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Abstract: A new concept of a nonlinear nanoantenna with multiple functions is suggested. We
give theoretical research on the temporal dynamics for this asymmetric system which consistis of a
pair of graphene-wrapped dielectric nanoparticles with tunable Fermi energies. It is demonstrated
that asymmetry can lead to an enlarged stationary multistable regime and enrich the temporal
dynamical behaviors compared to the symmetry counterpart. Such a nanoantenna can provide
a chance to switch among coexisting nonlinear states under the illumination of a sequence of
external pulses, which simultaneously leads to not only the manipulation of the angular scanning
sector and scattering pattern of nanoantenna but also the controllable multistate optical switching
or coding element. This kind of asymmetric dimer system may represent a possible step toward
the development of tunable applications in nonlinear nanophotonics and biophotonics.

© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

With the great development of nanotechnology, the research on optics at nanoscale has become a
hot and frontier topic. Most previous studies of nanophotonic were predominantly focused on the
linear system however nonlinear effects lead to richer phenomena [1,2]. Nonlinear optics has
important applications in modern optical devices such as ultrafast optical switch [3,4], active
all-optical control [5] and fiber sensor [6]. Except for the stationary research of the system, the
study of temporal dynamics focuses on the dynamic behavior of the system on time scales, in
particular showing novel properties under the influence of nonlinear effects [7]. In view of the
above, it is able to create large-scale photonic integrated circuits [8], realizing elaboration of
micro- and nanostructures [9] and generating coherent electromagnetic waves through nonlinear
parametric processes [10—12]. In addition, due to the complex dynamic features of chaos, it
has remarkable application in random bit generator [13,14], Chua’s oscillator circuit [15] and
multimode lasers [16].

The study of nonlinear temporal dynamics is important for understanding and controlling the
nature and behavior of systems, and how to obtain more intense and faster nonlinear effects has
been a hot research topic. One of the important ways is to enhance and control the nonlinear
optical response utilizing plasmons, and the research results are numerous. For nanoparticle
systems, a nanoantenna made of two identical nonlinear metallic nanoparticles can achieve
periodic scanning of the scattering pattern [17,18], the routes to chaos in nanostructures can be of
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great insight into nanophotonics [19] and the system of linear and nonlinear combinations enables
ultrafast encryption through switching between the forward and backward directions [20,21].
In more complex nonlinear plasmonic nanostructures, such as nanocomposite materials [22],
nanoparticle arrays [23,24] and chain structures [25,26], nonlinear dynamics are abundant owing
to well periodicity and flexibility. In addition, due to the complex behaviors at nanoscale, both
theoretical models and experimental techniques need to be further investigated and developed.
Recently, some scholars have considered the influence of nonlocal effects on the nonlinear
structure [27,28]. With the continuous development of two-dimensional materials, graphene
becomes a promising alternative to traditional materials such as metals and other plasmonic
materials, because it can not only support plasmons in a wide spectral range from the terahertz
(THz) to the visible frequencies, but also has more intense nonlinear response [29]. Research
finds that composite systems composed of graphene and other materials can act as nonlinear
nanophotonic circuitry [30], modulate the switching thresholds of bistability [31,32] and form
optical multistability [33,34]. Recently it has also been considered how the asymmetry of the
structure affects the optical response of the nanodimer made of a pair of graphene-wrapped
dielectric [35,36]. However, traditional methods rely on structural engineering to generate
asymmetry, and once the structure is fixed, the asymmetry cannot be adjusted. Yet, no attention
has been paid to modulating the asymmetry of the system through Fermi energy of graphene.
Practically, the Fermi energy of the graphene layer can be electrically controlled by utilizing a
gate voltage without changing the micro-architecture, and the graphene-wrapped nanoparticles
can be produced by layer-by-layer self-assembly or precursor-assisted chemical vapor deposition
[37,38]. This approach significantly enhances the tenability of system, eliminates the need for
complex nanofabrication, and enables adaptability to diverse working environments.

In this paper, we explore a comprehensive theoretical and numerical analysis of the nonlinear
temporal dynamics exhibited by an asymmetric nanoantenna composed of a pair of graphene-
wrapped dielectric nanoparticles with tunable Fermi energies. As a proof of principle, we map
the distribution of stable and unstable states in the stationary case and conduct an in-depth
investigation of the corresponding temporal dynamical behavior. Moreover, we introduce
pulse sequences to enable switching between coexisting states, paving the way for tunable and
multifunctional nanodevices.

2. Theoretical model

A plane wave with the frequency w in the vicinity of the resonant frequency of plasmonic
nanoparticles illuminates the nanodimer with radii a and center-to-center spacing d embedded
in host medium (g, = 1), as shown in Fig. 1. The nanodimer system consists of a pair of
asymmetrical nanoparticles which are BaF, dielectric spheres (g1, = 2) [39] wrapped with
graphene layers with different parameters. The radius of the dielectric particle is much larger
than the thickness of graphene, so the graphene layers can be characterized well as a 2D film with
Kerr-nonlinearity, which can be described as o = o, + o-NL|Ei,,|2. Here, o, and o indicate the
linear and Kerr-nonlinear parts of the conductivity respectively, and Ej, is the local electric field
inside the graphene layer. Moreover, the linear term can be generally described in Drude-like
form at room temperature. Thus, we get [40,41]
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where n represents the nth nanoparticle, e is the electron charge,  is reduced Planck constant, &
and v are electron-phonon relaxation time and Fermi velocity taken as & = 0.3 ps and vp =~ ¢/300,
respectively, and EF, is the Fermi energy.

In consideration of the long-wavelength approximation, we assume a/d < 1/3 in order to
satisfy the point dipole approximation in the terahertz range [42]. Thus, we can start with the
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Fig. 1. Schematic of a pair of nanoparticles illuminated by a plane wave with electric field
parallel to the dimer axis. The nanoparticles are composed of dielectric spheres wrapped
by tunable graphene layers with different Fermi energy, which leads to the asymmetric
characterization.

theoretical development of the electric dipole moment p,, (n = 1,2) as
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Here, «, indicates the corresponding electric polarizabilities of the two nanoparticles, E; =
Eoe’(kz““t)ey is the incident external field which is polarized along the y axis and propagates

along z axis, Ej» = (1 — ikd)%eikd (B =(1 - ikd)%eikd) indicates the dipolar interactions
between the two nanoparticles, k = \/ew/c is the wave vector. Furthermore, following the spirit
of the dispersion relation method [30,43], ;! can be decomposed in the vicinity of the resonant
frequencies of the nanoparticles, and only keep the first-order terms involving time derivatives in
the assumption of weak nonlinearity, dissipation and detuning in this nanodimer system [25,44],
da;!
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Here, Aw, = w — w,, is the detuning variable, where w,, is the dipole resonant frequency of an
individual nanoparticle when neglecting the nonlinear and coupling effects:
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By substituting Eqgs. (3) and (4) into Eq. (2) and applying dimensionless processing, the
dynamical equations of the nonlinear coupled nanodimer system can be derived as
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where 7, Q,, y,, G, v, P, and E indicate the dimensionless time, detuning parameters, thermal
and radiation losses, dimensionless coupling coefficient, asymmetry factor, and dimensionless
slowly varying amplitudes of the dipole moments and external field, respectively. The detailed

expressions of these parameters are given below as
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Furthermore, one should notice that when the parameters of graphene layers of nanoparticles
are identical, the dynamical equations will naturally reduce to a symmetry case [30],i.e., w| = w3,
Ql 292,')/1 :72andv= 1.

In the framework of Eq. (5), the calculation of stationary solutions constitutes the crucial first
step for understanding the states of system. Considering dP;,/df = 0 in Eq. (5), we can derive
the static nonlinear equations and determine that there are nontrivial solutions of the dipole
moments in the following parameter space [21,45,46]:
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Further analysis on these stationary solutions should involve the calculation of the eigenvalues
of the corresponding Jacobian matrix of Eq. (5), in order to determine the stability of the static
states. Only if all of the real parts of the eigenvalues of Jacobian matrix are negative, a stationary
solution can be identified as a stable state whose far-field scattering intensity is time invariant,
and unstable states will give rise to new phenomena in subsequent dynamic investigation. Based
on the analysis of stationary solutions, we employ the fourth-order Runge-Kutta scheme to
numerically research the temporal behaviors of Eq. (5) in detail by considering the variable
parameters of the graphene layers and the external fields [19,35].

In addition, we also introduce a dimensionless scattering intensity of the dipole pair to illustrate
the far-field optical dynamical behaviors of this nanodimer system at a macroscopic level [30]:

Us(6, ¢,7) = (1 = sin*6sin° @)[|Py (1) + [Pa(7)?

+2|P1(7)||P2(7)| cos(AW + kd sin 6 sin )]’ ®

where 6 and ¢ are the spherical polar and azimuthal angles, and AV indicates the phase difference
between P(7) and Py(1).

3. Results and discussion

In what follows, we have carried out temporal dynamics analysis based on the proposed theoretical
model. The proposed nanodimer system can be viewed as an optical nanoantenna with asymmetry
[17,47]. This asymmetry arises from the fact that the graphene layers wrapped on the two
dielectric spheres can have different Fermi energy, which leads to the asymmetric characterization
of the linear and nonlinear terms. In this work, we consider fixed a = 100 nm, d = 300 nm,
Er1 = 0.9 eV and variable Er, which can modulate the asymmetry of the nanodimer system.
With Q; = —0.1, Fig. 2 presents the nonlinear behaviors in both static and dynamical levels of
the asymmetrical nanodimer system for Er> = 0.85 eV, which explicitly includes the intensity
of the dimensionless dipole moments |P; | in microscopic level and typical forward scattering
intensity Us(6 = 0, ¢, 7) in macroscopic level. In order to distinguish the linear stable and
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unstable solutions in Fig. 2, we utilize the dark and light colors to present the stable and unstable
states respectively. Obviously, one can observe the multistable regime, which can emerge in the
vicinity of E = 0.015 according to the left panels of Fig. 2. In the meantime, by comparing the
values of |Pj 2| shown in Fig. 2(a) and 2(b) under the particular E, the symmetry breaking can
lead to inconsistency of the dipole moments of the two nanoparticles, which is quite different
from the case of symmetrical system [30]. However, the number of stable and unstable solutions
for |Py|, |P2| and U is equal, and regime without stable states corresponds to the background
field E ranging from 0.0076 to 0.0089.
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Fig. 2. Characterization of the stationary states and nonlinear dynamics in the asymmetry
system with Epy = 0.9 eV, Er» = 0.85 eV. In the left panels (a-c) show the stationary states
for the absolute values of the dimensionless dipole moment |P |, |P;| and forward scattering
intensity U, dark and light colors mark the corresponding stable and unstable states, and
the gray region indicates the regime with no stable state. The right panels (d-f) indicate the
corresponding bifurcation diagrams of dynamical analysis. In addition to the stable static
states, there appear periodic self-oscillations, period doubling and chaos phenomenon. The
background field intensity indicated by gray dashed lines and three stable solutions marked
by stars S1,S2,S3 will be further researched later.

To reveal the temporal dynamical behaviors of the linearly unstable solutions in this asymmetric
nanodimer system, we numerically simulate the evolutions of the static solutions based on the
fourth-order Runge-Kutta scheme. Simultaneously, we record the extrema of |P(7)|, |P2(7)| and
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U(t) during the simulation in order to generate the bifurcation diagrams shown in Fig. 2(d-f) by
the Poincaré section method. In these diagrams, the linear stable static solutions are consistent
with the results shown in the left counterparts, while the nontrivial dynamical solutions or the
modulational instabilities can be presented simultaneously. These dynamical solutions involve
the periodic self-oscillations, period doubling and chaotic behavior. As shown in Fig. 2(f) at
macroscopic level, with the decrease of E from 0.02, we first detect the Hopf bifurcation at
0.014 which is followed by the self-oscillation state. With the further decrease of E, another
Hopf bifurcation can emerge at 0.012, and similar self-oscillation state can be detected but with
different period. Both of the self-oscillations can undergo a period-doubling bifurcation and
develop into a chaotic behavior with the further decrease of E, which is considered as a classical
route for the generation of chaos. However, if we in turn increase E from 0, it seems that there
is a direct path from stable static state to chaos. In addition, we also find that the stable static
states can coexist with the periodic oscillations and the chaos under the same background field.
Specifically, two distinct periodic self-oscillations come from the asymmetric characteristics of
dipole moments which are absent in the symmetric system [35].

0.03 0.03
(a)Symmetry D - no stable state (b)Asymmetry D - mo stable state
D - monostable state D - monostable state
[ - bistabte state [ - bistable state
v
0.02 D - tristable state 0.02 11 I:I - tristable state
I D - quadrastable state
= by
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v v
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I
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Fig. 3. Distribution of stable static states of the nanodimer system, in the parameters
(Qp, E) plane. (a) symmetrical case of Er; = Epp = 0.9¢eV. (b) asymmetric case of
Ep; = 09¢eV, Epp = 0.85eV. The colors and I, II, III, IV, V denote different regions
corresponding to the number of stable states.

In order to reveal the general scenario of the static states in symmetric and asymmetric cases, we
present the phase diagrams based on static nonlinear equations for the symmetric and asymmetric
cases in the parameters space of (Q, E). In Fig. 3, we denote the corresponding color regimes (I,
IL IIL, IV, V) into no stable state, monostable state, bistable state, tristable state and quadrastable
state respectively. Obviously, the bistable state can be detected in a large range of parameter
space, which means that the nanodimer system can present possible switching between two kinds
of stable scattering states under the same parameter. Notably, for strong detuning, the symmetric
nanodimer also appears as a small regime of tristability, in which the system can have three stable
scattering states. In consideration of asymmetry, we can find that the regimes of multistability
are enlarged and accompanied with the emergence of quadrastability, as depicted in Fig. 3(b).
This phenomenon arises from the nonlinearity of graphene and the inconsistency of the dipole
moments of nanoparticles due to asymmetry. In the meantime, we also find that all of the regimes
are not contiguous, but are separated into several pieces in the phase diagram, which means that
the number of stable static states is highly sensitive to the external field and detuning parameter,
i.e., Ep>. Hence, the nonlinear behavior can be easily tuned in this dimer system.
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To further distinguish the temporal dynamical behaviors in detail, as shown in Fig. 4, we plot
the phase portrait and the corresponding temporal series of the dipole moments for the cases
of chaos and periodic self-oscillations extracted from the bifurcation diagrams (Fig. 2). Here,
Figs. 4(a) and 4(b) correspond to the case of E = 0.007, where the existence of chaos induces
instability, which undergoes different bifurcations leading to a strange attractor. Although the
nonperiodic evolution of dipole moments in time domain is quite obvious, we have utilized the
quantitative analysis using the method proposed in Ref. [48] to confirm the assessment of chaos.
Following the spirit of this method, the Kaplan-Yorke fractal dimension [49] is introduced as

J
an important quantity to describe chaotic attractor, which is given by Dgy = j + |Aj41 71> A,
i=1

j j+1

where j is the largest integer satisfying >, A; > O and ), A; < 0, with Aj>A;>A3>A4. With
i=1 i=1

the phase portraits, the four Lyapunov exponents roughly can be calculated as: A; = 0.011074,

Ay =0.010881, Az = —0.024815, and A4 = —0.024839. Hence, the fractal dimension equals
Dgy = 2.885>2, which is quantitatively consistent with the chaotic behavior. While for Figs. 4(c)
and 4(d), i.e., for E = 0.01, the phase portraits of the dipole moments converge to two limit
cycles with periodic self-oscillations in phase plane (see Fig. 4(c)). Combined with the periodic
variation of the intensities of the dipole moments shown in Fig. 4(d), we can confirm the state as
a periodic self-oscillation state.
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Fig. 4. Phase portraits of dipole moments corresponding to the grey dashed lines in Fig. 2(d)
and 2(e) for (a) E = 0.007 and (c) E = 0.01 respectively. Panels (b) and (d) are time
evolutions of dipole moments corresponding to the left panels. The blue line represents |P |
and the orange line is |P5|.

One should notice that the periodic self-oscillations described in Fig. 4(c, d) can coexist with
the static multistable states (see the right panels of Fig. 2). In order to realize the free switching
among these different states under the same parameters of background field and detuning, we
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introduce an extra dimensionless pulse given by

E T—T1 T—T9— AT
E,. = - |arctan 9 _arctan —2—— , ©)
n P

where E,, 19, At and p are the saturation value, starting time, duration time and edge sharpness,
respectively. For simplicity, we consider p = 1, and modulate 79, E,, and At to control the switch
of different states. This signal pulse can be treated as a hard excitation whose envelope is in a
form of quasi-square function.

As shown in Fig. 5, for the asymmetric nanodimer system with £ = 0.01, the system starts
with an initialized stable static state. When the first pulse with £, = 0.008 and A7 = 150 is
applied, the system can switch into a periodic self-oscillation state with period T = 71.4. Due to
the asymmetry, energy can be transferred between the dipole moments and two different periods
occur simultaneously. After the application of the second pulse with £, = 0.01 and A7 = 100 at
7 = 3000, the system can switch into another periodic self-oscillation state with period T = 78.3.
Accordingly, to further reveal the functionality of this nanodimer acting as an antenna, we present
the temporal evolution of the oscillation angle ,,.x (the major scattering lobe) in Fig. 5(c). Note
that the angular scanning sector of the first self-oscillation state is Afpax =~ 47.8°, which is much
larger than the one of the second self-oscillation state (Afmax =~ 5.3°). In practical application,
combined with the scanning cycles of self-oscillation state, the period 1 can be treated as a quick
searching mode with a wide scanning range, while the period 2 can be utilized as a focusing
mode with much better directivity for continuous illumination after the detection of a possible

(a) (d)

0.02 (0.01, 100)

(0.008, 150) 180 0

0 1000 2000 3000 4000 5000

period 1 period 2

} |

2000 3000 4000 5000

180 0

L L L L

0 1000 2000 3000 4000 5000

Fig. 5. (a) A rectangular pulse sequence (Ep, At) with original background fields E = 0.01.
(b) The corresponding forward scattering intensity. (c) Time evolution of the oscillation
angle Omax (in degrees) corresponding to orientation to the main lobe of the scattering
pattern (cut in the zoy plane). (d-g) Snapshots of the scattering pattern for the red dots
labeled d-g in panel (c). The red numbers show the oscillation angle 6 yqax.
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target. In addition, it is well known that the scattering pattern of a conventional antenna can be
hardly changed, whereas, the periodic self-oscillations also lead to the ultrafast periodic variation
of the scattering pattern (see Fig. 5(d-g)) in this asymmetric nanodimer system. Hence, we can
expect that the modulation on the scattering of a nanoantenna via the external excitations should
be much more convenient than the other way around [50,51].

Following the spirit of state-switching shown above, we also demonstrate that multistate-
switching also can be realized by the application of a sequence of pulses with different parameters
under the same background field. We take three stable static states (S1, S2, S3) shown in Fig. 2(f)
as an example, and fix the background field at 0.014 in Fig. 6. With the application of a series of
pulses whose parameters (E,, At) are: (0.01, 55), (0.005, 50), (0.027, 15), (0.031, 19), (0.008,
50) and (0.048, 14), a tunable tristability switching has been demonstrated. Initially, the output is
located in the stable static state S1. When subjected to a sequence of pulses, the output switches
sequentially through states S2, S3, S2, S1, S3 and finally returns to S1. After the end of the final
pulse, the output remains stable at the state S1 without further change (see Fig. 6(b)). Obviously,
such tristability switching has the capability to switch the scattering field between any two of
the three states by modulating pulse parameters. In such a way, it is quite convenient for one to
realize the expected multistate switching by coding a sequence of pulse signals, which can be
promising in optical communication, computing, and quantum information processing [52].

0.06

@) (0.048, 14)
(0.031,19)
0.04 - (0.027, 15)
53]
0.01, 55 )
( *) (0.008, 50)
0.02 - (0.005, 50)
0 5000 10000 15000
(b)
08|
0.6
~
04|
S3 | S3
0.2} _ V““
s1 fp-52 S2 s .
0.0 b . .
0 5000 10000 15000
T

Fig. 6. Multistable states switching under (a) rectangular pulse sequences (E,, A7) with
original background fields £ = 0.014. Bottom panels (b) show the switch of three stable
states marked by stars S1, S2, S3 in Fig. 2.

4. Conclusion

In this work, we perform a comprehensive theoretical analysis of the temporal dynamics for
nonlinear nanodimer with asymmetry due to the different graphene layers wrapped on the
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two dielectric spheres modulated by the corresponding Fermi energies. Our results reveal the
distribution of stable and unstable states in the stationary case, as well as the asymmetry that
leads to a greatly enlarged multistable region compared to the symmetry counterpart. We also
give the corresponding temporal dynamical behavior, observing stable static states, periodic
self-oscillations, period doubling and chaos and carry out a quantitative description on the chaos
based on Kaplan-Yorke fractal dimension. In addition, this nanodimer system can operate as a
multifunctional nanoantenna for a variety of applications and switching between coexisting states
is possible under external excitation pulses. Our work provides an opportunity to manipulate the
angular scanning sector and scattering pattern of nanoantenna by applying pulses with different
peak values and durations. Meanwhile, optical switching based on multistable states also allows
arbitrary switching between two states by a pulse sequence. And these novel phenomena will
pave the way for nonlinear nanoantenna and lay the foundation for highly tunable nanophotonic
devices.
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