOMEPHYIO 10 MapaMeTpy € € (0, é] YCTOWYUBOCTH perieHni 3amad (50) u (51), a 3areM, HCTIOIB3YS
TeopeMy 1, ycTaHaBIMBaeM paBHOMEpHYIO 110 mapametpy € € (0, 5] CXOAMMOCTB PAa3HOCTHOTO PEICHUS 3a/a-

g (51) x kaccuyeckomy perenuto 3aaadu (50). Teopema 3 nokazana.

[Ipu orcyteTBuM ynopsinodeHHoctH (55) B 3anaye (50), T. €. Ipu MPOU3BOIBHOM PACIIOIOKEHIH HOCHTENEH
HEJIOKaJIbHBIX JaHHBIX, JOKAKEM CIEAYIOIIee YTBEP)KICHHUE.

Teopema 4. Ilycmo svinonnsemcs 00HO U3 HUAHCENPUBEOEHHBIX YCOBUIL.

1. Zn:ock<1,s>0.

k=1 -1
2. Zock21 0<e<g e=al, -2 27 In Zock ln 1—6) ,0<6<1.
k=1
Toz0a pewenue 3a0auu (50) u pewenue 3a0aqu (51) asnsaromes pasHOMEPHO yCMOUUUBbIMU NO NAPAMEMPY &,
a eciu K momy ce a(x) eC! [O, +oo) u f(x) eC' [O, +oo), mo peutenue pazHocmuot 3adauu (51) pasnomepno

no napamempy € cxo0umcsi K pewieruio ouggepenyuanvou 3aoaqu (50).
JoxazaTenbcTBo. Jloka3zarensCcTBOM OyzeT popMaTbHOE TTOBTOPEHHE JOKAa3aTeIbCTBA TEOpeMBI 2. OT-

JIMYUS COCTOAT JIMIIB B TOM, 4TO / [(D] 3agaercs hopmyioii (53), £ [(n[] — (opmynoii (54), BMecTO COOTHOILIIE-
HUS (45) IMeeT MECTO TOJIBKO OJTHO HEPABEHCTBO:
([o]21-a>0,
a BMECTO COOTHOIICHUS (46) HCIONB3YeTCsl HEPABSHCTBO
h
) "[o;]21-a>0,
npu 3toM U 31eck O <a <1, o= Z o. Teopema 4 noxasaHa.
k=1
Teneps paccmorpum 3anady (50), koraa Ajst caydast # = m pacHoIOKEHHE HOCUTENEel HelOKaIbHBIX JaH-

HBIX C, UM, k=1, ..., n, 3aaH0 UepeayrommMcs 00pazoM. J{jis TaKOHUIHOCTH (hOPMYIUPOBKU HUKECTIELY O~
IIETO pe3ynbTaTa BBEJEM 0003HauEHUs

Vi =0 — P YI:ZZ_I [(“k‘ Bk) + |(Xk_ Bk']’ Y/ZZZ_I |:(ak_ Bk) - |0Lk_ B

DR EED N AT
k=1 k=1 k=1
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Teopema S. Ilycmon=m, M, < G, <N, k=1,...,n—1, 1, <, u sbinonnsemcsi 00Ho u3 cneoyouux ycioeu.
1.y <0(y,20),k=1,...,n —0<y<l, e>0.
2.7%20,k=1,...,nv21,0<e<g g=an, '271[1ny—ln(1—6)]
3.0<y <1, e>0. 1

4. y+21,0<8S§,ézans-271[lny+—ln(1—8)}7, §= min {k Vi >0}

1<k<n
5720, k=1,..,rv20k=r+1,...,n0<r<nreN, —o<y<l e>0.
6.7,<0,k<r,y,20,k>r,r<nreN, y21,0<e<§&=an,-2"'[lny-In(1-3)]
Ipu smom 6 ycnosusix 2, 4 u 6 3uauenue & maxoe, umo 0<0<1. Toeda kraccuueckoe pewenue 3adauu (50)
u coomgemcmayiowee pazHocmHuoe peuterue 3a0auu (51) Aena0mes. pasHOMEPHO YCMOUNUBLLMU HO NAPAMen -
DY €, a eciu K momy dkce a(x) eC' [O, +oo) u f(x) eC' [0, +oo), mo pasHocmuoe peuwtenue 3aoayu (51) pasro-

MepHO no napamempy € cXoOumcsi K kiaccuveckomy peuteruio 3aoayu (50).
JlokazaTenbCcTBO. YUuThBas IeMMHI 1, 2 U TeopeMy 1, TOCTaTOYHO JOKa3aTh, YTO MPHU KAXKIOM U3

IecTH yci1oBuii TeopeMbl BINONHsIOTCS HepasencTsa (@] 28 u "[w;]2 8. pexae Beero ¢ yuerom ¢op-
My (4) u (14), (53) u (54) COOTBETCTBEHHO TOIYYUM, YTO

4@ﬂ_zﬂ ﬂ—zn@w+uemwj (58)

1. [TycTh BBIMOIHEHO yCIIOBUE 1. Torma u3 HepaBeHCTB (58) BBITEKAIOT COOTHOLICHUS

-1

-1

1>0 mpu —o<y<0Ve>0,
([w]>

I-y>0mpu 0<y<1Ve>0,

1>0nmpn —o<y<0 Ve>0,
Eh[(o.]>{ p Y

C1=y>0nmpu 0<y<1Ve>0.
2. [lycte BEIMONMHEHO ycioBue 2. B aToM cirydae 3 HepaBeHCTB (58) cremyert, 4To

an, h an,
llo|=21-vyex AT o; 21— yexp| — .
[] v p( 26 J [o] Y p( e j
Orcrona ¢ yueToM Toro (hakTa, 4To mpu € = am; - 27! [lny - ln(l - 8)}_1 JUTS BCeX 3HaYeHuH mapamerpa 0 <e <&

BBITIOJTHSCTCS] HEPABEHCTBO
a
1-yexp Ll P 0,
2¢

umeeM (o] =8 u ("[w,]28.
3. [lycrk BeImoNHEHO ycnoBue 3. Torna u3 HepaBeHCTB (58) mpu € > () momyyaem
lo]z1-y">0, "[o;]21-y">0.
4. Ilycts BeImomHEHO yeinoBue 4. B aTom ciiydae n3 HepaBeHCTB (58) ciienyer, 4To
l[o]=1- y%xp( o j e ]21-y exp( ;: J,
e s = min {k Y > 0} Orcrona ¢ ydetoM Toro (pakra, 4To IpHU € = arn; - 2_1[lny+— In(1- S)T I BCEX

1<k<n
3HaueHui apamerpa 0 < € < € BBITIOIHSACTCS] HEPABEHCTBO

1- y*exp(—ﬂj >3,
2g
nomydaem £[w]>8 u Eh[mi] =9.
5. IlycTs BeMonHEHO ycnnoBue 5. Tormaa u3 HepaBeHCTB (58) BRITEKAIOT HEPABEHCTBA

f[w]21—m(m){§lvz )3 vk]%”[w]”— -M[Zlvk > yz],

k=r+1 k=r+1

M3 KOTOPBIX CICAYET, YTO
([o]=1-y>0, ("[o,]21-v>0.
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6. ITycTs BEIMOTHEHO yenoBue 6. B 3ToM ciydae u3 HepaBeHCTB (58) momyuaem

flo21-v0(n,)21-vexp - |, a1~ 0, 21-veup( -2 |

€ €

- _ -1 . -
Orcrona ¢ yaerom Toro (hakra, 4To IpH € = an, - 2 1[ln Y- 1n(1 - 6)] IUTS BceX 3HaYeHuH mapamerpa 0 < g <&

BBITIOJIHSICTCS] HEPABEHCTBO
a
1- yexp(—%j >0,

crenyert, uto [w] 28 u ¢"[o;]2 8. Teopema 5 nokasana.

Onenka oam3ocTH pemeﬂnifl HECJIOKAJBbHbIX HAYAJbHBIX 3a/1a4

Beenem 0003HaueHUA
E ={g, 0<e<oo} mibo E ={¢, 0<c<g},

E,={¢, 0<g <o} mbo E,={¢, 0<e<g,}.

Hanee OyneM monarathb, 4To (OPMYIHPOBKA KOKIOH U3 3a1a4

Lu, (x)=f(x), x>0, [”1] =Y (0)_ Zn:alkul (Ck)z(Pa e€k, (59)
k=1

Luz(x)zf(x), x>0, 62[u2]5u2(0) - Zn:aZkuz(Ck)ch, eek,, (60)
k=1

OTBEYACT BCEM YCIIOBHSIM, TpeOyeMbIM IpH o01ieii moctanoBke 3amauu (1). Taxke OygeM cunTarh, 9TO BCE yC-
JOBHS, TpeOyeMBbIe IPH MOCTAHOBKE Pa3HOCTHOM 3a1a9 (2), BBITOTHSAIOTCS U JUTA Pa3HOCTHBIX HHTEPIIPETanii
3anad (59) u (60), popMyTUpyeMbIX B CIEAYIONIEM BHIE:

Lhuf: =f,i20, Elh[ul[ J =uy - Z oy [9u1i€k + (1 — 9)u1_ :|= o, (o1)
k=1

Ll = 1,120, [ uy |=uy = 0y [eu% +(1-0)u, } = Q. (62)
k=1

Teopema 6. [lycmyv 015 nexomopozo & > 0 Hepagencmeo |€1[c0]| > evinonnaemcs npu ecex € € E|, a nepa-
BEHCMBO |€2 [(o]| 2 0 guinonnsemcs npu ecex € € E,. Tozoa ona pewenuii 3a0au (59) u (60) cnpaseonusa oyenka

n
oy — uy| < Cz oty = 0y
k=1
¢ koncmanmoi C, ne 3agucawjeii om x u napamempa € € E, 20e E = E, N E,. Ecnu k momy dice a(x) eC! [O, +oo)

L0<x<X, (63)

u f(x)e CI[O, +00), npu smom Ons & € E evinonnsiomcs nepagencmesa ‘flh[oai]‘ >du ‘Eé’ [0),.]‘ >3, mo 0na pe-
wenuti 3a0ayq (61) u (62) npu h — 0 cnpasedrusa oyenka

o, - uzi‘SCZ”Hoclk— Oy| + C'h, 0<ih< X, (64)
k=1

¢ koncmanmamu C u C, ne sagucawumu om i, h u €.
HJoxazarenscTBO. B cumy nemmsr 1 s pemrenust kaxmon u3 3aaa4 (59) u (60) BeITOTHSAETCS OlEHKA
ycToitanBocTH (6). 3anuireM pererns 3a1a4 (59) u (60) B Bune

u (x)=v(x) +w(x), uy(x) =v(x) + wy(x)

COOTBETCTBEHHO. 371ech ynkumu v(x), w;(x), w
Lv(x) = f(x), x>0, v(O) =0,
Lw(x)=0, x>0, El[wl]ch— fl[v],

0 (x) SABJIAIOTCA PCIICHUAMMU 3a1a4

sz(x)=0, x>0, Ez[w2]=(p—€2[v],

cootBeTcTBeHHO. C yuerom opmyi (4) u (12) umeem
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Or<r§c::1<x)(|ul uz(x)| < |w1(0) - w2(0)|.

YuutsiBas popmyny (11), moxydaem

WI(O) w2(0)

B uucnurene nocnenueit 1poou

(fafo] - 4le])o + L[] Ale] - 4[] L[]

el
(ta[o] - 4[o]) o= wz = o )0 (G
LBlale] - b)) {z « ][l—iamw@k )| Satco - Sootca
_ kzl (o — 1) Zalkv c, Z(xyco 6) - iaz,y L, Zaum 6)=

k#1

Z Oy — alk (Ck) + Z (Ohkazl_ azkalz)V(Ck)m(Cl):
= 1<k<n,
1</<n

Z:: oy — oy JV(Gy ) + % k |:(alk = Oy ) (o + 0y ) = (g — oy ) (o + 0ty )}V(Qk)m(Q )-

n’
n

H
~

—~

._.
AN
IA A

1
C yuetom 3T0TO
max |u1(x) . uz(x)| < |w1(0) - w2(0)| <

0<x<X
n
<87 {|(p| +a Or<nxa<XX|f |[1 +(n— 1)1r<n]f‘§n(|a1k| + |a2k|)}}kz::1|0‘1k ~ %okl

YTO 3aBEpIIAET JOKa3aTeIbCTBO OleHKH (63). [t moka3arenscTBa BTOPOTO YTBEPKACHUS TEOPEMBI BOCTIONb-
3yeMcs paBeHCTBOM
Uy — Uy =y — ul(lh) + Z/lz(lh) —uy + ul(lh) - uz(zh),

U3 KOTOPOT'O B CHJIy HEPABEHCTBA TPEYTOJILHUKA CIEIYET, YTO
‘”1,- — Uy ‘ S‘”l,. - ul(lh)‘ + ‘uzi - uz(lh)‘ + |u1(lh) - uz(lh)|.

[Ipumensis k mpaBol YaCTH TOCIEIHETO HEPABEHCTBA TeOpeMy 1, a TakKe yKe MOITyYEeHHYIO OIeHKY (63), 3a-
BepIIIaeM J10Ka3aTeabCTBO oreHkn (64). Teopema 6 mokaszana.

OTMeTHM, 4TO B OKa3aHHOH TeopeMe 6 OTCYTCTBYIOT KaKue-Tr00 TpeOOBaHMs Ha 3HAKH KOA(PPHUIINEHTOB
B HEJIOKAJTBHBIX HAYAIBHBIX YCIOBHAX 3a1a4 (59) u (60).

IIpumepbl 1 KOMMeEHTAPUM

B Hacrosiieit padoTe uMeeTcs cebliika Ha ctarbio [12, p. 86—87] (mepen onpenesicHueM KPUTHIECKOTO
3HAYEHUs), YKa3bIBatomas Ha AP deKT MosBICHNS KPUTHIESCKOTO 3HAYCHHS [TapaMeTpa IPH ONPE/ICIICHHBIX 3HaYe-
HUSX KOO PHUIIMESHTOB B HEJIOKAJIbHOM HA4aJIbHOM YCJIOBHH. IMEHHO 3TOT 3 PEKT U BIMACT HA (POPMYIUPOBKU
yCIIOBHUI TeopeMbl 2, a Take TeopeM 3 u 4. Ilpumeps! 3a1a4 Buaa (1), UMEIOMUX KpUTHYECKOE 3HAYECHUE,
npuBeAcHsbI B padore [12, p. 91, 97]. Orpannuenue cBepXy Ha BapUaIUIO €, HATPUMED, B YCIOBHH 2 TEOpe-
MbI 2 CBSI3aHO MIMEHHO C TPeOOBaHUEM € # £", IJie €° — 0003HaUCHUE KPUTUYCCKOTO 3HaueHus. B nonosiHeHue
K mpumepam pabots [12] npocnenum 3pdeKT mosBiIeHUs] KPUTUIESCKOTO 3HAUCHHS Ha IPUMEPe pPa3HOCTHON
TPaKTOBKH HEJIOKaJIbHON HaYaIbHOW 3a/a4u

su’(x) + u(x)zO, x>0, u(O)zau(C)+1, 0<C< X, a0,

umerolel pernenne u (x) = (E[m])_l exp(—%j mpu £[w] %0, ([o]=1- aexp(—%}. Buno, uto ecim —oo < . < 1

(ycnoBue 1 Teopemsr 2), To ¢ [co] >1 mns mro6oro € > 0, a ecnu o > 1 (ycmoBue 2 TeOpeMsbl 2), TO TOSBISIETCS
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g

KPUTHYECKOE 3HAUYCHHUE &° = o B OKPECTHOCTH KOTOpOTO  lim u(x) =+, T. €. Ipu € — €* — () OBeACHHUE
nao e—>g"-0

peleHus He OyeT paBHOMEPHO YCTOHUMBBIM 10 apameTpy €. I1o 3Toil npuunHe yxe 0Tcioa HanpamBaeTcst
BBIBOJI O TOM, YTO Pa3HOCTHAs cxema OyleT NpUMEHUMa 115 3HaueHuil napamerpa 0 < € <€, rae € Taxoe, 4To
€ <¢&". B cBOIO 0Yepeb, HEMOCPEICTBEHHO COOTBETCTBYIONIAs IIPUMEPY PAa3HOCTHAS CXeMa

X

g0 (p) D.u; +u; =0, uy — oury =1, s(p)=p[1- exp(—p)]_l, h==",

h<2'min{¢, X}, i, e N, ih << (i +1)h

MMEET PeleHUE U, = (ﬁh[mi])il exp(—ip) mpu £"[w;]# 0, ("[w;]=1- ocexp(—icp). Busno, 4To eciu —oo < o, < 1

(ycnoBue 1 Teopems 2), TO Eh[(o,.] >1 nipu mobom € > 0, a eciim o > 1 (ycnoBue 2 TeopeMsl 2), To TpeboBaHUEe
ivh irh

A [mi] # (0 paBHOCHJIBLHO HEPABCHCTBY & # lg_ BBenst obo3naueHue € = 5 3ameTuM, 4TO g, = €' npu
na

h — 0. [lanee yoemuMcst B TOM, YTO HCIIOIB30BAaHUE PA3HOCTHBIX CXeM Difliepa He 00ecTeuniio Okl paBHOMEP-

HOM 110 TTapaMeTpy armmpoKCUMAITIH. YOeKaaeMcCs, 9TO allIPOKCHMAIIHS IBHOM CXeMOM

eDu; +u,=0, u, — oy, =1

. -1 .
oTIpesieNseT Pa3sHOCTHOE PENIeHNE U, = [1 —a(l- p)’g} (1-p)’, xoTOpoe mpu p =1 He CXOAUTCS K PELICHAIO
u(x) paBHOMEPHO 110 TapaMeTpy €, TaK KaK hhrrb |u (h) - u1| = exp(—1) mpotuBocTONT TOMY, UTO |u (0) - u0| -0
-

nipu € — 0. K Tomy ke Mpu 3HA4eHHAX p > | IPUOTMIKEHHOE PENIeH e 1, eIle H OCIHIUTAPYET B OTIHYHE OT pe-
wennst u(x) (37€Ch MOAPA3yMEBACTCA, YTO U TOYHOE, M PA3HOCTHOE PelIeHNs CyiecTBykoT). Hakoner, oTMe-
THUM, 4YTO HEABHAas CXEMa
eD u,+u, =0, u,— ocuigzl
. -1 .
o =1 —1
MMEET PEIlEHHE, OTpeseNsieMoe GopMyIoi u; = [1 —a(l+p) ﬂ (1+p) ", KOTOPOE TOXKE HE CXOAUTCS K pe-

HICHUIO u(x) PaBHOMEPHO MO MapaMeTpy € MPU 3HAYCHUU P = |, TOCKOJIBKY |u(0) - u0| —>0mpue— 0,BT10

. 1
BpeMst KaK hhino|u(h) - u1| =3 exp(-1).

3akjaoueHmne

TakxuMm 00pazoM, B HacTosmel padoTe chopMyTHpPOBaHBI TPEOOBAHUS HAa PACTIONOKECHUE HOCUTENICH B He-
JIOKaJTbHOM Ha4aJbHOM YCIIOBHH, Ha 3Ha4E€HHUS KOA(PPHUIIMEHTOB MPU 3TUX HOCHUTENSX, a TAK)Ke Ha MHTEPBAI
W3MEHEHHsI ITapaMeTpa, MPU COBOKYITHOCTH KOTOPBIX JOKa3aHbl paBHOMEpPHAs IO TapaMeTpy YCTOHYHNBOCTh
KIJIACCHYECKOTO pelieHns c(hopMyTMpPOBAHHON HEIOKaJIHHON HaYaTIbHOW 3a/1aqi, paBHOMEpPHAs 10 apaMeTpy
JIMCKpETHAs! yCTOMYMBOCTD PEILIEHHUSI COOTBETCTBYIOLIEH HKCIIOHEHIIMAJIBHO-TIOATOHOYHOM Pa3HOCTHON CXEMBI,
a Tak)Ke paBHOMEpPHAs 110 apaMeTpy CXOAMMOCTH PEUIeHHS MPEIIOKEHHON Pa3HOCTHON CXEMBI K KJIacCude-
cKkoMmy pemieHuro nuddepeHnraibHoi 3aaaun. B miepByro ouepens ObITH YCTaHOBJIEHBI PE3yIbTaThl 00IIero
XapakTepa, Kacaroluecs paBHOMEPHOH 10 mapamMeTpy yCTOHYNBOCTH KIIACCHYECKOTO PEIIESHHS HEJIOKaTbHOU
HavdanbpHOM 3amaun (1) (;memma 1), paBHOMEPHOI 110 TapaMeTpy TUCKPETHOW YCTOWYMBOCTH PEIIEHHUS Pa3HOCTHOM
cxemsl (2) (;temma 2). Ha ocnoBarnu gemm 1 u 2 mokazaHa o0miast Teopema 1 o paBHOMEPHOI TI0 TapaMeTpy
CXOAMMOCTH Pa3HOCTHOTO pelleHns 3a1auu (2) K KinaccudeckoMy pernennto 3a1a9u (1). C ygeToM 5THX pe3yib-
TaTOB JIJIs1 HEJIOKAJBHBIX HAaYaIbHBIX 33124 C OPUTHHAIBHO 337]aBA€MBIMH TPEOOBAHNUSIMY HA BXOTHBIC TaHHBIC
HEJIOKAJIFHOTO HAYaJIbHOTO YCIIOBHSI I HA MHTEPBAJI BapHAIINH ITapaMeTpa TOKa3aHbl TEOPEMBI 2—5, KacaroInuecs
BOIIPOCOB PaBHOMEPHOH IO MapaMeTpy yCTOMUMBOCTH pemieHus nuddepeHnnaib-Hoi 1 pa3HOCTHOH 3a/1ad,
a Taxke paBHOMEPHOM 10 TTapaMeTpy CXOIAUMOCTH PEIISHHs pa3HOCTHOH 3a/1a4 K KJIACCHYECKOMY PEIIECHHIO
nmudepeHnanbHOM 3a1a9u. 3aBepIIaeT cTaThio TeopeMa 6, yCTaHABIMBAIONIAs PABHOMEPHYIO 110 TapaMeTpy
OIIEHKY OJM30CTH KITACCHYECKUX PEIICHUH JBYX pPa3HBIX HEJOKATHHBIX HA4YaJbHBIX 3aJ/1ad, pPa3IHYaionIuXcs
k03 (puIMeHTaMH B HEJIOKAJIbHBIX HaYaJIbHBIX YCIOBHUSAX, PABHOMEPHYIO TI0 TapaMeTpPy AUCKPETHYIO OIIEHKY
ONMU30CTH pelIeHuil IByX Pa3sHOCTHBIX CXeM, COOTBETCTBYIOIINX JIByM Pa3HBIM HEJOKATbHBIM HaYaJIbHBIM 3a-
Jagam.

ITomBons wToT, 3aKiIIOYaeM, YTO HEJOKAJIbHAS HadajdbHas 3a/1a4a, pacCMOTpeHHas B nuddepeHnnansHoN
¥ Pa3HOCTHOM TPaKTOBKaX, JETAIBHO MCCIIEA0BAHA, JTI0KA3aHbl YCIOBHS PAaBHOMEPHOH IO TIapaMeTpy yCTOM-
YUBOCTH U CXOIIMMOCTH Ha PAaBHOIIIATOBOM CETKE.
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TEOPETI/I‘IECKI/IE OCHOBbI

NHDOOPMATHUKHU

THEORETICAL FOUNDATIONS
OF COMPUTER SCIENCE

VIIK 004.93

RLD-YOLO: HOBBI1 METOA, OBHAPYJ)KEHU S OB BEKTOB
HA N30BPAJKEHUAX BECIITMAOTHBIX AETATEABHBIX AIITIAPATOB
C UCITOAB3OBAHUEM MOAEAW HEMPOHHOMUM CETH YOLOv11

BY CAHBH", C. B. ABJIAMEHKOV"?

DBenopycckuii 2ocyoapemeennbiii yrusepcumem, np. Hesasucumocmu, 4, 220030, o. Munck, Benapyce
DO6veounennviii uncmumym npoénem ungopmamurxu HAH Benapycu,
ya. Cypeanosa, 6, 220012, 2. Munck, Benapyce

Annomayusn. VI300paxxeHns1, nojrydaeMble ¢ 0ECIIMIOTHBIX JIETATEIbHBIX alaparoB, B HACTOSAIIEE BPEMs IINPOKO M-
TI0JIB3YIOTCSI BO MHOTHX NPHIIOKEHUIX. OHAKO 3T M300pa)KeHHsI CTAIKUBAIOTCS C PSIOM Ipo0iieM (INIOTHOE pacipee-
JICHHE MEJIKUX 00BEKTOB, IIEPEMEHHBIC MAcCIITa0bl 0OBEKTOB M He3aMeTHBIE KOHTYPHBIE 0COOCHHOCTH), KOTOPBIE TIPHBOIST
K TIpOITycKaM 00BEKTOB 1 JIO)KHOMY OOHApYKEHHIO 00BEKTOB. J[11s pemeHns 3Tix mpoOiieM B JaHHOW CTaThe MpeaiaracTcs
YAyYIICHHBIA anroput™ oOHapyxenus 00bektoB RLD-YOLO, pa3zpaborannsiii Ha ocHoBe Bepcun Y OLOv11n cemeiicTra

O0pa3en UMTHPOBAHMSA:

By Csubu, Adnameiiko CB. RLD-YOLO: HOBBIIT MeTOR 00-
Hapy>XeHUs1 00BEKTOB Ha M300paKCHUSIX OCCIMIOTHBIX JIeTa-
TEJbHBIX allapaToB C UCIOJIb30BAHUEM MOJEIHM HEHPOHHOM
cetu YOLOV11. JKypran Benopyccrkozo 20¢cyoapcmeeHHo2o yHu-
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anroputMoB YOLO. Anroputm RLD-YOLO BriIrOuaeT TEXHOJIOTHIO CTPYKTYpHOH penapameTpu3aruu RepConv, coxpa-
HSIIOIYIO CIIOCOOHOCTh K MHOTOBETOUHOM IKCIIPECCHH MPU3HAKOB BO BpeMs 0OYYEHUsI M aBTOMAaTHYECKH MPeodpasyro-
yrocs B 3QeKTUBHYIO OJJHOBETBEBYIO CTPYKTYPY BO BPEMsI BHIBOZIA. DTOT aJITOPUTM pa3pabarbiBaeT MOIYIb OOJIBIIOTO
sneproro BuuManus LKAConv 1151 ynmydmieHus: criocoOHOCTH K 3aXBaTy MPU3HAKOB MEIIKUX I[eJiel ¢ TIOMOIIbIO TTy0o-
KOW pa3aessieMoil CBEpTKH pa3Mmepa 7 X 7 M MEXaHH3Ma MPOCTpaHCTBEHHOTO BHUMaHuA. AnroputM RLD-YOLO BBoaut
TUHAMIYECKUHA aJanTUBHBIN MOAyab ciusHust DASI ams ontuMu3anuyi MHOTOYPOBHEBOTO B3aUMOACHCTBHSI IIPU3HAKOB
€ TIOMOIIBI0 00y4aeMOro paciupeaeIeHNUs BECOB. DKCIIEPUMEHTAIBHBIC PE3YIbTaThl TOKA3BIBAIOT, UTO YITyUIICHHBIN aIro-
putM obHapyskenus: oobekroB RLD-YOLO, koropsiit o0beaunsier moayian LKAConv, RepConv u DASI, yBennunaer
Ha Habope maHHbIX VisDrone2019-DET 3nauenuss mAP50 u mAP50-95 na 2,02 u 1,17 % coorBerctBeHHO. CKOPOCTH
noctoOpaboTky ontuMusrpoBana Ha 9,09 %. XoTst BpeMs IpeIBapUTEIbHOI 00padOTKN yBEITMUMBACTCS M3-3a ONEPALMH
TI0 YJTyUIICHUIO TIPU3HAKOB, KPUTHIECKHH Tl BHIBOJIA BCE CILE TOICP)KUBACT PeaTbHOE BPeMs BBINOIHEHUS 1,7 Mc/Kap.
Anroputm RLD-YOLO, urarerpupoBannsiii ¢ mogymsimu LKAConv, RepConv u DASI, o4eHp TOAXOAXUT AJIS 331291
00HApYKEHHSI MEITKUX 00ObEKTOB Ha M300PAKEHUSIX OCCITUIIOTHBIX JIETATEITLHBIX 00HEKTOB.

Knroueswvie cnosa: ooHapyxenune menkux 00bektoB; YOLOV11; uzobpaxenus BITJIA; LKAConv.
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Abstract. Unmanned aerial vehicle images are widely used now in many applications. However, these images face
many challenges such as dense distribution of small objects, variable object scales, and inconspicuous edge features, lea-
ding to missed and false object detection. To address these issues, this paper proposes a lightweight enhanced solution
based on the improved YOLOv11n model RLD-YOLO. The algorithm combines RepConv structural reparameterisation
technology, retaining multi-branch feature expression capabilities during training and automatically converting to an ef-
ficient single-branch structure during inference. It designs the LKAConv large kernel attention module to enhance the
feature capture ability of small targets through 7 x 7 depthwise separable convolution and spatial attention mechanism.
It introduces the DASI dynamic adaptive fusion module to optimise multi-scale feature interaction through learnable weight
allocation. Experimental results show that the improved RLD-YOLO object detection algorithm, which integrates LKAConv,
RepConv, and DASI, increases mAP50 and mAP50-95 by 2.02 and 1.17 % respectively on the VisDrone2019-DET dataset.
The post-processing speed is optimised by 9.09 %. Although the pre-processing time increases due to feature enhancement
operations, the critical inference stage still maintains a real-time performance of 1.7 ms/frame. The RLD-YOLO model,
fused with LKAConv, RepConv, and DASI, is very suitable for the task of small object target detection in unmanned
aerial vehicle images.

Keywords: small object detection; YOLOv11; UAV images; LKAConv.

Introduction

With the continuous development of technologies, object detection technology has been widely applied in
many practical fields, such as smart cities [1], precision agriculture [2], and disaster relief [3]. In recent years,
with the rapid development of unmanned aerial vehicle (UAV) technology, its presence in people’s lives has
also increased. Nowadays, UAVs are widely used in traffic patrol, environmental monitoring, maritime search
and rescue, and other fields [4]. However, object detection from a UAV perspective faces unique challenges:
low-light environments such as night [5], fog or dawn, dusk [6], and complex background interference, such
as building shadows, vegetation occlusion [7], which seriously affect the detection accuracy and efficiency of
target objects. With the increasing real-time detection requirements of UAV platforms, UAV object detection
algorithms need higher precision and speed, posing significant challenges to the design and optimisation of
object detection algorithms in low-light scenes from a UAV perspective.

Currently, the YOLO series of models with outstanding performance have been widely used in object detec-
tion tasks in multiple fields [8] (for example, remote sensing target detection [9], intelligent parking [10], etc.).
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However, when performing object detection from a UAV perspective, the maintenance of high detection accu-
racy while keeping the model lightweight has become a research challenge [7]. H. Chen, et al. [11], proposed
an IDOU-YOLO (infrared detection of UAV-YOLO) algorithm model for UAV target detection based on
thermal imaging, which improved the detection accuracy and convergence speed of the model by constructing
a multi-scale fusion feature pyramid mechanism and introducing the bounding box loss function SloU (smooth
intersection over union). The researcher Z. Zhang [12] proposed a multi-scale UAV image target detection al-
gorithm Drone-YOLO based on the YOLOv8 model. This method uses a three-layer path aggregation feature
pyramid network (PAFPN) structure and combines large-scale feature maps with a detection head customised
for small-sized objects, significantly enhancing the algorithm’s ability to detect small-sized targets. Y. Huang,
et al. [13], proposed a real-time detection algorithm for urban low-altitude multi-scale UAV images. It is used
for UAV detection tasks with different image features during the day and night. During the day, the paper pro-
posed a defogging detection structure to solve the detection problem in foggy environments. At night, the paper
proposed a squeeze-and-excitation backbone (SE-backbone) [14] structure and SPD-PAFPN (spatial-to-depth
PAFPN) [15] structure with a feature pyramid network, to obtain effective information from deeper feature maps
for UAV detection in low-resolution images. A. He, et al. [16], proposed an ALSS-YOLO (adaptive lightweight
channel splitting and shutting YOLO model) detection architecture based on the improved YOLOvS8, which
designed an ALSS module that adopts an adaptive channel segmentation strategy to optimise feature extraction
and integrates a channel shuffle mechanism to enhance channel-wise information exchange. It improved the de-
tection accuracy of blurred targets, especially when dealing with blurred and overlapping targets caused by jitter.
S. Liu, et al. [17], proposed the LI-YOLO (low-illumination YOLO model) algorithm by improving YOLOVS,
which proposed a feature enhancement module (FEB) and embedded the FEB into the C2f module at the end of
the backbone network to enhance the algorithm’s feature extraction ability. For the problems of low brightness,
high noise, and blurry details in low-light images, the feature enhancement block and adaptive spatial feature
fusion structure were used to improve the target detection performance in low-light scenes. X. Wu, et al. [18],
proposed solutions from the perspective of deep learning models for three research directions: object detection
in images, object detection in videos, and object tracking in videos. Currently, open datasets have been widely
used for UAV target detection and tracking research, and performance evaluation has been carried out through
four benchmark datasets.

The current mainstream of small target detection methods have the following problems. Firstly, the impact of
dense small targets on object detection: small targets, due to their small size and low pixel ratio, have fewer grid
points on the feature map, leading to inconspicuous recognisable features in the image, limiting the perception
ability of the detection network for these targets, making it difficult for the model to learn enough discrimina-
tive information [19]. Secondly, the impact of complex backgrounds on object detection: images captured by
UAVs usually contain complex backgrounds, such as trees, buildings, and changing terrain. These complex
backgrounds may be similar to the features of small targets, increasing the probability of the model misjudging
the background noise as the target. In addition, the high-speed movement of UAVs may cause image blurring,
further reducing the detection accuracy of small targets [20]. Thirdly, UAV systems usually require detection al-
gorithms to have high real-time performance to quickly respond and execute tasks [21]. However, detecting
small targets usually requires more complex model structures or more computing resources, which conflicts
with the requirement of real-time performance. To maintain real-time performance, some model complexity
may need to be sacrificed, thereby affecting the detection accuracy.

In response to the above problems, this paper proposes an improved YOLOv11n aerial photography light-
weight small target detection algorithm RLD-YOLO (RepConv-LKAConv-DASI-YOLOv11n). The model
designs a reparameterisation convolution (RepConv) structure in the first layer of the backbone, which achie-
ves performance separation in training and deployment stages through multi-branch convolution fusion and
single-branch inference reconstruction technology, reducing the computational load of the first layer while re-
taining feature expression capabilities. To meet the demand for long-distance dependency modelling in complex
scenes, the large kernel attention convolution (LKAConv) module is introduced in the deep feature extraction
link, using a joint decomposition strategy of depthwise convolution and dilated convolution (5 x 5 depthwise
convolution + 7 x 7 dilated rate 3 convolution) to build an equivalent 21 x 21 ultra-large receptive field, com-
bined with spatial attention feature reweighting mechanism, to enhance the model’s ability to capture features
of dense small targets and occluded targets, and improve the detection accuracy of small targets. In complex
environments, background noise often affects the detection of small targets. The DASI (dimension-aware selec-
tive integration) dynamic adaptive interaction unit is deployed in the head feature fusion stage, which achieves
intelligent weight allocation and cross-level detail calibration of multi-scale features through the dual-path
architecture of channel attention and spatial cross-correlation, enhancing the model’s adaptability to dense
targets and scale changes, and effectively suppressing the interference of background noise such as clouds and
vegetation in aerial photography scenes. The RLD-YOLO model, through efficient inference of RepConv, global
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perception of LKAConv, dynamic fusion of DASI, and collaborative optimisation, achieves dual improvements
in precision and speed on the basis of maintaining the detection characteristics of YOLOvV11n, providing an
efficient solution for UAV target detection.

YOLOvV11 model

YOLOvVI11 model (fig. 1) is a new generation of object detection algorithm, launched by company «Ultraly-
tics» in 2023, aiming to further improve the precision and efficiency of the object detection. It has made many
improvements on the basis of YOLOv8' to adapt to a wider range of application scenarios and improve model
performance. YOLOvV11 provides multiple versions of different scales, including YOLOv11n (ultra-lightweight),
YOLOvVI11s (small), YOLOv11m (medium), YOLOv11I (standard), and YOLOv11x (extra-large) to meet different
needs. Compared with previous versions of YOLO, YOLOv11 has made improvements in the following aspects:

1) backbone network. YOLOv11 introduced the C3k2 module [22], replacing the C2f module in YOLOVS.
The C3k2 module uses smaller convolution kernels to improve computational efficiency while maintaining
performance. It retained the spatial pyramid pooling fast (SPPF) [23] module and introduced the cross-stage
partial and spatial attention (C2PSA) module [24], enhancing the spatial attention of feature maps and impro-
ving detection accuracy;

2) neck structure. In the neck structure, YOLOv11 replaced the C2f module with the C3k2 module, improving
the speed and performance of feature aggregation. Through the C2PSA module, it enhanced spatial attention,
enabling the model to focus more effectively key areas in the image and improve the detection accuracy of
small targets and partially occluded targets;

3) head structure. In the head structure, YOLOvI11 used multiple C3k2 modules to process and optimise
feature maps, improving the model’s detection accuracy.

" b. Conv c. Bottle neck d. C3k e. C3k2 f. SPFF

Conv2d Conv = _Conv (1x1)

bo BottleNeck I [G3k(Gx3) ]
Concat
b,
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b3
b4
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"
b7 h. PSA
I
"

_Conv(1><l)

Backbone Neck Head

Fig. 1. YOLOv11 network structure diagram

Jocher G., Chaurasia A., Qiu J. Ultralytics YOLO (version 8.0.0) [Electronic resource]. URL: https://github.com/ultralytics/ultra-
lytics (date of access: 12.01.2025).
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Meanwhile, YOLOv11 model adopted multi-scale training and data augmentation techniques during
training, further improving the model’s generalisation ability and detection accuracy. Compared with its
predecessors, YOLOvI11 model has made significant improvements in inference speed and accuracy. In sum-
mary, YOLOv11 model has made significant progress in the precision and efficiency of object detection
through the introduction of innovative technologies such as the C3k2 module and the C2PSA module. It not
only performs well in models of different scales but also demonstrates strong adaptability and practicality
in various application scenarios.

RLD-YOLO model

This paper takes YOLOv11n as the baseline and targets the small target detection problem in UAV aerial
photography images. YOLOV11n still has high rates of missed and false detections in complex backgrounds,
dense targets, and small target detection. Therefore, an improved model RLD-YOLO based on YOLOv11n is
proposed. The model significantly improves detection accuracy and robustness while maintaining lightweight
characteristics. The specific improvements are as follows:

1) RepConv structural reparameterisation technology. The RepConv module is introduced in the initial
layer and key paths of the backbone. RepConv uses a multi-branch structure during training to enhance feature
expression capabilities and merges into a single 3 % 3 convolution through structural reparameterisation during
inference, reducing computational load;

2) LKAConv large kernel attention module. The LKAConv module is introduced in the backbone and head
parts, combining 7 x 7 depthwise separable convolution with a spatial attention mechanism to expand the re-
ceptive field to 120 x 120 pixels. LKAConv can effectively capture the context information of small targets,
reducing the missed detection rate;

3) DASI dynamic adaptive fusion module. The DASI module is introduced in the neck part, dynamically
adjusting the fusion ratio of multi-scale features through learnable weights. DASI optimises the static fusion
defect of the traditional FPN + PAN structure and enhances the model’s adaptability to dense targets and scale
changes;

4) detection and feature enhancement. The head part retains three detection layers P3, P4, and PS5, and
dynamically fuses multi-scale features through the DASI module to enhance the model’s ability to recognise
targets of different scales;

5) lightweight design and efficiency optimisation. The C3k2 module of YOLOvV11 is retained to reduce model
parameters and computational load. A dynamic data augmentation strategy is adopted to improve the model’s
accuracy for scale changes and occlusions in UAV perspectives.

The improved model network structure is shown in fig. 2.

RepConv. The multi-branch structure of RepConv can capture richer feature patterns during training,
enhancing the model’s discriminative ability for complex backgrounds and small targets. In the RLD-YOLO
model, RepConv is introduced in the initial layer, which is responsible for extracting basic image features such
as edges and textures. Through convolution operations, the input image is convolved with the convolution
kernel using a sliding window calculation to generate feature maps, which are crucial for the construction of
subsequent high-level semantic information. The core idea of RepConv is to use a multi-branch structure
during training to enhance feature expression capabilities and merge the branches into a single convolution
through mathematical equivalence transformations during inference, reducing computational load. During the
inference stage, RepConv merges the above branches into an equivalent 3 X 3 convolution kernel through
structural reparameterisation. This process can be regarded as reparameterising the basic weights, enabling
the new convolution kernel to learn more diverse representations. The computational load is the same as that
of standard convolution, but the feature expression capability is stronger. The principle diagram of RepConv
is shown in fig. 3.

The core idea of RepConv is to enhance the model’s representation capability by establishing connections
between convolution kernel parameters. For example, in the depthwise separable convolution, each convolution
kernel channel focuses only on one channel of the input feature map. RepConv uses refocusing transforma-
tion to enable each convolution kernel channel to focus on the features of other channels, thereby learning
richer representations. This process can be described by the following formula:

W, =T (1, 7,),
where W, is the basic weight; W, is the trainable parameter of the refocusing transformation; 7 is the refocusing

transformation function; I, is the generated new convolution kernel parameter [25].
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LKAConv. LKAConv is a key component of the LKA mechanism, used to implement the decomposition of
large convolution kernels. LKA captures long-range dependencies by decomposing a large convolution kernel
into multiple small convolution kernels and dilated convolutions. This decomposition method not only retains
local structural information but also effectively captures long-range dependencies while maintaining linear
complexity. The principle of large convolution kernels is shown in fig. 4 [26].
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Fig. 4. Decomposition diagram of large kernel convolution

The core formula of LKA is as follows:
Attention = Conv, Xl(DW—D—ConV(DW—ConV(F ))),

Output = Attention ® F,

where F is the input feature map; DW-Conv represents depthwise separable convolution; DW-D-Conv repre-
sents dilated depthwise separable convolution; Conv,, ,represents 1 x 1 convolution; ® represents element-wise
multiplication.

In this study, we introduced LK AConv to enhance the feature extraction capability of the YOLOv11 model,
especially when processing UAV datasets. LKAConv is a new type of convolution module that combines the
advantages of convolution and self-attention mechanisms, effectively capturing long-range dependencies and
local structural information. In our model, the fifth layer adopted LKAConv with parameter settings of 512 in-
put channels, a 3 x 3 convolution kernel, and a dilation rate of two. In addition, the downsampling process was
mainly completed by standard convolution and LKAConv. The features extracted by LKAConv were fused with
the features of the previous layers through concatenation and convolution layers to form rich feature maps. This
fusion method effectively combined multi-scale features, further enhancing the model’s detection performance.

DASI. Since small targets occupy fewer pixels in the image and the background is complex, high-dimensional
features may lose information about small targets during multiple downsampling processes, while low-dimen-
sional features may not provide sufficient contextual information. The DASI module enhances the model’s
ability to capture features of different scales by adaptivel selecting and fusing features of different dimensions,
increasing the saliency of small targets and thus improving detection performance. The main function of the
DASI module is to perform selective fusion of features at different dimensions of the feature map. The principle
diagram is shown in fig. 5.

Dimension-aware selective integration module (DASI)

Low-level
s A
—— |l
H, ! Output
Dy =l [o
@— &
Seo ) o
LSS, Vet
H : &

@ Multiplication @ Addition @ Concate = PWConv + BatchNorm + Relu
High-level

W, C;: Conv (k=1i) B: bilinear interpolation S split
Fig. 5. Detail structure of DASI

Specifically, it aligns high-dimensional and low-dimensional feature maps and achieves feature adaptive
fusion through channel splitting and selective aggregation [27]. This process can be described by the following
formula:
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a=o(u;), ul =ol,+(1-a)h

Fy=[o, sy w3, ], B, =8(B(Conv(E))))

where o represents the sigmoid activation function; u,, /; and 4, represent the i channel segment of the current
layer, low-dimensional, and high-dimensional feature maps respectively; a is the weight calculated from the
current layer’s features, used to control the fusion ratio of low-dimensional and high-dimensional features;
F! is the fused feature map; & and B represent the ReLU (rectified linear unit) activation function and batch
normalisation operation respectively; Conv represents the convolution operation.

Through this design, the DASI module can adaptively select appropriate features for the fusion based on
the size and characteristics of the target, thereby enhancing the model’s ability to detect small targets. In UAV
dataset detection tasks, the DASI module effectively addresses the problems of small target loss and background

interference, significantly improving the model’s detection accuracy and maintaining stable functionality.

Dataset

The experiments are based on the VisDrone2019 [28] UAV object detection dataset, which is a large-scale
UAV perspective dataset obtained by the AISKYEYE team from the machine learning and data mining laboratory
at Tianjin University. The dataset contains 10 209 images with a total of 471 266 annotated targets covering
13 categories (such as pedestrians, cars, trucks, buses, etc.). The validation set contains 38 759 instances, with
small targets (pixel area is less than 32 x 32) accounting for 68.2 %, and dense scenes (more than 100 targets
per image) accounting for 45 %, fully reflecting the detection challenges of UAV perspectives.

Experimental results and analysis

Experimental environment and configuration. The experimental platform is a Windows (version 11)
64-bit operating system, and the experiment is based on the deep learning framework PyTorch (version 2.4.0)
and the corresponding CUDA (version 2.4.1). We used an NVIDIA GeForce RTX 4060 GPU for training, with
the development language Python (version 3.9) and the CUDA (version 12.41). The specific environmental
configuration parameters are shown in table 1. Parameters not provided in this paper use the default parameters
of the official YOLOv11n.

Table 1
Experimental configuration
Parameters Values
epochs: 100
batch: 16
imgsz: 640
device: 0
optimizer: auto
amp: TRUE

Comparison of different attention mechanisms. In the experiments with different attention mechanisms,
EfficientNetv2 is a lightweight attention mechanism [29] widely used in other object detection studies. However,
in this experiment, the EfficientNetv2 model had the shortest post-processing time (0.8 ms), but its accuracy
was significantly lower than other had. EMA is an efficient multi-scale attention module [30] that enhances the
ability to fuse multi-scale features. In this experiment, the EMA module had a longer inference time (1.9 ms),
but its accuracy was higher, suitable for scenarios with low real-time requirements. Squeeze-and-excitation (SE)
channel attention mechanism [31] mainly improves the model’s performance by compressing and exciting the
input features. In this experiment, the SE module had the shortest inference time (1.6 ms), but its accuracy was
low (mAP50 =29.5). Simple attention module (SimAM) is an attention mechanism based on the local self-simi-
larity of feature maps [32]. It dynamically adjusts the weight of each pixel by calculating the similarity between
each pixel and its surrounding pixels in the feature map, thereby enhancing important features and suppressing
irrelevant features. In this experiment, the overall performance of SimAM was not outstanding. StokenAtten-
tion is a method that improves the efficiency of capturing global dependencies by sampling super-tokens from
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visual tokens through sparse associative learning [33], but the improvements were not significant enough.
SwinTransformer is a transformer module based on the window self-attention [34], suitable for long-range
dependency modelling. SwinTransformer had the highest computational load (16.6 GFLOPs), and although
its accuracy was high, its computational complexity limited its deployment on edge devices. RLD-YOLO had
moderate parameter quantity (3.21 mln) and computational load (6.9 GFLOPs), suitable for real-time application
scenarios. RLD-YOLO maintained high accuracy (mAP50 = 30.3) while keeping the inference time the same
as the baseline model (1.7 ms), performing excellently in terms of accuracy, inference time, and computational
efficiency. In summary, the RLD-YOLO model proposed in this paper, through the collaborative design of large
kernel attention, dynamic fusion, and structural reparameterisation, provides an efficient solution for UAV
object detection.

Table 2
Comparison of different attention mechanisms on the VisDrone2019-DET dataset
Model mAP50, % | mAP50-95, % | Inference, ms pgfisgl);;z?fzs Pare;lrnl;ters, GFLOPs
YOLOVI11n (baseline) 29.7 17.1 1.7 1.1 2.58 6.3
YOLOvI In-EfficientNetv2 18.8 ] 10.3 ] 1.9 0.81 2,17 301
YOLOvI1In-EMA _attention 3021 17.1 1.9] 1.2 ] 2.58 6.3
YOLOvVIIn-SE attention 29.5 16.9 1.61 1.2] 2.58 6.3
YOLOvVIIn-SimAM 29.4 16.8 1.8 1.1 2.58 6.3
YOLOvV11n-StokenAttention 29.9 17.0 1.8 1.1 2.85 6.5
YOLOv!11n-SwinTransformer 29.9 1721 1.8 1.2] 291 16.6 |
RLD-YOLO 3031 17.21 1.7 1.0 3.21 6.9

Cross-model comparison experiment. To verify the comprehensive performance of the proposed RLD-
YOLO model in UAV object detection tasks, we compared it with mainstream lightweight versions of the YOLO
series, including YOLOVS [35], YOLOvV6 [36], YOLOvS, YOLOv10 [37], and YOLOv11. Through the expe-
riments, we found that in terms of accuracy, RLD-YOLO achieved an mAP50 of 30.3 %, which is 0.6 % higher
than the baseline YOLOv11n, and 1.2 % higher than YOLOv8n and YOLOvV10n respectively. The mAP50-95
metric (17.2 %) was also the best, indicating stronger performance in complex scenes (such as occlusion,
small targets). The inference time of RLD-YOLO was 1.7 ms, the same as YOLOv11n and YOLOv6n, but the
post-processing time was optimised to 1.0 ms (a 9.1 % reduction compared to YOLOv11n). RLD-YOLO had
a parameter quantity of 3.21 mln and a computational load of 6.9 GFLOPs, significantly lower than YOLOv5n
(11.8 GFLOPs) and YOLOv6n (11.5 GFLOPs). RLD-YOLO achieved the best balance between precision
and efficiency while maintaining real-time performance (1.7 ms/frame) through dynamic fusion and structural
reparameterisation techniques (table 3).

Table 3
Comparison of different models on the VisDrone2019-DET dataset
Speed Inference Postprocess Parameters
Model P, % R, % | mAP50, % | mAP50-95, % | preprocess, s > | per image, mln > | GFLOPs

ms ms
YOLOvV5n 38.7 27.9 273 15.4 0.2 1.7 32 423 11.8
YOLOv6n 36.3 28 27.1 15.6 0.2 1.7 1.3 4.16 11.5
YOLOvV8n 39.8 30.2 29.1 16.5 0.2 2.0 0.6 2.70 8.2
YOLOv10n 40.2 29.9 29.1 16.3 0.2 1.4 33 2.50 7.1
YOLOvl1In 40.2 30.8 29.7 17.1 0.1 1.7 1.1 2.58 6.3
RLD-YOLO | 4157 |31.17 3031 17.2 0.2 1.7 1.0 3.21 6.9
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YOLOv11n comparison experiment. UAVs have high real-time requirements for small target detection
tasks, making lightweight model design very necessary. The goal in designing a lightweight model is to reduce
the model size and computational load while maintaining or improving the model’s detection accuracy as much
as possible. To verify the effectiveness of the proposed modules (LKAConv, RepConv, DASI) for UAV object
detection tasks, we introduced different modules step by step on the YOLOv11n baseline model and designed
the following ablation experiment variants:

1) YOLOv11n. The baseline model is without any improvement modules;

2) YOLOvl11n + LKAConv. The LKAConv large kernel attention module is integrated into the backbone;

3) YOLOv11n + RepConv. The RepConv structural reparameterisation technology is used in the initial layer;

4)YOLOv11n + DASI. The DASI dynamic adaptive fusion module is introduced in the neck part;

5) RLD-YOLO. The combined use of LKAConv, RepConv, and DASI modules.

Table 4
Experimental results for YOLOV11 for VisDrone2019-DET dataset
Model mAP50, % AmAP50, % | mAP50-95, % | Inference, ms | Parameters, mln GFLOPs
YOLOvI1In (baseline) 29.7 - 17.1 1.7 2.58 6.3
YOLOvlIn + LKAConv 30.1 1.357 17.31 2.0 2.64 6.7
YOLOvIIn + RepConv 29.8 0.341 17.1 1.8 2.58 6.3
YOLOvlIn + DASI 29.9 0.67 17 17.0 1.9 3.15 6.5
RLD-YOLO 30.3 2.021 17.27 1.7 3.21 6.9

The LKAConv module improved the accuracy by 1.35 % (29.7 — 30.1), indicating that the large kernel
attention mechanism effectively enhanced the feature extraction capability of small targets. However, the
inference time increased up to 2.0 ms (+17.6 %), and the computational load increased up to 6.7 GFLOPs,
mainly due to the additional overhead of the 7 x 7 depthwise separable convolution. The RepConv mo-
dule had the same parameter quantity as the baseline, with an inference time of 1.8 ms (+5.9 %) and an
mAPS50 improvement of only 0.34 % (29.7 — 29.8), indicating that using RepConv alone had limited ac-
curacy gains and required the synergy with other modules. The DASI module improved mAP50-95 by
0.6 % (17.1 — 17.2), indicating that dynamic weight allocation optimised multi-scale feature interaction.
However, mAP50-95 decreased. After jointly using the three modules, the RLD-YOLO model significantly
improved mAP50 by 2.02 % (29.7 — 30.3), and the inference time returned to the baseline level (1.7 ms),
with the final computational load only increasing up to 6.9 GFLOPs (+9.5 %). The experiment showed that
the synergistic design of LKAConv and RepConv achieved a 2.02 % improvement in mAP50 over the base-
line model while maintaining real-time performance. It is worth noting that introducing the DASI module
alone increased latency, but this negative impact could be completely offset by combining it with structural
reparameterisation technology. In summary, the model proposed in this paper is better suited for small target
detection tasks in UAV images.

Object detection experiments. To demonstrate more intuitively the detection effect of the proposed RLD-
YOLO method, YOLOv11n and RLD-YOLO models were used to detect several different UAV aerial photo-
graphy scenes in the VisDrone2019-DET dataset, and the detection effect comparison is shown in fig. 6.
For small target dense distribution scenes, as it is shown in fig. 6, a, the improved algorithm can detect
smaller targets further away compared to the YOLOv11n algorithm, such as the pedestrians in the upper
right corner of the image. For small target detection in scenes with background interference, as it is shown
in fig. 6, b, the RLD-YOLO algorithm can detect more targets. For dark light scenes, as it is shown in
fig. 6, ¢, RLD-YOLO has a higher accuracy, such as the building on the left side of the road in the lower
left corner of the image, which YOLOv11n detected as a car. For scenes with occluded targets, as it is
shown in fig. 6, d, RLD-YOLO has a higher accuracy, and even if a part of an object is in the shadow
or blocked by a large tree, RLD-YOLO can better detect the type of the object. In scenes with large
scale changes, as it is shown in fig, 6, e, for small targets and very small targets such as bicycles, motor-
cycles, and pedestrians on both sides, the recognition accuracy has been improved to a certain extent.
The YOLOvI11n algorithm has problems of missed and false detections for small targets, while RLD-YOLO
can make up for this problem.

114



TeopeTuyeckne 0ocHOBBI HH(pOpMATHKH
Theoretical Foundations of Computer Science

Rp0dzm
Tmotor 0.43

Mct?r .31

strion 0.51

.
* motor 037 * motor 0.27

/4 moter 0.74 4 motor'0iBivah 0.5
pedestrian 0.543
3 v i
-\ SRy )
-

moto: U.ael tor .4
o - ~motat &2

pedestrion 0.61 A """ pedestrion 0,63

K ! ¥ & pedestrion 0.2
I T 1Y motor 038 [

Fig. 6. Detection effect comparison diagrams in various scenes:
small target-intensive scenarios (a), complex background scenes (b),
dark light scenes (c), target obscured scenes (d), multi-scale target scenarios (e).
The left side is the original image, the middle one is the algorithm detection effect diagram
of YOLOV11n, and the right side is the algorithm detection effect diagram of RLD-YOLO

Conclusions

This paper proposes an improved YOLOV1 1n lightweight small object detection algorithm for UAV images
RLD-YOLO. The core innovation of RLD-YOLO lies in the collaborative design of three modules. Through
RepConv structural reparameterisation technology, the training and inference stages are decoupled, enhancing
feature expression capabilities while maintaining inference efficiency. Through the LKAConv large kernel
attention module’s depthwise separable convolution and spatial attention mechanism, the receptive field is
expanded, significantly enhancing the feature capture ability of small targets. Finally, the DASI dynamic adap-
tive fusion module is introduced, with learnable weights dynamically adjusting the fusion ratio of multi-scale
features, optimising the static fusion defect of traditional FPN, and improving the recall rate in dense scenes.
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Compared with the original YOLOvV11n model, RLD-YOLO has comprehensively outperformed YOLOv11n in
performance. The YOLOv11n model, targeting small target detection in UAV aerial photography images, adap-
tability to dense scenes, and the demand for edge device deployment, has achieved collaborative optimisation of
precision and efficiency through modular innovation design and technological integration. However, the model
still faces some challenges and issues that need to be addressed. Specifically, there are the following problems,
Firstly, the bottleneck of extremely small target detection, with a high missed detection rate for targets smaller
than 16 x 16 pixels, which requires further optimisation through super-resolution preprocessing. Secondly, the
adaptability to complex weather conditions, such as maintaining high detection accuracy in heavy rain and
dense fog scenes. Future work will focus on improving the feature extraction capabilities of the network model
to capture more subtle and distinctive features, in order to improve the classification performance for similar
targets and increase the detection accuracy of extremely small targets, reducing missed detections.

References

1. Kumar S, Yadav D, Gupta H, Verma OP, Ansari IA, Ahn CW. A novel YOLOV3 algorithm-based deep learning approach for
waste segregation: towards smart waste management. Electronics. 2021;10(1):1-20. DOI: 10.3390/electronics10010014.

2. Peng C, Vougioukas SG. Deterministic predictive dynamic scheduling for crop-transport co-robots acting as harvesting aids.
Computers and Electronics in Agriculture. 2020;178:105742. DOI: 10.1016/j.compag.2020.105742.

3. Wu K, Wang X. Aligning pixel values of DMSP and VIIRS nighttime light images to evaluate urban dynamics. Remote Sensing.
2022;11(12):1463. DOI: 10.3390/rs11121463.

4. Klemas VV. Sensing from unmanned aerial vehicles: an overview. Journal of Coastal Research. 2015;31(5):1260-1267. DOI:
10.2112/JCOASTRES-D-15-00005.1.

5.Lin S, Jin L, Chen Z. Real-time monocular vision system for UAV autonomous landing in outdoor low-illumination environ-
ments. Sensors. 2021;21(18):6226. DOI: 10.3390/521186226.

6. Zhang Y, Carballo A, Yang H, Takeda K. Perception and sensing for autonomous vehicles under adverse weather conditions:
a survey. Robotics and Autonomous Systems. 2023;196:146—177. DOI: 10.1016/j.isprsjprs.2022.12.021.

7. Liu W, Anguelov D, Erhan D, Szegedy C, Reed S, Fu C-Y, et al. SSD: single shot multibox detector. In: Leibe B, Matas J,
Sebe N, Welling M, editors. Computer vision — ECCV2016. Proceedings of the 1 4" European conference on computer vision, 2016 Octo-
ber 11-14; Amsterdam, the Netherlands. Cham: Springer; 2016. p. 21-37. DOI: 10.1007/978-3-319-46448-0 2.

8. Ouyang D, He S, Zhang G, Luo M, Guo H, Zhan J, et al. Efficient multi-scale attention module with cross-spatial learning.
In: Institute of Electrical and Electronics Engineers. Proceedings of the 2023 IEEE International conference on acoustics, speech and
signal processing; 2023 June 4—10; Rhodes Island, Greece. [S. 1.]: Institute of Electrical and Electronics Engineers; 2023. p. 1-5. DOI:
10.1109/ICASSP49357.2023.10096516.

9. Wu X, Ablameyko SV. Efficient detection of building in remote sensing images using an improved YOLOv10 network. Infor-
matics. 2025;22(2):33—-47. DOI: 10.37661/1816-0301-2025-22-2-33-47.

10. Zhang S, Ma G, Yang W, Zuo F, Ablameyko SV. Car parking detection in images by using a semi-super-vised modified YOLOv5
model. Journal of the Belarusian State University. Mathematics and Informatics. 2023;3:72—81. EDN: XVDRSN.

11. Chen H, Liu D, Yan X. Infrared image UAV target detection algorithm based on IDOU-YOLO. Journal of Applied Optics. 2024;
45(4):723-731. DOL: 10.5768/JA0202445.0402001.

12. Zhang Z. Drone-YOLO: an efficient neural network method for target detection in drone images. Drones. 2023;7(8):526. DOI:
10.3390/drones7080526.

13. Huang Y, Qu J, Wang H, Yang J. An all-time detection algorithm for UAV images in urban low altitude. Drones. 2024;8(7):332.
DOI: 10.3390/drones8070332.

14. Sunkara R, Luo T. No more strided convolutions or pooling: a new CNN building block for low-resolution images and small
objects. In: Amini MR, Canu S, Fischer A, Guns T, Kralj Novak P, Tsoumakas G, editors. Machine learning and knowledge discovery
in databases (ECML PKDD 2022). Proceedings of the European conference; 2022 September 19-23; Grenoble, France. Part 3. Cham:
Springer; 2023. p. 443-459 (Goebel R, Wahlster W, Zhou Z-H, editors. Lecture notes in computer science; volume 13715). DOI:
10.1007/978-3-031-26409-2_27.

15. Hu J, Shen L, Sun G. Squeeze-and-excitation networks. In: Computer Vision Foundation. Proceedings of the IEEE conference
on computer vision and pattern recognition; 2018 June 18-22; Salt Lake City, USA. Salt Lake City: Computer Vision Foundation;
2018. p. 7132-7141.

16. He A, Li X, Wu X, Su C, Chen J, Xu S, et al. ALSS-YOLO: an adaptive lightweight channel split and shuffling network for
TIR wildlife detection in UAV imagery. arXiv:2409.06259 [Preprint]. 2024 [cited 2024 October 20]: [19 p.]. Available from: https://
arxiv.org/abs/2409.06259.

17. Liu S, He H, Zhang Z, Zhou Y. LI-YOLO: an object detection algorithm for UAV aerial images in low-illumination scenes.
Drones. 2024;8(11):653. DOI: 10.3390/drones8110653.

18. Wu X, Li W, Hong D, Tao R, Du Q. Deep learning for unmanned aerial vehicle-based object detection and tracking: a survey.
1IEEE Geoscience and Remote Sensing Magazine. 2022;10(1):91-124. DOI: 10.1109/MGRS.2021.3115137.

19. LyuY, Zhang T, Li X, Liu A, Shi G. LightUAV-YOLO: a lightweight object detection model for unmanned aerial vehicle image.
Journal of Supercomputing. 2025;81:105. DOI: 10.1007/s11227-024-06611-x.

20. Chen N, LiY, Yang Z, Lu Z, Wang S, Wang J. LODNU: lightweight object detection network in UAV vision. Journal of Super-
computing. 2023;79:10117-10138. DOI: 10.1007/s11227-023-05065-x.

21. Sun W, Dai L, Zhang X, Chang P, He X. RSOD: real-time small object detection algorithm in UAV-based traffic monitoring.
Applied Intelligence. 2022;52:8448—8463. DOI: 10.1r007/s10489-021-02893-3.

22. He K, Zhang X, Ren S, Sun J. Spatial pyramid pooling in deep convolutional networks for visual recognition. In: Fleet D, Pajd-
la T, Schiele B, Tuytelaars T, editors. Computer vision — ECCV2014. Proceedings of the 13" European conference on computer vision;
2014 September 6—12; Zurich, Switzerland. Cham: Springer; 2014. p. 346-361. DOI: 10.1007/978-3-319-10578-9_23.

116



TeopeTuyeckne 0ocHOBBI HH(pOpMATHKH
Theoretical Foundations of Computer Science

23. Khanam R, Hussain M. YOLOv11: an overview of the key architectural enhancements. arXiv:2410.17725 [Preprint]. 2024
[cited 2024 December 17]: [9 p.]. Available from: https://arxiv.org/pdf/2410.17725.

24. Ding X, Zhang X, Ma N, Han J, Ding G, Sun J. RepVGG: making VGG-style convnets great again. arXiv:2101.03697 [Pre-
print]. 2021 [cited 2024 November 14]: [10 p.]. Available from: https://arxiv.org/pdf/2101.03697.

25. Cai Z, Ding X, Shen Q, Cao X. RefCovn: re-parameterized refocusing convolution for powerful ConvNets. arXiv:2310.10563
[Preprint]. 2023 [cited 2024 December 21]: [18 p.]. Available from: https://arxiv.org/pdf/2310.105603.

26. Guo M-H, Lu CZ, Liu ZN, Cheng MM, Hu SM. Visual attention network. arXiv:2202.09741 [Preprint]. 2022 [cited 2024 Oc-
tober 25]: [12 p.]. Available from: https://arxiv.org/pdf/2202.09741.

27.Xu S, Zheng S, Xu W, Xu R, Wang C, Zhang J, et al. HCF-Net: hierarchical context fusion network for infrared small object
detection. arXiv:2403.10778 [Preprint]. 2024 [cited 2025 January 20]: [6 p.]. Available from: https://arxiv.org/pdf/2403.10778.

28. Zhu P, Wen L, Du D, Bian X, Fan H, Hu Q, et al. Detection and tracking meet drones challenge. /EEE Transactions on Pattern
Analysis and Machine Intelligence. 2021;44(11):7380-7399. DOI: 10.1109/TPAMI.2021.3119563.

29. Tan M, Le QV. EfficientNetv2: smaller models and faster training. arXiv:2104.00298 [Preprint]. 2021 [cited 2024 Decem-
ber 18]: [11 p.]. Available from: https://arxiv.org/pdf/2104.00298.

30. Ouyang D, He S, Zhang G, Luo M, Guo H, Zhan J, et al. Efficient multi-scale attention module with cross-spatial learning.
In: Institute of Electrical and Electronics Engineers. Proceedings of the 2023 IEEE International Conference on Acoustics, Speech and
Signal Processing; 2023 June 4—10; Rhodes Island, Greece. [S. 1.]: Institute of Electrical and Electronics Engineers; 2023. p. 1-5. DOI:
10.1109/ICASSP49357.2023.10096516.

31. Hu J, Shen L, Albanie S, Sun G, Wu E. Squeeze-and-excitation networks. arXiv:1709.01507 [Preprint]. 2017 [cited 2024 No-
vember 13]: [13 p.]. Available from: https://arxiv.org/pdf/1709.01507.

32. Yang L, Zhang R, Li L, Xie X. SImAM: a simple, parameter-free attention module for convolutional neural networks. In: Mei-
laM, Zhang T, editors. Proceedings of the 38" International conference on machine learning; 2021 July 18—24 [Internet]. [S.1.]: [s. n.];
2021 [cited 2024 December 27]. p. 11863—11874 (Proceedings of machine learning research; volume 139). Available from: https://
proceedings.mlr.press/v139/yang21o/yang21o.pdf.

33. Huang H, Zhou X, Cao Ji, He R, Tan T. Vision transformer with super token sampling. arXiv:2211.11167 [Preprint]. 2022 [cited
2024 December 28]: [13 p.]. Available from: https://arxiv.org/pdf/2211.11167.

34.Liu Z, Lin Y, Cao Y, Hu H, Wei Y, Zhang Z, et al. Swin transformer: hierarchical vision transformer using shifted windows.
arXiv:2103.14030 [Preprint]. 2021 [cited 2025 January 10]: [14 p.]. Available from: https://arxiv.org/pdf/2103.14030.

35. Bochkovskiy A, Wang CY, Liao HYM. YOLOv4: optimal speed and accuracy of object detection. arXiv:2004.10934 [Preprint].
2020 [cited 2025 January 3]: [17 p.]. Available from: https://arxiv.org/pdf/2004.10934.

36. Geetha AS. What is YOLOv6? A deep insight into the object detection model. arXiv:2412.13006 [Preprint]. 2024 [cited 2024
November 30]: [16 p.]. Available from: https://arxiv.org/abs/2412.13006.

37. Wang A, Chen H, Liu L, Chen K, Lin Z, Han J, et al. YOLOV10: real-time end-to-end object detection. arXiv:2405.14458 [Pre-
print]. 2024 [cited 2024 December 23]: [21 p.]. Available from: https://arxiv.org/pdf/2405.14458.

Received 04.03.2025 / revised 08.07.2025 / accepted 08.07.2025.



KPATKI/IE COOBIIEHHNA

SHORT COMMUNICATIONS

VIK 519.2,519.7, 519.8

PACITPEAEAEHUE CPEACTB
C YAETOM CTATUCTUYECKOU MHOOPMAIINN
O HAAEJ)KHOCTMU BBIITYCKAEMBIX ITPUBOPOB

M. C. BAPKETOB"

DO6veounennviii uncmumym npoénem ungpopmamuxu HAH Benapycu,
ya. Cypeanosa, 6, 220012, e. Munck, Berapyco

Annomayua. PaccmarpuBaeTcs 3a1a4a pacipeesieHUs Cpe/ICTB CPEAN UCTIONHUTENEH MPOeKTa ¢ y4eTOM CTaTHCTHU-
Yyeckol HHPOPMAaLIMK O Ha/IS)KHOCTH BBIITyCKaeMbIX TpHOOpoB. [IpuBonsTes popMyaIHMpoBKH MareMaTHYeCcKOro Iporpam-
MHUPOBaHHMsI, HEOOXOIMMBIE JUISI TOCTPOCHMS ONITUMAJIBHOM CTpaTeruy pactpeaesieHus. s ydera BInusiHHS OTPayeHHON
CYMMBI JICHET Ha KOJIMYECTBO OTKA30B KOMITOHEHTA MPE/IaraeTcst IOCTPOUTD JIMHEHHYTO M 0000IIEHHYIO JINHEHHYIO
perpeccuio, K03(h(HUINEHTHI KOTOPO HCHIONIB3YIOTCS B (POPMYITMPOBKAX MAaTEMAaTHIECKOTO MPOTrPaMMUPOBAHUSL.

Knwuesvie cnosa: pacnpeacjacHuc CpeaCTB; MaTEMATUICCKOEC IMTPOTrpaMMUPOBAHNE,; CTaHJapTHAs ommbka cnyqafx'moﬁ
BCJIMYWHBI;, MaTCMaTHYCCKasa CTaTUCTHUKA.

bnazooapnocms. Pabota BBITIOTHEHA TIPY YaCTUYHOHN (prHAHCOBOH momaepxke bemopycckoro pecryOnrKaHCKOTO

¢donia pynaamMeHTa bHbIX uccienoBanuii (mpoekt G23PHD-017).

O0pa3en NUTHPOBAHUA:

BapkeroB MC. Pactipenencane cpecTB ¢ y4eTOM CTaTUCTHYE-
CKOM MH(OPMALMU O HA/IE)KHOCTH BBIITyCKAaeMbIX MPHOOPOB.
JKypuan benopyccrkozo eocyoapcmeennoco ynusepcumema. Ma-
memamuxa. Uughopmamura. 2025;2:118—125.

EDN: SVJUOO

For citation:

Barketau MS. Distribution of finances taking into account statis-
tical information on the reliability of the items produced. Journal
of the Belarusian State University. Mathematics and Informatics.
2025;2:118—125. Russian.

EDN: SVJUOO

ABTOp:

Maxcum Cepzeesuu bapxemoe — xauauaar GU3NKO-MaTeMaTH-
YEeCKHX HayK, JIOICHT; CTAPIIHiA HAyYHBIH COTPYIHHUK JJab0oparo-
pUH MaTeMaTHYeCKO KHOSPHETHKH.

Author:

Maksim S. Barketau, PhD (physics and mathematics), docent;
senior researcher at the laboratory of mathematical cybernetics.
barketau@mail.ru

https:/lorcid.org/0000-0001-5209-0149

118



Kparkue cooduienust
Short Communications

DISTRIBUTION OF FINANCES
TAKING INTO ACCOUNT STATISTICAL INFORMATION
ON THE RELIABILITY OF THE ITEMS PRODUCED

M. S. BARKETAU*

2United Institute of Informatics Problems, National Academy of Sciences of Belarus,
6 Surganava Street, Minsk 220012, Belarus

Abstract. This paper examines the problem of distribution of finances among project contractors taking into account
statistical information on the reliability of the items produced. Mathematical programming formulations necessary for
constructing an optimal strategy of distribution are presented. To account for the influence of the spent amount of money
on the number of component failures, it is proposed to build a linear or generalised linear regression, the coefficients of
which are used in mathematical programming formulations.
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BBenenune

[IpenmonaraeTcs, 9To OpraHU3anys MPOU3BOJUT CIIOKHBIN MPUOOP, KOTOPHIN BKITFOYAET B c€0s 77 KOMIIOHEH-
TOB. JI3BECTHA CTATHCTHKA IO OTKa3aM Ka)<JI0TO KOMIIOHEHTA 3a ONPEAETICHHBIN MEPHO]I, T. €. KOJIMYECTBO OTKa-
30B KOMIIOHEHTA I 3a ONPEICIICHHBIM TIEPUO ABISACTCSA CIy4alHOM BENMYMHOU X, U3 paclpeelieHuss KOTOpOu
SKCIEPUMEHTAJIBHBIM IIyTEM IOJy4YE€HO HEKOTOPOE KOIMUYECTBO 3HAYCHHUH. byieM cunTarb, 4To CTaTUCTUKA CO-
OpaHa a1 Kaxgoro mpubopa, T. €. Al K MPOU3BEIECHHBIX MPUOOPOB YKa3aHO KOJIMYECTBO OTKA30B KaXIOTO

KOMIIOHEHTA 32 ONPE/CIICHHbII epro/. JIpyrumu clIoBamMu, JaHbl BEKTOPBI X; = (xj’ 19 X 2y eees Xy ), 1<j <k,

I X; ; — KOJIMYECTBO OTKAa30B KOMIIOHEHTA i mpubopa j 3a onpeneneH bl nepuo. Takxke JaH HEKOTOPHIH
HEOTPUIIATEIILHBIN OFO/DKET R MOTEHIMAIBHBIX MHBECTUIUH, KOTOPBIA HEOOXOIUMO PACIIPEICIIUTh MEKIY OT/IC-
JaMH, 3aHAMAIOTIAMUCS Pa3paboTKON KakIoro KoMIoHeHTa. [IpenronaraeTcs, 9T0 ONUH KOMIIOHCHT TIPOMU3-
BOJIUTCS OTHUM OT/IeJIoM. TakuM 00pa3om, JOITyCTUMOe pa30reHne OFKETa — ITO BEKTOP

n
r=(r1,r2,...,rn),rl.Srl.SFi,l_iSn,ZriSR. (1)
- i=1
Orpanuuenue 7, <y, <7, ompeleisieT MUHUMAJIbHYIO0 U MAaKCUMaJbHYI0 CyMMy Ul orAena i. OrpaHudeHue
. 4

Zri < R yCTaHaBJIMBAET, YTO CyMMa BBIIJIAT BCEM OTJENIaM HE JJOJKHA TIPEBBIATh OIOKET K.
I_IOHpeI[eJII/IM urpy', a 3aTeM Ha ee OCHOBE CTATMCTHYECKYIO MIpy. MHOKECTBOM CTpATErHii IPUPOJBI SB-
JISIETCSE MHOXKECTBO cilyuaiinbix Bemnant X = (X, X,, ..., X, ) MHOX€eCTBO CTpaTeruii UrpoKa €CTh MHOXKe-
CTBO JIOITyCTUMBIX pa3Ouenuit 6romxera (1).

@OyHKIUA OTEPh, ONPENEICHHAs I KaX 0! Mapel CTPATErusi MIPOKa — CTPATETUs MPUPOIbI, ABIAECTCA
CITy4aiiHOUM BETMYMHOM U BBIPAXKACTCS CIIEAYIOIIIM 00pa3oM:

n
w(r, X)= Zwi max {¢,7; + d, X; + ¢;, 0},
i=1

IJie W, — HEKOTOpbIE HEOTPHUIIATENIbHbIE AeiiCTBUTENbHbIE KOA(DDHUIUEHTSL; ¢;, d; U €;— HEKOTOPbIE KO3 (HUITHEHTHI.
KoaddurmenTsr w; maHel Ha BXOJ€ 3a7a4i, OHH OTPAKAIOT TSDKECTh OTKa3a COOTBETCTBYIOIIETO KOMITOHEHTA.
bynem cHauana npeamnonarars, 4To ko3QQGUIMEHTSI ¢;, d; U e; TAKKe JaHbl Ha BXoJe 3a1aun. B paznene «Onpene-
JICHHE KOA(P(PUIIMESHTOB JIMHEHHON perpeccum» 00CYIUM BO3MOXKHOCTD MX BBIUMCIICHUS IIPH YCIOBUU HATTUYHUS
JTOTIOJTHUTENBHBIX CTATUCTUUECKHUX JAHHBIX.

CwMbIcoBas Harpy3ka (DyHKIHUH TIOTEPh COCTOUT B clieyromieM. [Ipu yciioBun, 4To B pa3BUTHE KOMIIOHEHTA i
BKJIQ/IBIBACTCS 7; UHBECTULINH, OXKUIA€TCS yMEHBIIIEHHE CITy4aifHON BETMUMHBI KOJIMUECTBA OTKA30B JI0 3HAUCHUS

max{ci r+dX +e;, 0}. OTa BeIM4MHa, JOMHOXKEHHAs Ha KOA((UIMEHT, U eCTb BKJIAJ KOMIOHEHTA i B (DyHK-
LU0 HOTEPb.

1Eopoekoe A. A. Maremarnueckasi CTaTUCTHKA : y9eOHHK. 4-e u3x., crep. CII6. : Jlans, 2010. C. 575-625 (YueOHMKHN /U1 By30B.
CriennanbHas TUTEPaTypa).
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B craructudeckoil urpe mpUCyTCTBYIOT TE JK€ 3JIEMEHTHI, YTO U B BbIIIEONUCAaHHONW urpe. OJHAKO OfUH
UTPOK (TIPUPOJIA) 3aragbIBacT BEKTOP X, @ BTOPOH UTPOK (CTATHCTHK) MMEET BO3MOXKHOCTE IIPOBOIUTE JKCITE-

PHMCHTBL. B 1aHHOM ciTy4ae 3HAYCHISIMU 9KCIICPUMEHTOB SIBIISIFOTCS X; = (xj’ 19 X} 2y eees Xj ), 1< j<k.Haoc-

HOBE 3KCIEPUMEHTAJIBHBIX JaHHBIX CTATUCTUK BBIOMPACT CTPATETHIO S(X ) Torna ¢ynkuuns noreps, KoTopas
B CTaTUCTUYECKON MIpe Ha3bIBaeTCsl PyHKIMEH PUCKA, ONMPEACISIETCS CIeIYIOUIMM 00pa3oM:

wW(3(-), X)=Exw(3(X), X).

XOpOLIMM XOI0M B UCCIICIOBAHUH UT'PbI ObLIO ObI ONPENEIIUTh KaKoe-IT100 pacipeiesieHue sl BEKTopa X,
9T0OBI, OTTAJIKUBASICh OT HETO, CTPOUTH OaHECOBCKUE CTPATEruu UTPOKa, T. €. CTPATEruu, KOTOPble MUHUMU-
3UPYIOT (DYHKIHUIO PUCKA UTPOKA MPH JAHHOM PacIpeieIieHUH CTpaTeruidi NpUpoabl. TeopeTHyeckr B KauecTBe
TAKOTO PaCTpeAeIeHHs MOIIO Obl OBITh MCIOJIB30BAHO paclpe/ielieHue CIyYaiHbIX BEIWYHMH OTKA30B KOMIIO-
HEHTOB, HO B PEAJbHOCTH U3BECTHO TOJIBKO 3MIIMPUYECKOE PACIPEETICHUE 3TUX CIy4ailHbIX BEJIMYUH Ha OC-
HOBe craructuyeckoi nHpopManuu. OHO MpeACTaBIsIeT cOO0H TUCKPETHOE pacipeliesieHne, B KOTOPOM BEKTOP

. 1
x:(x.,l, Xi s enes X ), 1< j <k, uMeeT BEpOSITHOCTh —.

j J J j.n

Jlanee GyJeT HCIONB30BATHCS CIIEAYIONAs TeOpeMa’.

Teopema 1. Ecau ons karkozo-nubo pacnpedenenus Q cywjecmeyem cmewannas 6aecosckas cmpameust iy,
mo cywjecmeyem u uucmas Oaiiecosckas cmpamezus 8y, 015 KOmopuixX QyrKyuu pucka (nomeps) cosnaoarom.

Takum 00pa3oM, MOKHO HANTH YHCTYIO 0AHECOBCKYIO CTPATETHIO JIISl SMITUPUUIESCKOTO PACIIPEICIICHUS
CIlyYyaiHbIX BETMUYMH OTKAa30B KOMIIOHEHTOB. [IpH yciaoBuM naHHOM sMnupuyeckoi GyHKUIUHN QyHKIUS pUcKa
uMeeT BUJT

k n k n d.x. .
W(S(X), X)z Z%Zwimax{chrdixj’iJrei, 0}= ZZmaX W}f v+ 4%, + W}f, 0.

j=1%i=1 j=li=1 k

3HaYeHHS ONTUMAIbHOU YHCTON CTpAaTerun urpoka S(X) MOXHO OIIPEACIUTDb C TIOMOLIBIO cnenonmeﬁ 3a-
Jlaud JIMHEHHOTO nporpaMMUpPOBaHUA:

k n
mmZZZj,f»

j=li=1

zj’iZOVi,j,
w;c widx, ; w.e, . . .
z;; 2 }c v+ I;CJ’Z+ }("v’z,], (2)
QSVISI’;,ISZSI’I,
n
r,<R.

Ota 3a7au4a JI0ITyCTHMa NIPY NOAXOAAIINX 3HAYEHUSX 7;, 7;. Pelienne MoxeT ObITh HallIEeHO, HAITpUMep, C T0-

MOIIIBIO CUMILIEKC-MeToa. [IpuBeneM npumMep paboThl TaHHOW MOJICIIH.
Ipumep. Ilycts BbITTycKaeMbIif IPUOOP COCTOUT M3 IBYX KOMITOHEHTOB, & CTATUCTHKA MO OTKa3aM SBIIS-

eTcsl paBHOH X, = (xl,p xm): (10,15), x, z(xzjl, xzyz): (20, 18). KoadpuumeHTsl ¢;, d; 1 e, IMEIOT 3Hade-

Hua ¢, =-0,001, d, = %, e=2,¢,=-0,00112, d, = %, e, =4, a K03pUINCHTH W, — 3Ha4eHHEe W, =w, = l.

O6mas cymma unsectunuii paaa 10 000. Cymmsl 7, § = 1, 2, MOTyT IPUHUMATh JIOOBIE HEOTPHLIATENILHbIE
3HaueHus1, MeHbIHe wiu paBabie 10 000. Cuctema (2) CBOAUTCS K BUILY

minz, , + z, |+ 2 , + 2, ,

21,20,
2,20,
71,20,

*Boposkos A. A. Marematiueckas craticTuka... C. 578.
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v

0,

Zy

[’}

>

v

v

120,
r, 20,
211, 2-0,000 57 + 3,5,
2,1 2-0,000 57 + 6,
71, 20,000 567, + 4,5,
7,.,2-0,00056r, + 5,
rn+r, <10 000.

Haiins pemenue 3Toi 3a1aun TMHEHHOTO MPOrPaMMHUPOBAHUS € TOMOIIBI0 naketa CPLEX, mMomyduM ONTH-
MaJIbHbIE 3HAYEHUsI [IEPEMEHHBIX CyMM BKJIaJ0B # =1964,285 714, r, = 8035,714 286.

Omnpenenenue ko3¢pGuuMeHTOB JTMHEHHON perpeccun

PaccmoTpum Bompoc 06 ompeneneHun Ko3GQUINEHTOB ¢, d; U e,. [Ipennonoxum, 4to npuOOPHI BBIITYC-
KatoTcs 6e3 MmoaepHu3annu. OIHAKO KOT/Ia OT/IENy BBIAEISAETCS HEKOTOpas HHBECTUIIMOHHAS CyMMa, TO MPH-
OOpBI BBIITYCKAIOTCS B HOBOM MOAM(UKAIINN.

[Ipenmonoxum, 9To OTAETy [ ObIIa BBIIEICHA CyMMa rl.l. Jlo BHenpeHns HOBIIECTBA CTATUCTHKA MO OTKa-
3aM KOMITIOHEHTa COCTaBJIsiIa xf < xé <...< x,][ , TJ1e KOMIIOHEHT i TIPOJIEMOHCTPHUPOBAI x; OTKa30B n(xfg) pas.
[locne BHeApeHNS HOBILIECTBA CTATUCTUKA 110 OTKa3aM KOMIIOHEHTa COCTaBHIIA yll < yé <...< y,ﬂ/_, i€ KOMIIO-
HEHT i TTPOAEMOHCTPHUPOBAIT y} OTKa30B n( y} ) pa3. PaccmoTpum ciaydaiiHyro BeNH4nHY &; C SMIUPUYECKUM

. ! ! n(xi, )
pacrpesie/icHHeM Ha OCHOBE CIIyYaiHOW MOCIEAOBATENBHOCTH X, X;, ..., X;, T. €. P(F;, =X, ) ==

/
2 ”(xk )
k=1
AHa0ru4HO myCTh T; — cnyqaﬁHa;I BCJIMYMHA C OMITUPHUYCCKUM PACIIPEACIICHUEM Ha OCHOBC ITOCJICI0BATCIIb-

HOCTHU yll , yé, s y,il. HeoOxonumo mogobparbh Takue MapaMerTpsl ¢;, d; U e, 4TOObl claydailHble BEJMUUHBI

! .
¢ty +d,§;+ e u t; nvenu Hanbosee GIU3KOE pacnpeienieHue Ui Beex j. YKasaHHas 3aj/1a4a sABISETCS J0-
BOJILHO TPY/HOM, I09TOMY M3JI03KHMM J[Ba IIPOCTBIX MOIX0/1a K HAXOKAECHUIO TPUOIIMIKEHHBIX 3HAYeHUH KO (]-
(bULUEHTOB ¢;, d; U ;.

Paccmorpum nepBblii noaxos. JlaHo HEKOTOPOE KOJIMYECTBO CTATUCTHYECKUX JAHHBIX (ril, &, 1 ) Cuaua-
JNa ONpeJesnuM ONTHMAIbHOE B HEKOTOPOM CMbICHE 3HaueHHe koddduimenta d,. bynem ncxomurs u3 Toro,

YTO €CJIM BBICKA3aHHBIE NPETIOIOKEHNS O JMHEHHON 3aBUCHMOCTH BEPHBI, TO 3HAYCHMS (cl. r+ dix,ll + el.) -
- (c,- v+ dx] + e, ) = di(x,ll —x ) u y,i] — Y| He JIOJKHBI CHITBHO OTJIMHATBCS TPH JIOBOJBHO GOMBIIOM 0GbeMe

BBI60pKI/I, MOCKOJIbKY OCTAaBILHICS KOMIIOHCHT JTUHCHHON (l)yHKLII/II/I SABIACTCSA CABUI'OM. CJ'IC,[[OBaTeJ'IBHO, BbI-

1 ! !
OepeM Takoe 3HaueHUE KOdPPUIHEHTA d;, YTOObI 3HaUeHUE (PYHKIUN mlax‘di(x,[ - X ) - ( Yh, = Vi )‘ OBLIO MH-

HUMaJIBHBIM. DJTa 3a/1a4a JIETKO MOJCIHMPYETCsI ¢ MIOMOIIBIO 331a4yl JIMHEHHOTO nporpaMMupoBanus. [lanee 3a-
GbuxcupyeM 3HadeHue KodpduieHTa d; u OyieM paccMaTpHBaTh PErPECCHIO C; rl.l + e; ¢ hakTopamu (ril, 1) Ha
3HAueHHE Vi — d,X|. BBIUMCIINM CTAHIAPTHBIMU METOZAMI KOS(DDHUIUEHTHI ; H e;.

Bropoit moaxon spusiercs eme Oonee mpocTeiM. [logcuntaeMm BBIOOpPOYHOE CpelHEE PsIOB 3HAYCHUI

h
in(%)% Zln(yk’)yk’

I_ 1 ool 1<l _ k= —1_ k=1 P
X <X <...<x U Y <y;<..<y X =———Hu )y =———. Paccmorpum perpeccuro paxro-

i hy
! !
2 () 2 ()
k=1 k=1
poB (ril, X, 1) Ha 3HadeHne ). C MOMOIIBIO CTAHIAPTHBIX METONOB" HaliIeM K0S(hHIHCHTHI c,d;ne,.

3Boposkos A. A. Matemarideckas cratucTuka. .. C. 477.
*Tam xe.
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Bornee ciioxHbIe IOAXOIB! K ONPE/ICIICHAIO BBIICYKa3aHHBIX KOAPQHUIIMEHTOB OyIyT M3JIOKECHBI B paboTre
aBTOpa «BhIyncieHne mapaMeTpoB CBSI3BIBAIOIICH JIBE CITydaifHbIe BEIMYMHBI TMHEWHON (YHKIIMH 11O CTaTHC-
THYeCcKol HH(OpMAaIIMUy, MJIAHUPYEMOH K ITyOJIMKAIlUK B OJrKaiiiee BpeMs.

Hcnoab3oBanue 00001IEHHBIX JUHEHHBIX MOaeJIel

Ecnu npou3BoNICTBO YCTPOSHO TaKMM 00pa3oM, 4TO PUOOPHI BBITYCKAIOTCSI, @ TIOTOM MOJEPHU3UPYIOTCS
W CHOBA MPUMEHSIOTCSI, TO BO3MOYKHBI CIISIYIOLIHE MOAN(DHUKAIINN BBIIICU3IIOKEHHBIX TTOIXO/I0B.

[Mpennaraem Ucmoabp30BaTh 000OIIECHHYO JIMHEHHYIO MOZIEIb ISl ITyacCOHOBCKOTo pacnpenenenus [ 1]. [Tpen-
TIOJIOKHM, YTO €CTh CTATUCTHUKA 110 0TKa3aM KOMITOHEHTA i 710 BHEAPEHHSI HOBOM TEXHOJIOTHH, pa3Mep OIo/KeTa,
BBIJIETICHHOTO OT/ENy i, U CTaTHCTHKA 10 OTKa3aM ATOr0 KOMIIOHEHTA I10CJIe BHEPEHNSI HOBOM TEXHOJIOTHH.

B kauectBe BekTopa akTopoB BeiOepeM (1, x., 7. ), 1 < j < N, rie x, — KOJIMYECTBO OTKA30B KOMIIOHEHTA I 1O
b ]’ ] b b j

BHEJIPEHUS] HOBOU TEXHOJIOTUH; ¥; — pa3Mep BIIOKEHHbIX B MOJCPHU3ALINIO KOMIIOHEHTA i CPEACTB; ; — KOIHYe-
CTBO OTKa30B KOMIIOHEHTA I II0CJIe BHCAPCHUUN HOBOM TEXHOJIOTHH. ,Z[OHYCTI/IM, YTO KOJIMYECTBO OTKA30B KOM-
MOHEHTA I TOCJIE BHEAPEHUS HOBIIECTBA SIBJIAETCS CIIy4YalHOM BEIUYMHOM C TyaCCOHOBCKHUM pacIpeeieHueM
¥ MareMaTH4eCKUM OKHJIaHUEM ;. B COOTBETCTBUHM ¢ 00OOIIEHHOM JTMHEHHONH MOJEIBIO TyaCCOHOBCKOTO

pacnpenencuus Inm = Xa, tae Inm = (lnml, Inm,, ..., Inm, )T; X — Marpuiia u3 CTpoK (1, X g), 1<j<N;

AN
o= (oc{, o5, OL'3) — K03 HUIUEHTHI, KOTOPBIE BO3MOXKHO OIPEICTHTH METOJIOM MAaKCHMAIILHOTO TIPABIOIO/I0-

Ous1, HCTIONB3YS JaHHY0 Mozelb [ 1, p. 116].
QOyHKINIO pHCKa MOYKHO MTPEJICTABUTH B BHJIE
k n

o . k o .
W(S(X) X)— liweu;mgx,,,.mgr, _ z zﬁeaiﬁ-a’zxj’ﬁagr,—
> - i - .
jzlki:] j:],’:]k

3ameTuM, uTO B ()YHKIIMU PUCKA OTCYTCTBYIOT MAKCUMYMBI, TaK KaK MaTeMaTHu4eCKOe OXKHJIAHUE JUIS CITydaii-
HOU BEJIMYMHBI, PACIIPENEIICHHON 10 ITyaCCOHOBCKOMY 3aKOHY, U TaK HEOTPULIATEIILHOE.

3HaueHHUsT ONTUMATHHONU YUCTOM CTPATETHH UTPOKA 8()( ), KaK ¥ B NMPEABIIYIIEM CITy4ae, MOKHO OIpese-
JIUTh C TIOMOUIBIO CIIEYIOIIEH 3a7a4i BBIITYKIJIOTO IPOTPAMMUPOBAHUS:

k n
min Y} z; ;.
j=li=1
W ol +abx,  +okn ..
le 1 24,0 3IVZ,],

ok
<r<r,1<i<n,

1

Zn:ri <R
i=1

JIJ1st TaHHOTO TUTIA BBITYKJIBIX MPOTPAMM CYIIECTBYIOT MTOJIMHOMHAIBHBIC METOIBI IIOCTPOCHUS ONITUMATBLHBIX
perenwuii [2].

MO}]epHI/BaIII/IH MMOAMHO?KECTBA l'[pHﬁOpOB

JlomycTrM, 9TO M3 BCErO MHOKECTBA MPHUOOPOB, MO KOTOPHIM W3BECTHA CTATHCTHKA 32 OIPEIETICHHBIN TIe-
puoa, HeoOXOMUMO MOJIEPHU3UPOBATH TOJBKO TE€, Y KOTOPBIX KOJIMYECTBO OTKA30B KOMIIOHEHTA / OOJIBIIE WM
PaBHO X; ¥ MEHBIILIE WIIM PABHO X; (B 00IIEM Cilyyae BEKTOP OTKa30B NPHOOPOB HAXOJUTCS B HEKOTOPOM MHO-

xecTtBe A). Torma U3 Bcex BEKTOPOB x; = (xj 1o Xj 25 eees X ), 1< j <k, Oynem paccMarpuBarh TOJBKO T€, KO-

Jon
TOPBIC HAXOAATCS B MHOKCCTBC

[ﬁ’ 371] X [—oo, +oo] X ... X [—oo, +oo]U[—oo, +oo] X [)2, x_zJ X ... X [—oo, +oo]U_,,
U[—OO, +oo] X [—oo, +oo] X ... X [x_n, x_n}

(B 00mIEeM CiTydae OHHM HAXOMATCS B MHOKECTBE A4), 1 OTHOCUTEIEHO HUX OyZIeM IPUMEHSTD BBIIIICH3IIOKEHHEIE
MTOXO/IBI. DTO IEHCTBHE SKBUBAJICHTHO PACCMOTPEHHIO CITyYaifHOW BEIMYMHBI C IMITMPHUIECKUM pacIipesiene-
HHUEM TIPU YCIOBUY HaXO)K/IEHUS 3HAYCHHUS JAaHHOHN CITydailHOW BEJIMYMHBI B YKa3aHHOM MHOXECTBE.

Ecam maus! Tompko onuH TpuOOP, OITSKAIITHN MOACPHU3AIINH, U OFOKET, BEIACICHHBIN OTIETY TSI TOU
1IeJTA, TO MOJKHO HAWTH / BEKTOPOB CTAaTUCTHKH, Hanboee OIM3KMX K BEKTOPY OTKA30B 3TOTO MPUOOpa, U MPH-
MEHUTH BBITIETIEPEUNCIEHHBIE TTOAX0IbI OTHOCUTENFHO YKa3aHHOTO Ha0opa CTaTUCTHYECKHUX TaHHBIX.
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IToncuer CTAaHAAPTHBIX OIINOOK

Hcmonb3ys w3BECTHYIO TEXHUKY [1], MOKHO TIOJICUNTATh CTAHIAPTHYIO OITHOKY CTOMMOCTH WTPHI. Pac-
CMOTPHUM SMITUPUYECKOE pactpeliesieHre. HarmoMHnM, 4To 9TO TUCKPETHOE pacipeielieHue, B KOTOPOM BEK-

. 1 x
TOp X; = (xj 15 X 20 vees X ), 1< j <k, uMeeT BEpOSITHOCTh P O0603HaUYNM JaHHOE pacmpeeieHne depe3 F .

CrenepupyeM U3 HEro k& BEKTOPOB M BBHIYHUCIMM Ha UX OCHOBE 3HAUEHUS UTPHI C IOMOIIBIO OHOM U3 BBIIIIE-
IIPUBEJECHHBIX ITporpamMM. [I0BTOpUM MI1aru 1o reHepanny BEKTOPOB U BBIUMCIICHUIO 3HAYEHUI UIPbl B pas, pu

o Al
9TOM IIOJIyYUM B 3naueHmit HUI'PBI, BBIPpA’KACMbBIX B BU/IC 9( ), 1</<B. Iloncuntaem OLICHKY CTaHAAapTHOI'O OT-
KJIOHCHUA paclpCACICHUA 3HAYCHUS UT'PLI ITPU SMIIMPUYICCKOM PACIIPEACICHUN F* CJICAYIOIINM 06pa30M:

sd(F*)z ZT ,

5 p)
rae 8t = Z— Ora BenMYMHA HA3bIBACTCS OICHKON CTaHIAPTHOW OMIMOKW 3HAYEHWS WTPHI TPU JaHHON
=1
CTaTUCTHYCCKON mHpOopMaIuu. Mcroap30BaB CTaHAAPTHYIO OMUOKY W HepaBeHCTBO UebbImiera [3], MOKHO
MTOCTPOUTH TOBEPUTEIHHBIC HHTEPBAIBI ISl 3HAYCHUS UTPHI.
Jst 6omBIIIel BeCOMOCTH HH(POPMAITHH, U3JIOKEHHOW B TAHHOM pasfieie, TOKaXeM, 9TO sd(F *) E—

—>sd (F ), rae F — HeM3BeCTHOE pacTpeiesieHIe 3HAYeHUsT UTPhL; Sd (F ) — CpeIHEKBAAPATHYHOE OTKIIO-

HEHHE CIy4ailHOW BeTMUMHBI 3HaYeHHst Urpbl 0. OCHOBHASI UIesl 10Ka3aTebCTBA — CIIPOSIIMPOBATh BETMUMNHBI
3HauYEHHUI UTPHI Ha IPOCTPAHCTBO NepeMeHHbIX X. C 9TOH 1eIbio paccMOTpUM MoxpodHee 3a1ady (2) 1 Ha ee
OCHOBE C(HhOPMYIHPYEM CUCTEMY HEPABEHCTB

k n
ZZZ'JSZ’

j=li=1
Z; ;2 0 Vi, j,
3)

QS@S@,ISzSn,

i=1
rae Z— HCKOTOpas KOHCTAaHTa. I[JIH KaXXA0ro JOIMYCTUMOTI'O 3HAYCHUS BEKTOPA NEPEMCHHBIX 9TOM CUCTEMBI He-
PaB€HCTB, T. €. BEKTOpPa (Z, }"), OIpeaACINM MHOTOI'PAHHHUK BO3MOXXHBIX 3HAYEHUMN IMEPEMCHHBIX X, UCIIOJIB3YS

WiCi widix;; we . .
OTpAaHHYCHHUE Z;; = v+ + Vi, j u3 3amaun (2) u npexnonaras, yTo Kodddunmenr d; -

k' k k
€TCsl MOJIOKUTEIIHLHBIM
R(z, r) = HRJ., i(z, r),
jii

A\k

—_. .
51
w;d, ’

G €
—rn—-—2 X i
d; i

Rj,i(z’ r)= Xj, -
OTMeTHM, 9TO MHOTOTPAaHHUK R s i(z, r) — DTO MOJXYHUHTEPBAIL.
MHO)KGCTBO 3Ha‘IeHI/Iﬁ X, COOTBGTCTBy}OHICG CUCTCMC (3), OHpeZ[eJ'IS[GTCH KakK O6’BC,Z[I/IH€HI/16 MHOFOI’”paHHI/I-

KOB R(Z, I") 10 BCEM JOITYCTHUMBIM BEKTOpamM (Z, }")2

R(Z)= U | R(z, 7).

3

MHoxecTBO sz < Z, Z; ;2 0,7,<r,<Fr,1<i<n, ) r, <R sBIieTCSI MHOTOI'PDAaHHUKOM C KOHEUHBbIM KOJIH-
Jui - i=1
4yecTBOM BepIUMH. Torna BepHa ciieyromas jieMma.
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¢ e

Jlemma. H 2 s L 20e (Z , ) — BEPULUHA  MHO20CPAHHUKA

Y i Zj,i i Jri k> "h
w; d d. d.
(zh, ) i

ZZ],ISZ z; ;20,5 <1<k, 1<i<n, Zr<R
Jii i=1

JokaszareunbcTBoO. [lycTh (z1 rl) — HEKOTOpasi TOUKa MHOI'OI'PaHHUKA Z <Z,z; O r<r,

Joi
1<i<n, z r. < R. JlommycTuM, 4TO X IPUHAAJICKUT MHOTOTPAHHUKY, TOCTPOEHHOMY /7Sl 3TOM ToukH. PaccMoT-

i=1
PUM CICOAYIOIIYIO 3a1a9y JIMHEUHOTO IIporpaMMHUpPOBAHUA:

mll’l W ; —> max,

e ).
zZ. . ——r ——+|Vi, ],
PRI

Jii “)
z; ;20 Vi, j,

QS@S};,ISZSn,

Zn:ri <R

i=1
BeKTopOM NIEPEMCHHBIX )IaHHOI>’I 3aga4u ABJIACTCA (Z, r, W) OTMCTI/IM, 4YTO €€ AOIMyCTUMOE€ PCHICHUE — 3TO

TOYKa (Zl, I"l, Wl), rac \/V1 BBIYHCIIAICTCA U3 IIEPBOI0 OrpaHUvCHUA. HCHCBaH (bYHKHI/Iﬂ Ha 3TOM JOITyCTHUMOM

pelIeHnu paBHA HYIMO. 3HAYHT, ONITUMAIBHOE pelieHne 3aaa4du (4), KOTopoe sBISEeTCs OMHOBPEMEHHO Bep-
IIMHON MHOTOTPaHHUKA, MOXET OBITh HalIEHO C MOMOIIBI0 CHMITIEKC-METO/Ia M KPUTEPH Ha 3TOM ONTHMAITb-
HOM pEIIeHHH OOJbIe HYJS WM paBeH Hyro. V3 MeToma moCTpOeHUs TIEpBOTO OTPAHUYCHHS CIEYET, YTO

k h C p e

BCPXHUEC I'PaHUIbl B KOMIIOHCHTAaX MHOTOI'pPAaHHHKA H -7 22X, ;
d J, d 1 d J i

Jsi i
9TOMY PCIICHUIO, MOIJIM TOJIBKO YBCJIMYUBATBHCA, a 3HAYUT, TOYKA X OCTACTCA IlOHyCTI/IMOfl JUIA MHOFOI’paHHI/IKa

, COOTBCTCTBYIOILICTO

R(z r) COOTBETCTBYIOILLETO BEPLIMHE MHOTOIPAHHUKA ZZ/ i$Z,z;,;20, Y <r,1<i<n, Zr <R
Jii i=1
JlemMma noxa3zana.

Wrak, MHOXKECTBO R (Z ) orpeenseTcs Kak 00beIMHEHNE KOHEYHOTO YHCIIa MHOTOTPaHHHUKOB, KKIBIH 3
KOTOPBIX ABJISIETCS] OOpPENeBCKUM MHOXKECTBOM. [|pyrnMu ciioBaMu, 3TO MHOKECTBO M3MepruMo. Haiinem nepe-

CCUCHHE 3TOI'0O MHOXXCCTBA C MHOXKCCTBOM HCOTPUIATCIIbHBIX 3HAYCHUM X H{xj i‘xj i > O}
Jri

C. e.
=l U H /,‘ zi ==k ==tz 00 {xj,i‘xj’iZO} =
wd, " a T, L1

(Zh,rh) Ji i i

k C e.
= U H xj,i‘_zj}'l,i__"’ih__lzxj,i ﬂ
wd, T d d, L

(zn )\ \ J»i

rae (Zh, rh) — BEpILMHA MHOTOTPAHHUKA sz i$Z,2;;20,1,<n<7,1<i<n, ZF <R
Ji i=
DTO MHOKECTBO OCTAHETCsl OOPENEBCKUM M Oy/IeT OrpaHMYEHHBIM, TaK KaK OFPAaHUYEHHBl MHOTOIPaHHUKH

k ¢
H X ,‘szh ;= jrih - j 2X; ﬂ H{xj’ i‘xj’i > 0} . Torna nmpexnonaraemyro QyHKIUIO pacrpee-

gy i i Jyi
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Kparkue cooduienust
Short Communications

JICHUS 3HAYEHUS] UTPHl MOXKHO 3aIUCaTh B BUJIE Fe(t) = P(x € R*(t)). MHOXeCTBO TOMYCTUMBIX 3HAUCHUH X,
MIPAHAJIEKAIINAX R+(t), HaxoAHUTCsI TIepedopoM, Tak KaK KaXXIblii MHOTOTPAHHHUK, COOTBETCTBYIOIIHIA CBOCH
BEpILIMHE, OrpaHrdeH. MOXHO JI0Ka3aTh, 4TO ATa PYHKIHUS ACHCTBUTEIBHO SBIIseTCs (DYHKIMEH pacripeserne-
HUS, T. €. 00J1a/1aeT BCEMH CBOWCTBAMH TaKOW (DYHKIIMU. DTOT BHIBOJI CIIEAYET U3 TOTO, YTO KOT/Ia KOMITOHEHTHI
BEKTOpa X — HEOTPHULIATEIIbHBIE LIENbIe CIIy9aliHbIe BETMYHUHBI, TO CIlydaifHas BeHMYUHA O SBIIIETCS TUCKPET-
HOH cily4aiiHON BEJIMYHUHOM.

Bri6opounyto GyHKIHIO pacrpeneieHns, KOTopasi TakKe SBISEeTCS AUCKPETHOW CITy4allHOW BEITMYHWHOM,

k,
MOYKHO 3a1ucarh Kak Fy (t) = ;1, r11€e k; — KOJIMYECTBO BEKTOPOB X B MHOXKECTBE R*(t).

Ocraercs BOCIIONIB30BATHCS CICAYIOMIEH TeopeMoﬁ5 .
Teopema 2. Ilycmo X, = [XOO ]n umeem pacnpeoenenue F. Toeoa eciu S(X) = G(Fn*) ecms Cmamucmuka

muna I uau I, mo npu n — © G(Fn*) — G(F).

3akaoueHmne

Paccmotpena 3aaua onpeiesieHus ONTUMAaIbHOTO paclpe/esIeH sl THBECTUIIMOHHOM CyMMBI MKy OTAea-
MH, pa3padaTbIBalOIMMKI KOMIIOHEHTHI CII0KHOTO Ipudopa. Bribop pacnpenenenus 3aBUCUT OT ONPaBIAHHOCTH
CPE/CTB, paHee BIOKEHHBIX B HaJIEKHOCTh IPOU3BOAMMOIO KOMIOHEHTa. {1 ydera BIUSHUSA MOTpadyeHHON
CYMMBI JICHET Ha KOJMYECTBO OTKa30B KOMIIOHEHTA MPEJIOKEHO MMOCTPOUTH JIMHEHHYIO MK 0000IIEHHYIO
JMHEHHYIO perpeccuro, Ko3pGUIUEHTH KOTOPOU HCIONB3YIOTCS B (DOpMYIMPOBKAaX MareMaTu4ecKoro mpo-
rpaMMHPOBaHHSI.
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VAK 517(075.8)
Kpomos B. I’ O630pHble jJexkuuu no maremarudeckomy ananausy u TOKII/ B. I'. Kpotos, T. C. Mapasui-
ko ; BI'Y. Dnekrpon. TekcToBble 1aH. Munck : BI'Y, 2025. 78 c. bubnuorp.: ¢. 77-78. Pexxum noctyna: https://
elib.bsu.by/handle/123456789/327566. 3arn. ¢ skpana. [den. B BI'Y 24.03.2025, Ne 004624032025. Texcr :
JIEKTPOHHBIN.

[IpencrasieHsl 0030pHBIE JIEKIHUHU [0 y4eOHBIM TUCHUIIMHAM «Maremarrndeckuil ananus» u « Teopust pyHK-
L1 KOMIUIEKCHOTO IEPEMEHHOTr0». B mocobuu copepKUTcest TeOpeTHUECKU MaTepral, peaHa3HaYeHHbIN IS
MOJTOTOBKH K TOCY/IJapCTBEHHOMY JK3aMEHY.

VIK 004(075.8)

llonosa E. D. UHdopMalluOHHBIE CHCTEMBI : JIEKTPOH. yued.-MeToJl. KOMILIeKC i cretl. 6-05-0322-04
«Ymupasnenue nokymentamu» / E. D. [lomosa, H. H. CanoBa ; BI'Y. DnextpoH. TekctoBbie 1aH. MuHck : BI'Y,
2025. 128 c. : un. bubmumorp.: ¢. 121-122. Pexxwum noctyna: https://elib.bsu.by/handle/123456789/327804. 3aru.
¢ skpana. [emn. B BI'Y 02.04.2025, Ne 005202042025. TekcCT : 31€KTPOHHBII.

DNeKTpoHHBINH yueOHO-MeToqudeckunii komrieke (OYMK) npenHasHavyeH A CTYAEHTOB, O0Y4arOIIuXCs
o crnenuaibHocTH 6-05-0322-04 «Ynpasnenue gokyMentamuy». Copepxanue OYMK conelicTByeT U3yueHuo
BOTIPOCOB COTJIaCHO y4eOHOI Tporpamme 1o yuebHoi mucuurmnae «MHbopMarmonnsie cucteMbny. DY MK
HareseH Ha (JOPMUPOBaHHUE 3HAHWH U IPAKTUUECKUX HABBIKOB B 00JIACTH aBTOMATH3ALUH YIIPABICHUS TOKYMEH-
TaMH, OH CIIOCOOCTBYET (POPMUPOBAHHIO YHUBEPCATIBHBIX M 0a30BbIX MpodeccroHaIbHBIX KoMiteTeHuuit. OYMK
BKJIIOYACT TEOPETUUECKUI pas3ies, MPaKTHYECKUH pa3iell, pa3ziesl KOHTPOJIS 3HAHUM 1 BCIIOMOTaTeIbHBIN Pa3ae.

VIK 519.1(075.8) + 510.6(075.8)

Bacunvros /[ M. JlnckpeTHast MaTeMAaTHKA M MaTeMaTHYeCKAasi JJOTHKA : DJICKTPOH. yue0.-MeTO. KOMIUTEKC JIJIs
crer. 6-05-0533-11 «IIpuknagnas uadopmarukay : B 2 4. U. 1 / [I. M. Bacmiskos ; BI'Y. D1eKTpoH. TEKCTOBBIE
nmaH. Munck : BI'Y, 2025. 87 c. : w1, bubmuorp.: ¢. 85-87. Pexxum gocryma: https://elib.bsu.by/handle/123456789/
328447. 3ar. ¢ skpana. Jlem. B BI'Y 15.04.2025, No 006115042025. TekcT : IeKTPOHHBIH.

DIeKTPOHHBIN yueOHO-MeToauaeckuil kKoMiuieke (QYMK) mo yuebHo# mucnurmmmHe «lucKpeTHas Mate-
MaTHKa W MaTeMaTH4ecKas JIOTHKa» (9acTh 1) mpenHa3Ha4eH i CTYIEHTOB crieruanbHocTh 6-05-0533-11
«IIpuxnannas uaPopMaTukay. B 3YMK comeprkarcs JEKIIMOHHBIA MaTepHal, 3aJaHusl I PAKTHICCKUX
3aHATHH, CITMCOK JIUTEPATYPHI.

VIIK 519.1(075.8) + 510.6(075.8)

Bonukosa I [1. JluckpeTHas MaTeMaTHKA U MaTeMaTH4YeCKas JIOTHKA : JIEKTPOH. y4e0.-MeTO . KOMIUIEKC IS
crierl.: 6-05-0533-09 «IIpuxnamaas maremarukay, 6-05-0533-12 «KubepbezomacHocts» : B 6 4. Y. 1 /I I1. Boma-
koBa ; bI'Y. DnekTpon. TekcToBbIe MaH. MuHck : bI'Y, 2025. 112 ¢. : un. bubmworp.: c. 111-112. Pexxum nocty-
na: https://elib.bsu.by/handle/123456789/329108. 3arm. ¢ axpana. en. B BI'Y 06.05.2025, Ne 006506052025.
TekcT : 3IMeKTPOHHBIH.

DIeKTpOHHBIN yueOHO-MeToauueckuil kKoMiieke (QYMK) mo yduebHo# nucnurmmmHe «lucKpeTHas Mate-
MaTHKa ¥ MaTeMaThdeckKas JOrukay (JacTh 1) mpemHasHadeH sl CTYACHTOB crienuanbaocTelt 6-05-0533-09
«IIpuxramuas marematukay, 6-05-0533-12 «Kubepbezomacuocts». B 3YMK coneprkarcs JeKIIMOHHBINA MaTe-
puai o Teme «Jloruka BeICKa3bIBaHHUM U JIOTUKA TPEANKATOBY, 33/IaHUS IS PAKTHIECKHUX 3aHATHH, HAaOOpbI
TECTOB TSI TPOBEPKH 3HAHHM, CIIFICOK JIUTEPATYPHI.
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VIIK 004.925.8(075.8)

Llonmanrwok C. B. MaTeMaTH4eCKUe MeTO/IbI KOMIIbIOTEPHOM IrpaduKH : JIEKTPOH. yuel.-METO/I. KOMITJIEKC
st criert. 6-05-0533-11 «lIpuknagnas nadopmarukay : B 3 4. U. 2. OCHOBHBIE aITOPUTMBI BEIYACITHTEIHLHON
reomerpun / C. B. lllonTantok ; BI'Y. Dnekrpon. Tekcrobie gan. Munck : BI'Y, 2025. 500 c. : win. bubnuorp.:
c. 483-485. Pexxum noctymna: https://elib.bsu.by/handle/123456789/329888. 3aru. ¢ sxpana. Jlem. 8 BI'Y 05.06.2025,
Ne 007605062025. TekcT : 31€KTPOHHBIH.

DNeKTpOHHBIN yaeOHO-MeToamdeckuii komruieke (3YMK) npegHa3zHadeH aJisl CTyACHTOB CHEITHATBHOCTH
«rpuknaaHas uapopmarukay. Hacrosmit OYMK nocesiiiieH 6a30BbIM anropuTMaM KOMITBIOTEPHOH IpapuKH
Y BBIYUCIIUTEIIEHOM T€OMETPHH, KOTOpPbIE MPeIHA3HAUYEHBI I PEIICHHs Pa3IMYHbIX 3a7a4: OTCEUSHHS U yaa-
JICHUSI HEBUJIMMBIX YacTell 00bEeKTOB, pacTepu3aliy, pa3oueHus OObEKTOB Ha DJIEMEHTapHbBIE YaCTH, IIOCTPOe-
HUSI ONTHYECKUX 3(D(DEKTOB U HEKOTOPHIX NPYrUX 3anad. Jiis 9 TuX anropuTMoB JaHbl MoapoOHOE onrcaHue
1 000CHOBaHUE, a TaK)Ke MPHUBEAEHBI TPUMEPHI X pabOoThL. B mpakTHdeckoM paszerne mpeAcTaBiIeHbl 3a1aqu
JUTSI CAaMOCTOSITETIFHOTO PEIICHUs Ha HUCIIOJIb30BAHUE OMMCAHHBIX aJITOPUTMOB, @ B OTBETAaX K OOJBIIMHCTBY
W3 HUX MIPUBEIEHBI YePTEKHU, UTO HAPSITY C YUCIOBBIMU PE3yJIbTaTaMi JAeT JIydllee TOHUMaHNe Ha3HAueHUs
1 pabOoTHI paccMaTpuBaeMbIX anropuTMoB. Hactosmuit Y MK conpoBokmaeTcst MaTepuaiamMu Il KOHTPOJIS
3HAHUHU (BapuaHTHI AJI1 KOHTPOJIBHON padOThI, CHMCOK BOIIPOCOB JJIs1 KOJUTIOKBUYMA M dK3aMeHa) U MIEpEeYHEM
PEKOMEHIyeMOH U JOTIOTHUTENFHON JTUTEPATYPhI, CPeIr KOTOPOI MPUCYTCTBYIOT HAyYHBIE CTaThH, T1I€ BIIEPBbIC
OTIMCaHbI 1 000CHOBAHBI PACCMATPHUBAEMbIE AITOPUTMBI.

VAK 517.98(075.8)

3enenkos B. M. DyHKIMOHAIbHBIN aHAJN3 U Teopus QYHKUMIA : SJIEKTPOH. y4eO.-MeTo/l. KOMIUIEKC s
crer.: 7-07-0533-01 «®ynnamenransHas pusukay, 7-07-0533-02 «Snepubie puznka u rexHonorum» / B. 1. 3e-
neHkoB ; BI'Y. Dnekrpon. TekctoBeie nan. Munck : BI'Y, 2025. 515 c¢. bubnuorp.: c. 502-505. Pexxum noctyna:
https://elib.bsu.by/handle/123456789/331812. 3ari. ¢ akpana. Jlen. B BI'Y 09.07.2025, Ne 009609072025.
TeKCT : AIMEKTPOHHBIN.

B anexrponHoM yuebHo-MeToaudeckoM komruiekce (3YMK) no yuebnoii qucuuminae « OyHKINOHAIBHBIN
aHaNn3 1 Teopust PyHKINI» TPUBOAATCS OCHOBHBIC TIOHSTHSI M TEOpETHUECKUE cBeleHus. JlaeTcs monpobHoe
petieHre OOJBIIOTO YKcia THIIOBBIX IPUMEPOB, U MPEJIaraeTcs 3HaUUTEIbHOE KOJMYESCTBO 3a/1a4 Pa3IHIHON
CTEIICHH CIIOKHOCTH JUIsI CaMOCTOsITeIbHOTO penteHus. DYMK npennasHaueH Juist CTYJACHTOB (HU3HUYECKOTO
¢axynbrera BI'Y, a Takke 1u1s mpenoaBaresnieil BRICIIMX Y4€OHbIX 3aBEICHUN MPH MOATOTOBKE U MPOBEACHUH
NPaKTHYECKUX 3aHATHH 10 TUcHUIUIHE « DyHKIMOHANBHBINA aHATM3 U TEOPHUsT PYHKIIHI.
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